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PEBFACB 


npHE papers here collected together treat of the figure and of the move- 
“■*- ment of an actual or an ideal planet or satellite. I have failed to 
devise a short title for this volume which should describe exactly the scope 
of the subjects considered, and the title on the back of the book can only be 
held to apply strictly to three-quarters of the whole. 


The first three papers fall somewhat further outside the proper meaning 
of the abridged title than do any of the others, for they are devoted to the 
mathematical solution of a gc'ological problem. The second paper is indeed 
only a short note on a controversy long since dead ; and the third is of little 
value. 


The discussion of the amount of the p(.)ssible changes in the position of 
the earth’s axis of rotation, resulting from subsidtmees and upheavals, has 
some interest, but the conclusions arrived at in my paper are iibsolutely 
inconsistent with the sensational speculations as to the causes and effects 
of the glacial jieriod which some geologists have permitted themselves to 


maive. 


At the end of this first pa,j)er there will be found an appendix containing 
an independent investigation by Lord Kelvin of the subject under discussion. 
Ife was one of the referees appointed by the Boyal Society to report upon 
my paper, and he seemed, to find that on these occasions the quickest way of 
coming to a decision was to talk over the subject with the author liirnself — 
at leawst this was frequently so as regards myself. Our discussion, in this 
instance is very memorable to me, since it was the means of bringing me 
into intimate relationship with Lord Kelvin. The first two volumes of these 
collected papers may be regarded as the scientific outcome of our conversation 
of the year 1877 ; but for me at least science in this case takes the second 
place in importance. 

The next four papers fall in more exactly with the proper meaning of my 
title, since they deal with the theory of the figure of the earth and of the 
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planets. The ninth paper contains an attempt to determine the figures of a 
liquid planet and of its satellite when they are very close together. During 
the time that I was at work at this, M. Poincare’s great memoir, “ Sur 
requilibre d’une masse fluide anim^e d’un mouvement de rotation,” was not 
available to guide me. When it appeared I found therein the enunciation of 
the fundamental principles of stability, and as my work was not quite 
finished I kept it back for some time with the object of applying those 
principles to my problem. However I made a mistake in the attempted 
application, and the erroneous portion of the work is now suppressed. The 
failure to determine the stabilitj" of these figures of equilibrium deprives the 
work of much of the interest which it might have possessed. The present 
value of the paper is moreover yet further diminished by the fact that 
substantially the same problem, inclusive of the determination of stability, is 
solved in the last paper in the volume by means of far more appropriate 
analytical methods. 

The next four papers are devoted to an extension of M. Poincare’s results 
as to figures of equilibrium, and he must be regarded as the presiding genius 
— or shall I say my patron saint — in this volume, just as Lord Kelvin was 
for the two preceding ones. 

It was, I think, M. Poincare who pointed out the resemblance to a pear 
of his conjectural drawing of the new figure of equilibrium which he had 
discovered. A name is generally convenient in such a case, and I have called 
it the pear-shaped figure, although when actual numerical values became 
available for drawing the figure, the resemblance to a pear was seen to have 
become much less striking. 

The pear-shaped figure being derived from Jacobi’s ellipsoid, its form 
must be defined by means of ellipsoidal harmonic deformations of a certain 
ellipsoid. Accordingly the solution of the problem demanded a thorough 
working knowledge of these harmonic functions of Lame. 

Ellipsoidal harmonic analysis has been used effectively in various analytical 
investigations — as for example in this very discovery by M. Poincar4 of the 
new form of rotating liquid; but to the best of my belief no one had 
previously made systematic use of the method for numerical work. My 
first task, therefore, was the codification of the functions in a form convenient 
for practical use. It is not for me to pronounce on the merits of my scheme, 
yet it may be claimed that at least it attained its object by providing 
straightforward rules, whereby the computation could be carried out to any 
required degree of accuracy. 
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Numerical values were found in this way for the speed of rotation and 
for the form of the pear-shaped figure. Further than this, its stability was, 
as I believe, established. Yet it should be stated, in contradiction to this 
last result, that M. Liapounoff claims to have proved that the figure is 
unstable ; and neither of us is as yet able to reconcile his result with that of 
the other. In this volume I naturally state my own point of view. 

I cannot refrain from drawing attention to the tour de force whereby 
M. Poincar4 has performed the apparently impossible task of applying 
harmonic analysis so as to take into account the thickness of the layer which 
constitutes the departure from the standard form of reference. As a verifi- 
cation of the complicated analysis applicable to the ellipsoid, I have, as 
appears below, applied this method to the cases of Jacobi’s and Maclaurin’s 
ellipsoids, using respectively spheroidal and spherical harmonic analysis. 

In the last paper in this volume ellipsoidal harmonic analysis is applied 
to the extension and verification of the work of another great Frenchman, 
Edouard Roche. It has been already pointed out that this paper affords a 
far more complete solution of the problems proposed, than that attempted in 
the ninth paper. 


Immediately after this preface, as in volumes 1. and IL, there is given 
a chronological list of my paper's, corrected and extended up to the present 


In conclusion I wish once more to acknowledge the admirable care 
bestowed by the printers and readers of the Cambridge University Press on 
the production of this book. Their task was rendered somewhat more 
difficult from the tact that several of the papers, especially the twelfth, have 
undergone extensive revision. 


G. H. DARWIN. 


December, 1909. 



CONTENTS 


I’AQE 


Chronological List of Papers with Eeferenees to the Vohimes in 

which they are or will be contained ' . xi 


Errata 


XVI 


EIGUEES OF EQUILIBUIUM: OF EOIMTIHG LIQUID 
G EOPH YSIOilL IN VESTIG ATIONS. 


AEI) 


1 . On tire influence of Geological Changes on ih(3 Eartlls Axis of 


\^PIdlow’phiml Tiunsactwm of tko lioijcd Society ^ pMrt i. Vol, 1(17 (1877), 
pp. 271—312.] 

2. On Professor HaiightoiTB Estinnitc of Geological Time . 
\l*mcecdvmjs of the Itoijal Somtj/, xxviL (1878), pp. 179—183.] 

3 . On a Suggested Explanation of the Obli<|uity of Planets to 

their (Irbits .......... 

[PIdloM)pM(xd Magazmc, m. (1877), iip. 188—192.] 

4 . Note on the Ellipticity of the Earth’s Stralia . . . . 

[Mesmtgor of Mathematm, vr, (1877), pp. 101), 110.] 

6. On an Oversight in the Miccmique Oekste, and on the Intmaial 

Densities of the Planets 

[Rxyjal Astrommioal Bociety^ Mo-rdhUj Yoi(/ty:w, xxxviL (1877), [>i>. 77“ 89.] 

6. On the Figure of Equilibrium of a Planet of Heterogeneous 


[^ProcecdiTigs of the Royal Society, xxxvi. (1884), pp. I.'IB — 166.] 

7 . The Theory of the Figure of the Earth carried to the Second 

Order of Small Quantities 

[Mo7ithly Notices of the Royal Adronomkal Boeiet'jj, nx. (1900), pi>. 82 — 124 .] 

8. On Jacobi’s Figure of Equilibrium for a Eotating Mass of Fluid . 
[Pfoceedingii of the Royal Society, XLI, (1887), pp). 319—336.] 

9 . On Figures of Equilibrium of Eotating Masses of Fluid 

[Philosophical Tramactiom of the Royal Society, Yol. 178, A (1887), 
pp. 379—428.] 


47 


51 


55 


57 


78 

IE) 



X 


CONTENTS. 


I’AGHO 

10. Ellipsoidal Harmonic Analysis . . . . . . .186 

yPhiZcsophical Transactions of the Poycd Society, Vol. 197, A (1901), 
pp. 461 — 557.] 

11. On the Pear-shaped Figure of Equilibrium of a Rotating Mass 

of Liquid 288 

[Philosophical Transactions of the Royal Society, Vol. 198, A (1901), 
pp. 301 — 331.] 

12. The Stability of the Pear-shaped Figure of Equilibrium of a 

Rotating Mass of Liquid . . . . . . .317 

[Philosophical Transactions of the Royal Society, Vol. 200, A (1902), 
pp. 251 — 314, with which, is incorporated “ Further consideration of the 
stability &o.,” ih'^. Vol. 208, A (1908), pp. 1—19, and “ Note on the 
stability of Jacobi’s ellipsoid,” Proceedings of the RoyaZ Society^ ^oL 82, A 
(1909), pp. 188 — 9.] 

13. On the Integrals of the Squares of Ellipsoidal Surface Harmonic 

Functions 398 

[Philosophical Transactions of the Royal Society, Vol. 203, A (1903), 

pp. 111—137.] > V 

14. The Approximate Determination of the Form of Maclaurin's 

Spheroid 423 

[Transactions of the American Mathematical Society, iv. (1903), pp. 113 — 133, 
with which is incorporated a paper entitled “ Further Note on. Mac- 
laurin’s spheroid,” ibid. ix. (1908), pp. 34 — 38.] 

15. On the Figure and Stability of a Liquid Satellite . . . 436 

[Philosophical Transactions of the Royal Societir, Vol. 206, A (1906) 


Index 


525 



CHRONOLOGICAL LIST OF PAPERS WITH REFERENCES TO 
THE VOLUMES IN WHICH THEY ABE OR WILL BE 
CONTAINED. 


year title and eefbrenob 

1875 On two applications of Peaucellier’s cells. London Math. Soc. Proc., 
6, 1875, pp. 113—114. 

1875 On some proposed forms of slide-rnle. London Math. Soc. Proc., 6, 
1876, p. 113. 

1875 The mechanical description of eqiiipotontial linos. London Math. Soc. 
Proc., 8, 1875, pp. 115—117. 

1875 On a mechanical roprosentation of the socoml elliptic integral Mos- 
senger of Math., 4, 1875, pp. 113—115. 


Volume 
in collected 
papaiB 

IT 


IV 


IV 


IV 


1875 On maps of the World. Phil Mag., 60, 1875, pp. 431—444. IV 

1876 On graphical interpolation and integration. Brit. Assoc. Rop., 1876, TV 

p. 13. 


1876 On the influence of geological changoH on the Eartli’s axis of rotation. I ll 
Eoy. Soc. Proc., 25, 1877, pp. 328-332 ; Phil a’rans., 167, 1877, 
pp. 271—312. 

1876 On an oversight in the Mkaniq%e CdleMa, and on the iutornal densities III 

of the planets. Astron. Soc. Month. Not., 37, 1877, pp. 77— 8i). 

1877 A geometrical puzKle. Messenger of Math., 6, 1877, p. 87. IV 

1877 A geometrical illustration of the potential of a distant centre of force. IV 
Mos.senger of Math., 6, 1877, pp. 97—98. 

1877 Note on the ellii>ticity of the Earth’s strata. MoHsengor of Math., 6 HI 
1877, pp. 109—110. 


1877 On graphical interpolation and integration. Messenger of Math,, 6 IV 
1877, pp. 134—136. ’ 


1877 On a theorem in spherical harmonic analysis. Messenger of Math 6 IV 
1877, pp. 166-168. ' ’’ ’ 

1877 On a suggested explanation of the ohliquity of planets to their orhits. Ill 
Phil. Mag., 3, 1877, pp. 188—192. 


1877 On fallible measures of variable quantities, and on the treatment of IV 
meteorological observations. Phil. Miag., 4, 1877, pp. 1—14. 



xii CHRONOLOGICAL LIST OF PAPERS. 

Voltime 
in collected 

YlSAa TITLE AND KBFBRBNCE papers 

1878 On Professor Haugliton’s estimate of geological time. Eoy. Soc. Proc., Ill 
27, 1878, pp. 179—183. 

1878 On the bodily tides of viscous and semi-elastic spheroids, and on the II 
Ocean tides on a yielding nucleus. Roy. Soc. Proc., 27, 1878, 
pp, 419 — 424 ; Phil. Trans., 170, 1879, pp. 1 — 35. 

1878 On the precession of a viscous spheroid. Brit. Assoc. Rep., 1878, omitted 


pp. 482 — 485. 

1879 On the precession of a viscous spheroid, and on the remote history of II 
the Earth. Roy. Soc. Proc., 28, 1879, pp. 184 — 194 ; Phil. Trans., 

170, 1879, pp. 447- 538. 

1879 Prohlenas connected with the tides of a viscous spheroid. Roy. Soc. II 
Proc., 28, 1879, pp. 194 — 199 ; Phil. Trans., 170, 1879, pp. 539 — 593. 

1879 ISTote on Thomson’s theory of the tides of an elastic sphere. Messenger II 
of Math., 8, 1879, pp. 23 — 26. 

1879 The determination of the secular effects of tidal friction by a graphical II 

method. Eoy. Soc, Proc., 29, 1879, pp. 168 — 181. 

1880 On the secular changes in the elements of the orbit of a satellite 11 

revolving about a tidally distorted planet. Roy. Soc. Proc., 30, 

1880, pp. 1—10 ; Phil. Trans., 171, 1880, pp. 713—891. 

1880 On the analytical expressions ■which give the history of a fluid planet of 11 
small viscosity, attended by a single satellite. Eoy. Soc. Proc., 30, 

1880, pp. 255—278. 


1880 On the secular effects of tidal friction. Astr. Nachr., 96, 1880, omitted 

col. 217—222. 

1881 On the tidal friction of a planet attended by several satellites, and on II 

the evolution of the solar system. Eoy. Soc. Proc., 31, 1881, 
pp. 322—325; Phil. Trans., 172, 1881, pp. 491—535. 

1881 On the stresses caused in the interior of the Earth by the weight of II 
continents and mountains. Phil. Trans., 173, 1882, pp. 187 — 230; 

Amer. Journ. Sci., 24, 1882, pp. 256 — 269. 

1881 (Together with Horace Darwin.) On an instrument for detecting and I 

measuring small changes in the direction of the force of gravity. 

Brit. Assoc. Eep., 1881, pp. 93 — 126; Annal. Phys. Chem., Beihl. 6, 

1882, pp. 59—62. 

1882 On variations in the vertical due to elasticity of the Earth’s surface. I 

Brit. Assoc. Eep., 1882, pp. 106—119; Phil. Mag., 14, 1882, 
pp. 409—427. 

1882 On the method of harmonic analysis used in deducing the numerical omitted 
values of the tides of long period, and on a misprint in the Tidal 
Report for 1872. Brit. Assoc. Eep., 1882, pp. 319 — 327. 

1882 A numerical estimate of the rigidity of the Earth. Brit. Assoc. Eep., I 
1882, PP- 472—474; § 848, Thomson and Tait’s Nat. Phil, second 
edition. 



Xlll 


YEAR 

1883 

1883 

1883 

1884 : 

1884 : 

1885 

1885 

1885 

1886 


1886 

1886 

1886 

1886 

1886 

1887 

1887 

1888 
1888 


OCITLK AND REElvlRENCE 

Report on the Harmonic analysiH of tidal observations. Brit. Assoc. 
Eep., 1883, pp. 49 — 117. 

On the figure of etpiilibrium of a planet of heterogeneous density. 
Roy'. Soc. Froc., 3S, pp. 1.08 — 166. 

On the horiiioutal thrust of a mass of sand. Iiustit. Oiv. Engin. Proc., 
71, 1883, pp. 350—378. 

On the formation of ripple-mark in sand. Roy. 80 c. Proc., 36, 1884, 
pp. 18 — 43. 


■Volume 
in collected 
papers 

I 


III 


IV 


IV 


Second Bepoi't of the Committee, cousisthig of Professors G. H. Darwin omitted 
and J. 0. Adams, for tlie liarinouic analysis of tidal observations. 

Drawn vip by Professor* G. H. Darwin. Brit. Assoc. Rep., 1884, 
pp. 33—35. 

Note on a previous paper*. Roy''. Soo. Proc., 38, pp. 32l2 — 328. II 

Results of tlie harmonic analysis of tidal observations. (.lointly with .omitted 
A. W. Baird.) Roy. Soc. Proc., 39, pp. 135—207. 

Third Rep)ort of the Committee, consisting of l.h'ofostsors G. H. Darwin I. 

and J. 0. A<lamH, for tlie liarnionic aualy^sis of tidal obsorvjvbions. 

Drawn up) by Professor G. H. Darwin. Brit. Assoc. R.ep>., 1885, 
pp). 35—60. 

Rcpiort of tlio Goiumitteo, consi.sting of Pi’ofGssox* (4. II. Dfirwin, I 


Sir VV. Thoni.sou, and Alajor liah*d, for preparitig instructions for 
tlie pr*actioal work of tidal observation ; and Ifoiirth Report of tlio 
Comtnittoo, consisting of Professors G. H. .Darwin and J. O. Atlams, 
for the harmonic analysis of tidal observations. Drawn np by- 
Prof( 5 s.sor G. II. Darwin. Brit. Assoc. Rej.)., 1886, pp>. 40—58. 


Presidential Addres.s. Section A, Mathematical and Physioal Science. IV 
Brit. Assoc. Rep., 1886, pp. 611—518. 

On the correction to the eq^uilibriiina tlxoory' of tides for the contiixjsuts. I 

I. By Q. II. Darwin. II. By II. II. Turner. Roy. See. Ih-oc., 40, 
pp>. 303—315. 

On JacobP.s figure of G(][uilibrinm for a rotatiirg mass of fluid. Uoy. Ill 
Soc. Proc., 41, pp. 319—336. 

Ou the dynamical theory of the tides of long pioriod. Boy. Soc. Proc., I 

41, pp. 337—342. 

Article ‘Tides.’ (Admiralty) Manual of Scion tide Inquiry, pp. 53 — 91. I 

Ou figures of equilibrium of rotating masses of fluid. Roy. Soc. Proc., 42, III 
pp. 359—362 ; Phil. Trans., 178a, pp. 379—4:28, 

Note on Mr Davison’s Paper on the straining of the Eartli’s crust in IV 
cooling. Phil. Trans., 178a, pp. 242 — 249. 

Article ‘ Tides.’ Encyclopaedia Bidtannica. Certain sections in I 

On the mechanical conditions of a swarm of ineteoribos, and ou tlieorio.s IV 


of cosmogony. Roy. Soc. Proc., 45, pp. 3 — 16; Phil. Trans., 1 80a, 
pp. 1 — 69. 



XIV 


CHRONOLOGICAL LIST OF PAPERS. 


YEA.B 

1889 

1889 

1890 

1891 

1892 

1896 

1897 


1899 

1900 

1901 

1901 

1902 

1902 

1903 
1903 
1903 
1905 
1905 


TITLE AND EEFBRENCE 

Second series of results of the harmonic analysis of tidal observations. 
Boy. Soc. Proc., 45, pp. 556 — 611. 

Meteorites and the history of Stellar systems. Roy. Inst. Rep., Friday, 
Jan. 25, 1889. 

On the harmonic analysis of tidal observations of high and low water. 
Roy. Soc. Proc., 48, pp. 278 — 340. 

On tidal prediction. Bakerian Lecture. Roy. Soc. Proc., 49, pp. 130 — 
133 ; Phil. Trans., 182a, pp. 159 — 229. 

On an apparatus for facilitating the reduction of tidal observations. 
Roy. Soc. Proc., 52, pp. 345 — 389. 

On periodic orbits. Brit. Assoc. Rep., 1896, pp. 708 — 709. 

Periodic orbits. Acta Mathematica, 21, pp. 101 — 242, also (with 
omission of certain tables of results) Mathem. Annalen, 51, 
pp. 523—583. 

[by S. S. Hough. On certain discontinuities connected with joeriodic 
orbits. Acta Math., 24 (1901), pp. 257 — 288.] 

The theory of the figure of the Earth carried to the second order of 
small quantities. Roy. Astron. Soc. Month. Not., 60, pp. 82 — 124. 

Address delivered by the President, Professor Q. PI. Darwin, on 
presenting the Gold Medal of the Society to M. H. Poincare. 
Roy. Astron. Soc. Month. Not., 60, pp. 406 — 415. 

Ellipsoidal harmonic analysis. Roy. Soc. Proc., 68, pp. 248 — 252 ; 
Phil. Trans., 197a, pp. 461 — 557. 


Volume 
in collected 
papers 

omitted 


omitted 

I 

I 

1 


omitted 

IV 


IV 

III 

IV 


III 


On the pear-shaped figure of equilibrium of a rotating mass of liquid. Ill 
Roy. Soc. Proc., 69, pp. 147, 148 ; Phil. Trans., 198a, ijp. 301 — 331. 

Article ‘ Tides.’ Encyclopaedia Britannica, supplementary volumes. 

Certain sections in I 


The stability of the pear-shaped figure of equilibrium of a I’otating mass III 
of liquid. Roy. Soc. Proc., 71, pp. 178 — 183 ; Phil. Trans., 200a, 
pp. 251 — 314. 

On the integrals of the squares of ellipsoidal surface harmonic function.s. Ill 
Roy. Soc. Proc., 72, p. 492 ; Phil. Trans., 203a, pp. Ill — 137. 

The approximate determination of the form of Maclaurin’s spheroid. Ill 
Trans. Amer. Math. Soc., 4, pp. 113 — 133. 

The Eulerian nutation of the Earth’s axis. Bull. Acad. Roy. de IV 
Belgique (Sciences), pp. 147 — 161. 

The analogy between Lesage’s theory of gravitation and the repulsion I V 
of light. Roy. Soc. Proc., 76a, pp. 387 — 410. 

Address by Professor G. H. Darwin, President. Brit. Assoc. Rep., IV 
1905, pp. 3—32. 

On the figure and stability of a liquid satellite. Roy. Soc. Proc., 77a, III 
pp. 422 — 425 ; Phil. Trans., 206a, pp. 161 — 248. 


1906 



CHRONOLOaiCAL LIST OF PAPERS. 


XV 


IBiR 


TITLE ilND REFERENCE 


In (jolltieted 
pajMsm 


1908 Purther consideration of the figure and stability of the pear-shaped figure 1 11 
of a rotating mass of liquid. Boy. Soc. Proc., 80 a, pp. 1 6‘6—7 ; Phil. 

Trans., 208a, pp. 1—19. 

1908 Antarctic Tidal Observations. 1. Observations of the ‘ Discovery.’ Natioiml I 
Antarctic Expedition 1901—4, Physical Observations, pp. 3-12. 

IL Observations of the ‘Scotia’ (a short note). Ibid. p. 16. omitted 

1908 Further note on Maclauriii’s Spheroid. Trans. Amer. Math. Soc., vol 9, II I 
No. 1, pp. 34—38. 

1908 ‘Bewegung der Hydrosphiire’ (jointly with Mr B. S. Hough). Eiicyklo- IV 
padie der Matliematischen Wissenschaften, vi. 1, u. 81 pp. 

1908 The Rigidity of the Earth. Atti del i v congresso intornab. doi inatorjoatici I V 

(Roma, 6—11 Aprils 1908), Vol. iii. Sez. iii a, pp. 5—11 ; and 
‘Scientia,’ Rivista di Scieum, Vol v. (1909), N. x— 2. 13 pp. 

1909 The Genesis of Double Stars. Essay xxvni. of ‘Darwin and Modern IV 

Science,’ pp. 543—564. 

1909 A theory of the evolution of the solar system, rntornationalo Woclien- I V 
sclirift, 3 Jahrgang Nr 30, 24 Juli 1909, pp. 921—932. 

1909 On certain families of Periodic Orbits. Roy. Astron. Soc. Montli Nob., I V 

70, 1909, pp. 108-145. 

1910 Reduction of the tidal observations made in tlie Antarctic expiKiitiou of ! V 

the ‘Nimrod.’ 


)ubli.shed Article ‘Tides.’ EncyclopaodiaBritiiiii)k;a, now (Mlitioii to 
be published hereafter (by permission of the pro|)rietors), 

Oertaiii Hoctioiis in I 



ERRATA. 


Yol. I., p. 377, line 14 from foot of page, 

for 28 read 27. 

Vol III., p. 394, line 4 from foot of page, 

for read 

„ p. 402, line 12 from foot of page, 

far jEF' + F'F-FF' read EF' E' F - FF' . 





1 . 


ON THE INFLUENCE OF GEOLOGICAL CHANGES ON THE 

EARTH’S AXIS OF ROTATION. 

[PhilosophiGcil Transactions of the Royal Society, Part L Vol, 1()7 (1877), 

pp. 271-^312.] 


The subject of the fixity or mobility of the earth’s axis of rotation in that 
body, and the possibility of variations in the oblicpiity of the (udiptie, have 
from time to time attracted the notice of mathernaticiaiiH an<l geologisfis, 
The latter look anxiously for some grand cause. ca|){ib]e of producing Hucli ai» 
enormous effect as the glacial period. Impressed by the magnitude of 
phenomenon, several geologists have postulated a change of tnany degreim in 
the obliquity of the ecliptic and a wide variability in the |)osition of t<he, poh^s 
on the earth; and this, again, they have souarht to refer ba(*.k te the 


* [SubHecinently Sir John Evans, K.C.B.] 
t Quart. Journ. Oeol. Soc,, 1876, xxxii. Proc,, p. 108. 
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ON Tins INFLUENCE OF GEOLOGICAL CHANGES ON THE 

EAETH’S AXIS OF ROTATION. 


[Fldlosophiml TransaGtions of the Royal Society, Part i. VoL 16'7 (1877), 

pp. 271—312.] 


The of the hxity or mobility of the earth’s axis of rotation in that 

body, and the possibility of variations in the oblicpiity of the ecliptic, have 
from time tio time attracted the notice of mathematicians and geologists. 
The latter look anxiously for some grand cause capable of producing such an 
miormous effect as the glacial period. Impressed by the magnitude of the 
])h(aionienon, several gciologivsts have postulated a chaiigci of tnany degrees in 
thi‘. obliciuity of the ecliptic and a wide variability in the position of the poles 
on tlu^ (‘.arth ; a,nd this, again, they have .sought to refer back to the upheaval 
and subsidence of contiruynts. 

Mrdolin Evans, F.R.8.^, the late President of the Geological Society, in 
an addnyss delivered to that Society, has rtyciirred to this subject at con- 
siderable length. After describing a system of geologmal upheaval and 
subsidence, evidmitly designed to produce a maximum effect in shifting the 
polar axis, he ask,.s i" — Would not such a nK^idihcation of foim biing the 
axis of figure about 15 or 20 ' south of the present, and on the meridian of 
GrtMuiwii'h— thiit i.s to say, midway betwc'eii Greenhmd and Spitzborgen ? 
a,ud would not, eviuitua/lly, they axis of rotation correspond in position with 
the axis of figure ? 

“If tiny ausweyr to these (|uestions is in the afBrmative, then I think it 
must 1 :m‘ eoneeded tliat (yven minor elevations within the tropics would produce 
effects corrtys[)ondiiiig to tlieir magnitude, and also that it is unsafe to assume 
tihat the geographical position of the poles has been persistent throughout all 
geological timeT.” 

[SubHoij neatly Bir John Evans, K.C.B.] 
i' Qiiaft. JouTH. Geol. Soc., 1876, xxxii. Proc., p. 108. 

1 

I), in. 
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STATEMENT OF THE PROBLEM. 


[I 

On the few occasions on which this subject has been referred to by 
mathematicians, the adequacy of geological changes to produce effects of such 
amount has been denied. Amongst others, the Astronomer B-oyal and Sir 
William Thomson have written briefly on the subject*, but, as far as I know, 
the subject has not hitherto been treated at much length. 

The following paper is an attempt to answer the questions raised by 
Mr Evans ; but as I have devoted a section to the determination of the form of 
continent and sea which would produce a maximum effect in shifting the polar 
axis, I have not taken into consideration the configuration proposed by him. 

The general plan of |;his paper is to discuss the following problems : — 

First. The precession and nutation of a body slowly changing its shape 
from internal causes, with especial reference to secular alterations in the 
obliquity of the ecliptic. 

Second. The changes in the position of the earth’s axis of symmetry, 
caused by any deformations of small amount. 

Third. The modifications introduced by various suppositions as to the 
nature of the internal changes accompanying the deformations. 

In making numerical application of the results of the previous discussions 
to the case of the earth, it has of course been necessary to betake one’s self 
to geological evidence ; but the vagueness of that evidence has precluded any 
great precision in the results. 

In conclusion I must mention that, since this paper has been in manuscript, 
Sir William Thomson, in his Address to the Mathematical Section of the 
British Association at Glasgow, has expressed his opinion on this same subject. 
He there shortly states results in the main identical with mine, but without 
indicating how they were arrived at. 

The great interest which this subject has recently been exciting both in 
England and America, coupled with the fact that several of my results are 
not referred to by Sir William Thomson, induces me to persist in offering my 
work to the Royal Society. 

I. Precession of a Spheroid slowly changing its Shape. 

I begin the investigation by discussing the precession and nutation of an 
ellipsoid of revolution slowly and uniformly changing its shape. The changes 
are only supposed to continue for such a time, that the total changes in the 
principal moments of inertia are small compared to the difi'erence between 
the greatest and least moments of inertia of the ellipsoid in its initial state. 

For brevity, I speak of the ellipsoid as the earth; and shall omit some parts 
of the investigation, which are irrelevant to the problem under discussion. 


* In papers referred to below. 
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The changes are supposed to proceed from internal causes, and to be any 
whatever; and in the application made they will be supposed to go on with 
a unifoi'in velocity. 


§ 1 . The liquations of Motion. 

M. Liouville has given the equations of motion about a point of a body 
which is slowly changing its shape from internal causes^; these equations, he 
says, are only applicable to the case of the point being fixed or moving 
uniformly in a straight line. They may, however, be extended to the motion 
of the earth about it.s centre of inertia, becjiuse the centrifugal force due to 
the orbital motion and the unequal orbital motion will not add anything to 
the moments of the impressed forces. These equations are, in fact, an 
extension of Euler’s equations for the motion of a rigid body, which are 
ordinarily applied to the processional problem. To make them intelligible I 
reproduce the following from Mr Routh’s Rigid JDynamios^ , where the proof 
is given more succinctly than in the original : — 

“ Let m, y, z be the coordinates of any particle of mass m, at the time t, 
referred to sixes fixed in space. Then we hsive the equation of motion 

« 

Sind two similsir equsitions. 



with similsir expressions for /ij, /a. 

“Then the equsition (1.) becomes 

<••*) 

“ Let the motion be referred to three rectsingulsir axes Oa/, Oy\ Oz' 
moving in any manner sibout the origin O, Let a, /S, y bo the singles thixsc 
three axes make with the fixed axis of a. Now is the sum of the products 
of the msiss of esich particle into twice the projection on the plsine of wy of 
the area of the surfsice trsiced out by the radius vector of thsit psirticlc drsiwn 
from the origin. Let hf hi, k/ be the correspontiing ‘ areas ’ described on 
the phines y'z', z'x, x y' respectively. ’^Chen by a known theorem proved in 
Geometry of Three Dimensions, the sum of the projections of hf lif hj on xy 
is eqiisil to ; therefore 

hi = hi cos a + hi cos ^ + hf cos y (4) 

* Liouville’s Journ. Math., 2™“ seSrie, t. iii., 18!)8, p. 1. 

+ Page 150, edit, of 1860, but omitted in later editions. Ij, M, N are the couploB of the 
impressed forces about the axes. 


1—2 
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“ Since the fixed axes are quite arbitrary^ let them be taken so that the 
moving axes are passing through them at the time Then 

hi = hiy A<2 h^, h^ = /tj 


and by the same reasoning, as in Arts. 114 and 115, we can deduce from 
equation (4) that 


dh^ dh^ 
dt dt 


/ii ^2 + h^ 01 


( 5 ) 


where 6i, 0^, 0.^ are the angular velocities of the axes with reference to them- 
selves. Hence the equations of motion of the system become 


dhi 

dt 


“* 0-^ "i” h^ 0^ — Ij 




^2 

dt 


— ^3 + hi ^3 = M 


( 6 ) 


dh-i 

dt 


— hi 0^ -b hij 01 






“ These equations may be put under another form which is more con- 
venient. Let cc', y\ z' h% the coordinates of the particle m referred to the 
moving axes, and let 


TT 



y 


, dx\ 
dt ) 


“Since the fixed axes coincide with these at the time t, we have 
y—y\ and by Art. 114, 


dx __ dx' 
'di~~dt 

dy _ dy' 

di di 


+ O^z - 


4 - 0^x — 0iZ 




Therefore V = H3 + Cd^ - Ed, - Dd.,* 

and by similar reasoning 

= + Ad,-rd 2 -Ed 3 

lu = H2 + Bd^ - Dda - Ed, 

“ Hence the general equation of motion becomes 

{G0, - Ed, - Dda -b H3) + F - d,0 + (B - A) d,d2 +■ ~ 13d, da 

, , . . +d,H 2 -d 2 H,=N (7) 

and two similar equations. 

“ Let the moving axes be so chosen as to coincide with the principal axes 
at the time t. Then D = 0, E = 0, F = 0, and the equations become,” 
d 

21 0-1 + Hi) - (X 3 - A 3 ) d^ da -b da Ha - d^H.^ = L 

and two similar equations ; where X,, A.^, A3 (replacing the A, B, C of 

* A, B, 0, D, E, F are, as usual, the moments and products of inertia. 
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Mr Routh) are the thi’ee principal moments of inertia, and are functions 
of the time. 


In order to apply these equations to the present problem, we must consider 
the meaning of the quantities 6i, 6^, 6.^. A system of particles may be made 
to pass from any one configuration to any other by means of the rotation of 
the system as a whole about any axis through any angle, and a subsequent 
displacement of every particle in a straight line to its ultimate position. Of 
all the axes and all the angles about and through which the preliminary 
rotation may be made, there is one such that the sum of the squares of the 
subsequent paths is a minimum. By analogy with the method of least 
squares this I'otation may be said to be that which most nearly represents the 
passage of the system from one configuration to the other. If the two con- 
figurations differ by little from one another, and if the best representative 
rotation be such that the curvilinear path of any particle is large compared to 
its subsequent straight path, the system may be said to be rotating as a rigid 
body, and at the same time slowlji^ changing its shape. Now this is the case 
we have to consider in a slow distortion of the earth. 


Divide the time into a number of equal small intervals r, and in the first 
interval let the earth be rigid, and let each pair of its pi-incipal axes rotate 
about the third (with angular velocities double those with which they actually 
rotate). At the end of that interval suppose that each pair lias rotated about 
the third through angles 26 <JiT, 2 (u.jT, 2o)sr. Then reduce the earth to retst, 
and during the next interval let the matter constituting the earth flow (with 
velocities double those with which it actually flows) so that the pairs of princi|)al 
axes have, at the end of the interviil, rotated with rcispect to tlie third ones 
through the angles - 2ar, — 2/3r, -- 27 T. Lastly let 20iT, 2d.jr, 20ar be tin* 
rotations of each pair of axes about the third by which they cotdd have btHUi 
brought directly from their initial to their final positions in the time 2 r. 

Therefore, by tlie principle of superposition of small motions, 


01 ~ &>, — a, 0.J, == ei).j — d;, = ct)., — 7 

Now supposing these two processes to go on simultaneously with their 
actual velocities, instead of in alternate intervals of time with double velocities, 
it is clear that 0i, 0», 0,^ are “the angular velocities of the axes with reference; 
to themselves”; o>i, m», are the component angular velocities of the earth 
considered as a rigid body ; and ~ a, — — 7 are the component angidar 

velocities of the principal axes relatively to the earth, arising from tht; 
supposed continuous distortion of that body. 

With respect to the other quantities involved in the e(|uations of 
motion ; — 

Let C, A be the pi-incipal moments of inertia of the earth initially when 
t is zero ; and at any time t, let 


Aj — A ■+■ a^, — A + bi, Ag ■= O H- c^ 
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We here suppose that the changes in the earth are so slow that terms 
depending on the higher powers of t may be neglected. 

Lastly the quantities Hi, Hg, Hg are respectively twice the areas conserved 
on the planes of 6^6^, ^1^2 by the motion of the earth relative to these 

axes. If the earth were rigid, they would all be zero, because there would be 
no motion relative to the principal axes: thus Wi, co^, co,, do not enter into 
these quantities. Now the motion which does take place maybe analysed 
into two parts. Divide the time into a number of equal small elenumts t, 
and in the first of them let the matter constituting the earth flow (with a 
velocity double that with which it actually flows) ; this motion will conserve 
double-areas on the planes of ^2^3, ^3^1, ^1^2, which we may call 2 '^iT, 
2|]^3t. In the next interval of time let each pair of axes rotate round 
the third (with angular velocities double those with which they actually 
rotate), so that at the end of the interval they have turned through the angles 
— 2 aT, — 2/3t, —2<yT. Now since during this second interval the axes have 
rotated in a negative direction through the solid, therefore the solid has 
rotated in a positive direction with reference to the axes. Remembering 
then that \i, A3 are the principal moments of inertia, the double-areas 
conserved on the three planes in this second interval are 2XiaT, 2X»^t, 2\nyT. 
Hence if 2 Hit, 2H2T, 2H.,t be the double areas conserved in this double 
interval of time, we have 2 HiT = -f- 2AiaT, 2H2T = 2|^2 t - h 2X2/3 t, 

2H3T = 2fl^3T •+- 2X37T. 

Therefore if we now suppose the two processes to go on simultaneously 
with their actual velocities, instead of in alternate elements of time with 
double velocities, and if we substitute for Xj, X2, X;, their values in terms of 
A, a, t, &c., we get 

Hi = (A -p aii) a -f |]^i, + ht) /3 + Hg = (C 4- c^) 7 + 

where 1^1, denote those parts of the double areas conserved, which 

depend only on the internal motions accompanying the change of shape. 

Then, if the changes proceed with uniform velocity, a, a, |1^, &c. are all 
constant. 


Corresponding also to the equations of motion 
equations 


dd 

dt 


9.J. cos <^4-^1 sin <jb 


are 


sin 0 
dt 


01 cos 


t n 


7 r 


geometrical 


In figure 1, A, B, C are the axes, about which the moments of inertia are 
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\i, Xa, Xsi XY is the ecliptic; and the meaning of the other symbols is 
sufficiently indicated 


z 



Substituting, then, for the various symbols in the original equations of 
motion, it will be found that 


dcoi 

di 


{A! — O) <wa<»:) =lj — t |a — (b — c) 6)261)., +• bywa — c/ 36 W;,| 


ao), — { A'7 + + {C/8 + 1^2} ft)n + / 9|^8 — 


and two similar equations f. 


Now the terms on the right-hand side are always very small compared to 

cJii 

A , becfiuse the time will not run on until they have become large ; hence 
approximate values may be substituted therein. 


Let the angular velocity of rotation of the earth be —n, and let II coaec 6> 
be the precession of the ecpiinoxes ; then in the small terms the following 
substitutions may be made: — 

^ — (^nt +• e), &)i = — n cos (^nt -h e), a)^ = — 11 sin {nt + e), cws = — n 

and the e may be omitted for brevity. 

Furl-, her, N (depending on the attractions of the sun and moon) is very 
small ; and a consideration of the third equation of motion shows that, when 
integrated, it leads to = — n •+ terms, which are very small during the 
limited period under consideration. And if these terms were substituted on 
the left-hand side of the two former equations, they would be still further 


* [I have followed Mr Boath in using “perverted” coordinate axes, but it does not seem 
worth while to revert to the more desirable usage by redrawing the figure and by changing the 

Bigns of many of the terms. ] 

t The A is written A' in two iilaces, where it may be taken to stand for B; and then the other 
equations may be found by cyclic changeB of letters and suilixes. 
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diluted bj multiplication by the small quantities — — and II. Hence tlu' 

third, equation may be neglected, and in the two former equations —n may 
be substituted for oig. 

C — A 

Making these substitutions, then, and writing jju for ^ n, the equations 


become 



dcoi 

L 

Un 


“A 

A 

dcog 

M 

Un 


~A 

A 


|a — b + c — t sin nt + ^ cos nt H - 11 |y + sin v/f. 

(7 + ^’)«« 


m.si,. 


ay) . , , nb . ^ 

— t cos nt H — r- sin — If 


4- a 


A 

f(C + Q.t)n 


:;ns ut 


I "h *+■ 7 ) 


Then neglecting 7 /% compared to unity, putting C + ci= A in the small 
terms, and only retaining the more important terms, 

doii _ 

“ A~ A 


~ A ~ A ~ 1^ "h ^ cos ni H- n jy + si^* 


dt ■ " A A ~ ‘ 

d(i>2 , M , Xln f T , lib f 3 P> ^ 

dt ~ A A 1 “ ^ ^ sin nt - IT j 7 + cos nt -t- •act ^ 

These are the required equations of motion, and in integrating them tlu‘y 
may be treated as linear. 


§ 2 . Inequalities independent of the Impressed Forces. 

First, then, suppose that L — M = 0 . 

Integrate the equations, and neglect jx compared with n, and wts have; 

IT " f*T* 

- (a - b + c) « cos «< + (b _ e) - n q + wa 

+ ~ (« + + F cas fit — G .Min fit. 

t»= = j(-a + b + c)«sinn« + A(c_a)cos««-M^.yH-ft^Mi„ 


+ ~ (^ + - F sin fit - G cfw fit 


* If we wish to treat a, S„ &c. es vai-iaUe, we have only to adj to tl™ rwl,t-l,and 

Of the* aquations jteoea, '^ 4 ®, 

uone W given by Sir W. Thomson m App. C. I had not noticed until it wa« nointod o„t hv 

~ oT2tor:;:iiz 
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The last two terms in and a>^ represent the complementary function ; 
and the values of F and G must be determined from the initial conditions. 

Now it will be shown later that a, /3, 7 are comparable with , 

^ • hence the terms in the second lines are much more important 

than those in the hx'st. Thus in determining the values of F and G we may 
neglect the first lines. 

Initially, the instantaneous axis coincides with the axis of greatest 
moment of inertia ; so that when i = 0 , <Oi = Wa = 9, and therefore 


F 


n . 

<3^ + » 

JM \ A 


n 




-f 


A 


The terms in F and G represent an inequality of 306 days period. 


§ 3. The JriequaUty of S06-Days Peihod *. 

I have worked out the values of and in two supposed cases of 
elevation, under certain suppositions as to the nature of the internal move- 

merits of the earth. In one of them I found ?^i == 0 ; and in 


the other = 0 . In order not to interrupt the thread of the argument, 

the calculation is given in Appendix A ; it will also be more intelligible after 
the latter part of this paper has been read. In the general case the same 
kind of proportion will subsist between and Aor, and A/3, and we may 
therefore, without serious error, neglect the former compared with the latter. 

'I’hus, as far as concerns the present inequality, 


net 7//S . , 

(Oi = - (1 — cos ijbt) sin ai 

na . , nB 

(Uo == — sin at q (1 — cos at) 

fa fa '' 


I have tlioiight it; necessary to discuss this inequality fully, both on account of its intrinsic 
interest, and beeatise it Iuir been referred to by the ABtrononier Koyal [Sir George Airy] and 
Sir William TlioniBon. 


The former says Sept. 22, 1860) Now, lot ua auppoao the earth not abBolutoly 

rigid, but that tliere is 8UBcei)tibility to change of form, either from that degree of yielding or 
fracture to which most solid BubstanceB are liable, or fr'om the hydrostatic prcBSure of internal 
fluid. This, as I conceive, puts an end to all supposition of change of axis. The first day^s 
whirl would again make the axis of rotation to be a principal axis, and the position of the axis 
would then be permanent.” 

But Sir George Airy is here speaking of the effect of the elevation of a mountain mass in 
about latitude 45^, by something like a gaseous explosion. This sapposition is not at all in 
accordance with the belief of geologists, whereas a gradual elevation is so. 

Sir W. Thomson, on the other hand, says {Trans. GeoL Hoc. Glasc/ow^ 1874, VoL xiv., 
p. 812):™““ In the present condition of the earth, any change in the axis of rotation could not 
be permanent, because the instantaneous axis would travel round the principal axis of the solid 

in a period of 296 days In very early geologic ages, if we sujipose the earth to have been 

plastic, the yielding of the surface might have made the new axis a principal axis. But certain 
it is that the earth at present is so rigid that no such cliange is possible.” And he adds that 
practical rigidity has prevailed throughout geologic history. 
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On account of this inequality the greatest angular distance (in radians) of 

the instantaneous axis from the pole is 2 (a® + It will appear from 
the latter part of this paper that, if the elevation of a large continent proceeds 

at the rate of two feet in a century, (a^ + may he about -YiTj" annum, 
and ya is 360° in 306 days; whence it follows that the greatest angle made by 
the instantaneous axis with the axis of figure is comparable with 
quantity beyond the power of observation. On the score of these terms the 
instantaneous axis will therefore remain sensibly coincident with the axis of 
figure. 

They will, moreover, produce no secular alteration in the obliquity of the 
ecliptic, nor in the precession, because they will appear as periodic in ddjdt 
and sin 6d'^/dt, with arguments n and n + jx. 


Now although this inequality is so small, it nevertheless is of interest. 

If we map, on a tangent plane to the earth at its initial pole, the relative 
motion of the instantaneous axis and the pole of figure, we get, as the equation 
to the curve, 

a- — ~ ( 1 — cos ixt') — — sin ut 


OL Q 

y — — sin ~ (1 — cos ut) 

A* 


If t be eliminated from these equations, we get 



*> 


Thus the relative motion is a circle, passing through the origin, and 
touching a line inclined to the axis oi y at an angle tan“^a//3. Therefore the 
instantaneous axis describes a circle passing through the pole of figure every 
306th day; and this circle touches the meridian, along which the axis of 
figure is travelling with uniform velocity, in consequence of the geological 
deformation of the earth. 


The motion of the instantaneous axis in the earth is a prolate cycloid. 


§ 4. A.djustments to a Form of Equilibrium. ' 

If the earth were a viscous fluid there is no doubt but that the pole of 
figure would tend to displace itself towards the instantaneous axis, whose 
mean position would be the centre of the circle above referred to. 

But Sir William Thomson has shown* that the earth is sensibly rigid; 
and in any case the earth is not a viscous fluid, properly so called, although 
it may be slightly plastic. 

* 111 his Address to the British Association, 1876, he states that the argument derived from 
precession (Thomson and Tait’s Natural Philosophy, p. 691) is fallacious; he adduces, however, 
a number of cogent arguments on this point. 
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M. Tresca has shown that all solids are plastic under sufficiently great 
stresses, but that, until a certain magnitude of stress is reached, the solid 
refuses to flow*. Now in the case of a very small inequality like this, the 
stresses introduced by the want of coincidence of the instantaneous axis with 
the axis of figure are very small, even when at their maximum ; and every 
306th day they are zero. It seems, therefore, extremely improbable that the 
stresses can be great enough to bring the earth into what M. Tresca calls the 
state of fluidity ; and therefore it is unlikely that there can be any adaptation 
of the earth’s foiTn to a new form of equilibrium, in consequence thereof. 


In all the other inequalities introduced, whether arising from the first 
three terms above given in <«>i and co^, or arising from the impressed forces, to 
be treated hereafter, the centre of the positions of the instantaneous axis is 
coincident with the pole of figure, and therefore there can hardly be any 
adaptation of figure eccentric to the axis of greatest moment to balance the 
stresses introduced by centrifugal force. 

It would appear probable that, whilst a geological change is taking place, 
the earth is practically rigid for long periods. But as the earth comes to 
depart more and more from a form of equilibrium, the stresses due to the 
mutual gravitation of the parts, and to the rotation, increase gradually, until 
they are sufficiently great to cause the solid matter to flow. A rough kind of 
adjustment to a form of equilibrium would then take place. The existence 
of continents, however, shows that this adjustment does not take place by the 
subsidence of the upheaved part ; and as this adaptation of form would be 
produced by an entirely different cause from that to which the upheaval was 
due, that xn)heaval would probably persist independently of the approximate 
adoption of a new form of equilibrium by the earth. 


M. Tresca’s experiments on the punching of metals would lead one to 
believe that the change would take place somewhat suddenly, and would in 
fact be by an earthquake, or a succession of earthquakes. On each of these 
occasions the ttuidtsncy would be to adjust the form to one of equilibrium 
about the instantjineous axis. Now the principal axis Ag has (in consequence 
of the postulated deformation) been travelling along the meridian in longitude 
7r + 1/5X11“’ a//3, mesxsured from the plane containing and A„. 


The earthqusxke will tixke place when, to the stresses due to mutual 
gravitation, sire superadded the msxximum stresses <lue to centrifugixl force ; 
tluxt is to say, when the instjxntaneous axis is at its greixtest distance from X;,, 
the axis of greatest moment of inertia. At the instant of the earthcpiake the 
principal axis will be moved towixrds the position of the instantaneous axis. 
And as the circle described by the instantaneous sxxis touches the meridian of 
displacement of the principixl axis, therefore the principal a.xis will be carried 


* “ Sur rCcoulement des Corps Solides,” Me'/n. des fiav., torn, xviii. 
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by the adjustment towards the centre of the circle described by the instan- 
taneous axis, and therefore perpendicular to the meridian of displacement. 

Thus, if the adjusting earthquakes take place at long intervals, the 
motion of the principal axis will not deviate sensibly from continuing along 
the meridian, along which it would travel in consequence merely of the 
geological deformation. If, however, the adjustments are frequent, the path 
of X,3 will diverge sensibly from the meridian along which it started. If the 
readjustments become infinitely frequent and infinitely small, there is a con- 
tinuous flow of the matter of the earth, which is always seeking to bring 
back the earth’s figure to one of equilibrium, from which figure it is also 
supposed to be continuously departing under the action of internal forces. 
In this state the earth may be considered as formed of a stiff* viscous fluid. 

According to these ideas, at each adjustment X^, Xj will be suddenly 
reduced to nearly their primitive values. A, A, C ; but a, /3, <y depend on the 
rate of accession and diminution of matter at various parts of the earth, and 
remain constant. The only effect, then, is that each adjusting earthquake 
must be taken as a new epoch. 

As far as I can see, it seems quite possible that the earth may be sensibly 
rigid to the tidally deforming influences of the sun and moon, and yet may 
bring itself back from any considerable departure from a form of equilibrium 
to approximately that form. It therefore seems worth while to consider the 
case of the adjustments being continuous, whilst the deformation is also 
continuous. 


§ 5 . Adjustments to the Form of Equilibrium continuous*. 

I. therefore propose to consider geometrically, but not dynamically, the 
paths of the instantaneous axis, and of the principal axis, when the earth is 
viscous and continuously deformed by internal forces. It is supposed that 
the velocities of flow of the matter of the earth are so small that inertia may 
be neglected, and that the displacements are so small that the principle of 
the superposition of small motions is applicable. 

As before the paths of the instantaneous and principal axes may be 
mapped on a tangent plane to the spheroid, at the extremity of the primitive 
pole, the mean radius of the spheroid being taken as unity. 

In consequence of the continuous deformation, the principal axis travels 
with a linear velocity (on the map) - -f along the meridian of longi- 
tude tan"i a/^. Take this meridian as axis of x, and measure y, so that the 
angular velocity /x is from x towards y, and call f{a? q- u. 

Then the principal axis X3 moves along the axis of x with a uniform 
linear velocity - u, and, from dynamical principles, the instantaneous axis I 
moves round the instantaneous position of X3 with a uniform angular velocity y. 

* [Compare § 4, Paper 1, “ On the tides of viscous. ..spheroids...,” Vol. 11 ., p. 11.] 
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But because of the earth’s viscosity, X., always tends to approach I. The 
stresses introduced in the earth by the want of coincidence of Ajj with I vary 
as A;jl. Also the amount of flow of a viscous fluid, in a small interval of time, 
varies jointly as that interval and the stress. Hence the linear velocity (on 
the map), with which As approaches I, varies as Asl (equal to r sujjpose). Let 
this velocity be vr, where v depends on the viscosity of the earth, diminishing 
as the viscosity increases. 

Thus the principal axis describes a sort of curve of pursuit on the map ; 
it is animated with a constant velocity ~ u parallel to x:, and with a velocity 
vr towards I, which rotates round it with a uniform angular velocity ju.. 

The motion of I, relative to Ag, is that of a point moving with a constant 
velocity parallel to .-r, rotating round a fixed point with a constant angular 
velocity /x, and moving towards that point with a velocity vr. 

Let nf] be the relative coordinates of I with respect to Ay, and y the 
coordinates of Ay. Then the differential equations which give the above 
motions are : — 

dt 
drj 
dt 
dx 
dt 
dy 

it 

If (1.) Jind (2) bci integrated, and the constants determined so that, wlien 

0, = 0 (which expresses that initially Ay and I arc coincidmit), it will 

he found that 

^ (1 ~ yt) +- sin /x^j- 


u—v^ — yt] 
~ •+ .. 

= — .. 

— vy 


.( 1 ) 

.( 2 ) 

.(3) 

.(4) 


V 


+ /X- 

. iju ( 1 — cos u,t') — ve'"'’*' sin u,t 


} 


These, give the path of I relative to Ay. It may be seen to be a H|)ira.l 
curve diminishing with more or less rapidity, according u.s the earth is less or 
more viscous. If v = 0, it becomes the circle found above from the dynamical 
equations. 

Substitute in (3) and (4) for ^ and rj ; integrate, and determine the. con- 
stants, so that when t— 0, x==y ~ 0. It will then be found that 


X 


V 


n, 

+ At."* [_ 

■w 


V 


V {v^ — /jC“) -H y-t + - - — {— {v^ — /CX-) e cos jut + sin jut j 

v~ y 


-4- y} 


^jjbv^ + yvt 4- cos fxt +• {iP — /x'“) e""* sin 

fl* 


fxt]^ 
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PATH DESCRIBED BY THE POLE. 


[l.§5 

These give the path of X3 on the map. It may he seen to be a cycloidal 
curve, in which the radius of the rolling circle diminishes with more or less 
rapidity, according as the earth is less or more viscous. 

After some time e""* becomes very small, and the motion is steady ; and 
then ^ rj = + /x-), or I is fixed, relatively to X3, at a distance 

uj{v^ 4- from it, and on the meridian, measured from the axis of x, in 
longitude tan~^ fxjv. This point is the centre of the above-mentioned spiral 
curve. 

If V be very small (or the earth nearly rigid) this meridian differs by little 
from the axis of y. But it may be that v is so small that has not time to 
become insensible before the geological changes cease. This case corresponds 
very nearly to the hypothesis, in the last section, of adjusting earthquakes. 

If the earth be very mobile, or v large, ujv, 97 = 0 . 

Again, with respect to the path of X3, when the motion has become steady, 

+ ix^ 4 - ix^ 

^IXUV^ fXUV . 

y = ~ - f- » 4 - 

-V ix-' V + /a- 

and eliminating t, vx fxy = — uv^. 

That is to say, when the motion is steady, X3 moves parallel to the 

meridian of longitude tt -- tan“^ and distant from it uv^j^v^ 4 - /x^)^ on the 
negative side. This straight line is the degraded form of the above-mentioned 
cycloidal curve. 

If the earth is nearly rigid this path does not differ sensibly from the axis 
of X ; if very mobile, it is nearly perpendicular to the axis of x, and a long way 
from the origin. In this last case the solution becomes nugatory, except as 
showing that the very small inequality of 306 days would be capable of 
disturbing and quite altering the path of the principal axis, as arising merely 
from geological changes on the surface of the earth. 

In the case contemplated by the Astronomer Royal, where the elevation 
is explosive, u must be put equal to zero, and the constants of integration so 
determined, that when !5 — 0, ^ = H suppose, and tj = x = y = 0. It will then 
be found that when the agitation has subsided, x = R^Yya^, y — 'Rvjfx, or the 
pole of figure will have taken up a position on one side of the meridian, along 
which it was initially propelled by the explosion. 

It thus seems probable that during the consolidation of the earth there 
was a great instability in the position of the principal axis, and therefore 
also of the axis of rotation which followed it. 
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§ 6. Secular alteration in the obliquity of the Ecliptic, resulting from 
terms independent of the Impi'essed Forces. 

To return to the main line of the inquiry : — If the values of and a>.„ 
found in § 2, be substituted in the geometrical equations for dOjdt and 
sin edylrjdt (see § 1), a number of periodic terms will arise, and these terms 
have diurnal and semidiurnal periods, but their amplitudes are so small that 
they have no practical interest. 

The only thing whieh concerns us is to inquire whether there can be any 
secular change in the obliquity of the ecliptic. 

Select, then, only terms in sin-n^ in coj, and in cos in and substitute 
in the geometrical equation dOldt - - co^ sin nt +• &>. cos nt, and rtyect periodic 
terms. It will then be found that 

de n , , ^ , 

di - ~ TaTl <•■' + - 2c) 


§ 7. Terms dependent on the Impressed Forces. 


It now remains to consider the effect of 
precession and oblicjuity of the ecliptic. 

The equations of motion are reduced to 


impressed forces on the 


d<0i 


— A 

L 

di 


A ‘ “ 

A 

dm.j, 

C 

-A 

M 

dt 


A 

A" 




_ N 

dt 



~ A 


If we write L+ ^L, M, -1-5M, 8N for L, M, N, and indicate by L and M 
tile couples caused by the attractions of the sun and moon on the protuberant 
].)a,rts of the earth before it has begun to change its shajie, then L and M only 
cause the ordinary precession and nutations. For the present problem it is 
therefore only necessary to consider the effects of 5L, 3M, SN, which arise 
from the change of shape of the earth. 

It follows, frenn the same arguments that were used in § 1, that the change 
in the earth’s angular velocity of rotation due to SN will only have a very 
small effect on co^ and fo.j ; so that, as far as is now important, &>;, mtiy be put 
equal to — n in the first two equations, which may then be written 

d<o,__ _Bh 

' A 

SM 


dt 

do>^ 


pco.^ 


dt 


+ /tfU] 


A 
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Now SL and SM are the changes in L and M, when A + a:^, A 4- hi, C + 
are written for A, A, and C respectively. If SL, SM be thus formed, and the 
equations integrated, it will be found that the principal terms, arising from 
the sun’s attraction, are nine both in ddjdt and sin 6 dyp'Jdt ; the same number 
of terms arise in the precession and nutation with respect to the plane of the 
lunar orbit, and these would have to be referred to the ecliptic. Sixteen out 
of the eighteen terms represent, however, only very small nutations, and the 
only terms of any interest are those which give rise to a secular change in 
the obliquity of the ecliptic. These terms may be picked out without repro- 
ducing the long calculation above referred to, for they arise entirely out of 
the constant couple acting about the equinoctial line, which gives rise to the 
uniform precession. 

Now this constant couple is Clin; whence 

L = CITn sin nt, M = — CII n cos nt 
And since II involves (C — A)/C, therefore 

SL = — Clin t sin nt, SM == — Clin ^ ^ t cos nt 

If these be substituted in the equations of motion and the equations 
integrated, and only terms in sin nt in co^ and those in cos 7 it in co.i be 
retained, we get 

Hb — c. . lie — a 

co^z= — sin nt, a>2= 7 ^ cos nt 

n O — A n O — A 

Substituting in the geometrical equation d6/dt = — cui sin nt 4 m.j, cos nt 
and rejecting periodic terms, 

dd _ n a 4- b — 2c 
dt~2n C — A 


§ 8. General result with respect to the Obliquity of the Ecliptic. 

It was found in § 6 that the secular rate of change of 6, as due to the 


internal changes in the earth, was 


11 a 4~ b — 2c 
^n' A 


Since C — A is small 


compared to A, this term is small compared with the term found at the (mhI 

of § 7. Hence, finally, taking all the terms together, we get the approximate 
result. 


_ n a 4- b — 2c 
~dt 2n ‘ C ~ A 


and for small changes in the obliquity, insufficient to affect 11 


6 =i-{- 


T1 a 4- b — 2c 
_ . ^ t 


materially, 
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This equation has been obtained on the supposition that the change in 
the earth’s form never becomes so great that ai, b^, ct exceed small fractions 
of C — A ; a condition which is satisfied in the case of such geological changes 
as those of which we have any cognizance at present. 


It will appear from a comparison with results given hereafter, that 
^ cannot ever exceed two or three degrees; and since ri/2'/j> is 


a very small fraction, it follows that the obliquity of the ecliptic must have 
remained sensibly constant throughout geological history*'. A.lso the instan- 
taneous axis of rotation must always have remained sensibly coincident with 
the principal axis of figure^ however the latter may have wandered in the 
ea7'th’s body. 


It has hitherto been assumed that the change of form and the angular 
velocities of the principal axes in the earth’s body are uniform. But the 
preceding investigation shows clearly that no material change would be 
brought about by supposing the changes to proceed with varying velocities. 
This being so, dynamical considerations may be dismissed henceforth ; and 
accordingly the next part of this paper will be devoted to the kinematical 
question, as to the change in position of the earth’s axis of figure as due to 
geological changes. 


* During the (Maoial Period there must have been heavy ice-oaps on one or both poles of the 
earth. The above equation will give the disturbance of the obli<iuity of the ecliptic produced 
thereby. 

I will take what I believe is the most extreme view held by any geologist. Mr Belt is of 
opinion that an enormous ice-sheet, which was thickest in about lab. 70" N. and S., descended 
from both poles down to lat. 45 “ ; the amount of ice was so great that the sea stood some 
2000 feet lower than now throughout the unfrozen regions between lat. 45" N. and S. 

Suppose that the whole of this equatorial region was sea, and that the water contained in 
2000 feet of depth of this sea was gradually piled on the polar regions in tlie form of ice. Then 
the effect in diminishing C and increasing A cannot be so great as if the whole of this mass 
were subtracted actually from the equator and piled actually on the poles. The latter supposi- 
tion will then give a superior limit to the amount of alteration in the obliquity of the ecliptic. 
I have calculated this alteration by means of the above formula, taking the numerical data used 
later in this paper, and taking the specific gravity of water to that of surfacc-rock as 4 to 11. 
I find, then, that the superior limit to the increase of the obliquity of the ecliptic would he 
0"-()0045 ; that is to say, the position of the arctic circle cannot have been shifted so muoh as 
half an inch. And this is an accumulated eflfect, and the matter is distributed in the most 
favourable manner possible. 

In this case the amount of matter displaced is enormous, and is placed in the most favourable 
position for affecting the obliquity; hence, a fortiori, geological changes in the earth cannot 
have sensibly affected the obliquity. 

But although this equation leads to no startling results in the geological history of the earth, 
I hope to show in a future paper that it may have some bearing on the very remote history of 
the earth and of the other planets [see Paper 3, p. 51]. In consequence of a mistake in the 
work it was erroneously stated in the abstract of this paper in the 1-^roceedinijs that the ehaiige 
in the position of the arctic circles might amount to 3 inches, instead of to half an inch. 

‘I 


D. III. 



18 


NATURE OF THE SUPPOSED DEFORMATION OF THE EARTH. [I, § 0 


The various assumptions made above will incidentally be justified in the 
course of the work. 

For some remarks of Sir William Thomson on this part of the paper see 
Appendix C. 


II. The Principal Axes of the Earth. 

§ 9. J^relmzinary Assumptions. 

It is assumed at first that, in consequence of some internal causes, tht' 
earth is undergoing a deformation, hut that there is no disturbance of the 
strata of equal density, and that there is no local dilatation or contniction 
in any part of the body. The cases at present excluded will be considered 
later. 

The result of this assunaption is, that the volume of the body reniains 
constant, and that the parts elevated or depressed above or below the mean 
surface of the ellipsoid have the same density as the rest of the surface. 
Such changes of form must, of course, be produced by a very small flow of tlie 
solid matter of the earth. Since the whole volume remains the same, this 
hypothesis may be conveniently called that of incompiussibility ; although, if 
the matter of the earth flowed quite incompressibly, there would ho some 
slight dislocation of the strata of equal density. 

It is immaterial for the present purpose what may he the forcc?s which 
produce, and the nature of, this internal flow, but it was assiiiucd in tho 
dynamical investigation that the forces were internal, and that the flow 
proceeded with uniform velocity. 

After deformation the body may he considered as composed of the original 
ellipsoid, together with a superposed layer of matter, which is positive in 
some parts and negative in others. The condition of constancy of volume 
necessitates that the total mass of this layer should he j^ero. If we take a.xes 
with the origin at the centre of the ellipsoid and symmetrical thereto, and let 
AF (9, represent the depth of the layer at the point 0, <f>, the condition of 
incompressibility is expressed by the integral of F (d, 0) over the surface of 
the^ ellipsoid being zero. Then by varying A, elevations and depressions of 
various magnitudes may be represented. 
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§ 10. Moments and Products of Inertia after Deformation. 

Before the deformation : — 

Let A, 0 he the principal moments of inertia of the earth ; a, h its semi- 
axes ; M its mass; '30 its mean density; p its surface density ; and o its moan 
radius, so that 3c = 2a -h 6 ; and let the earth’s centre of inertia be at the 
origin. 

After the deformation : — 


Let a, h, c, D, E, F be the moments and products of inertia of the above 
ideal shell of matter about the axcss ; a'l, the coordinates of the ujirth’s 

centre of inertia. 


Then, since the ellipticity of the cartli is small, the integrals may he 
taken over the surface of a sphere of radius c, instead of over the ellij)Soid. 
Thez’efore, 

a = hpc'^ j qt)) sin 6 (sin=^ 6 sin'-’ qt H- cos® d) d0d<p 

Ma'j = hpd* jj^F (d, cp) sin® d cos (f>d9d(l> 

M — -iTraSDc’’ 

and other integrals of a like nature for h, c, 1 ), E, If, t/i, Si. 

Since JJf (d, p) sin 6 d0d<p — 0, therefore a b + c = 0 


If A he the moment of inertia of the body, after (lelbriiiation, about an 
axis parallel to s, through y^, Zi, 

A — A P a — JVI, (yi“ P 

Now a varies as hjo, whilst yi{t/i- +■ zr') varies as (A/c)'t But tlui grea,toHt 
elevation or depression to he treated of is about two miles, whilst the mean 
radius c is about 4i000 miles; hence hjo cannot exceed alxjut 
accordingly the term M (yf® P zl) is negligible conipare<l to a. Whence 


A = A p a. 

In like manner, the terms introduced in the other moments and foroducts 
of inertia by the shifting of the earth’s centre of inertia are negligible, com- 
pared to the direct cliangcis. Thus it may bo supposed tlurt the centre!: of 
inertia remains fixed at the <jrigin, and that the moments and ].)roducts of 
inertia of the earth after deformation are A P fi, A P b, C P c, D, E, F. 
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CHANGE OF POSITION OF THE PEINOIPAE AXES. 


§ 11. General Theorem with respect to Principal Axes. 

A general theorem will now be required to determine the position of tlie 
principal axes after the deformation. 

Take as axes the principal axes of a body about which its moments of 
inertia are A, B, C. Let the body undergo a small deformation, which turns 
the principal axes through small angles a, 7 about the axes of reference, 
and makes the new principal moments A', B', O'. And let the moments and 
products about the axes of reference become in consequence A+a, B+b, 
C 4- c, D, E, F. Then it is required to find a, <y in terms of these last 
quantities. 

Let I, m, n he the direction cosines of any line through the origin, and let 
them remain unaltered by the deformation. Let I be the moment of inertia 
about this line after deformation. Let I + Zl, m 4- n 4- hn be the direction 
cosines of the line with respect to the new principal axes. Then, by a well- 
known theorem, 

SZ = rym — ySn, Sw — an — 7Z, hn = jSl — am 

Now 

I = (A 4- a) Z2 4 - (B + h) 4 - (0 4 - c) - 2Dmn - 2E>^^ - 2FZwt 
But it is also equal to 

A' ( 1 4- Bl')^ -P B' (m -P BmiT 4- C' (■^^ 4 - Sny 
and by substituting for Bl, Bm, Bn, this is equal to 

AP 4- B'm" H- C'n^ - 2 mn (O' -B')a- 2 ln (A' - O') /S - 2 lm (B' - A') 7 
to the first order of small quantities. 

This expression must he identical with the former for all values of 
l,m,n) hence putting Z = 1, 'm = n = 0 . A' = A + a, and similarly B' = B4-b, 
O' = C -P c. Wherefore also 


and 

and these are the 


a = 


D 


/3 


O'-B' 

E 

A- C ’ 


D . 

F 


7 = 


B- A 


required expressions for a, /S, 7. 


If, however, B = A, 7 becomes infinite, and the solution is nugatory : hut 
since, under this condition, all axes in the plane of xy were originally principal 
axes, the axes of reference may always be so chosen that F is zero absolutely ; 
and then 


^ E 

C-A’ C-A’ 

Therefore the new principal axis C' is inclined to the old C at a small angle 
(D^ 4- E®)'^/(C — A), and is displaced along the meridian, whose longitude. 
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measured from, the plane of xz, is tt 4- tan-"^ D/E. This is the case to be dealt 
with in the present problem. The positions of the other principal axes will 
be of no interest. 


§ 12 . A.pjplicati(m- of preceding Theorem. 

To solve the problem numerically in any pai’ticular case, it will be neces- 
sary to find the integrals 

D = hpc^ j I 'f (6, cf>) sin^ 6 cos 0 sin <pd0d<h 


E = hpc* JJ F (0, sin® 0 cos 0 cos cf>d0d(j> 

If D/hpc*^ and Flhpc* be called d and e, then d and e stand for the above 
integrals, which depend on the distribution of surface-matter in continents 
and seas. 

It will be convenient to use a foot as the unit for measuring h, and 
seconds of arc for the measurement of the inclination i of the new principal 
axis to the old. For this pui-pose the value of the coefficient pc*J(0 — AS) may 
be calculated once for all. Let its value when multiplied by the appropriate 
factors for the use of the above units be called K*^. ISTow 


C — A = (e — l-m) Mo.® = ;| (1 4 - ^ e) (e — |-m) Me® 

Then if we take e = 0033439, being the mean of the values given by 
Colonel A. R. Clarke, m= 1/289-66, and c = 20,899,917 feetf, M==|. 7 ri 0 c«, 
and IB/p = 2 , we get 

C - A = 1 7rpc‘ X -0010809 x 20,899,917 
and K= 1-08986 


If, in accordance with Thomson and Tait, iD/yo = 2 - 1 , K = 1*0380, but I 
shall take K as 1-090. Then we have = KA V(d“ 4 - e®), where K= 1-090, 
A being measured in feet, and i" being the angular change in the position of 
the principal axis of greatest moment of inertia of the eai’th, due to a 
deformation given by AF (^, <;£>) all over the surface of the spheroid. 


nriT.. -1 "4” t) “““ 

Ihe an^le — 7 ::;: t t 

^ C — A 


is clearly of the same order of magnitude as 


as 


it was assumed to be in Part I. 


I have to thank Prof. J. C, Adams for his help with respect to the numerical data, and for 
having discussed several other points with me. 

t See Thomson and Tait, Natural Philo&ophy, pp. 648, 651. 
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SPECIAL FORMS OF CONTINESTTS AND OCEANS. [1, §§ 13, 14 

III. Forms of Continents and Seas which produce the Maximum 

Deflection of the Polar Axis. 

§ 13. Conditions under which the Problem is treated. 

On the hypothesis of incompressibility, the effect of a deformation in 
deflecting the pole is exactly equivalent to the removal of a given quantity 
of matter from one part of the earth’s surface to another. But as no 
continent exceeds a few thousand feet in average height, the removal is 
restricted by the condition that the hollows excavated, and the continent.s 
formed, shall nowhere exceed a certain depth and height. The areas of 
present continents and seas, and their heights and depths, give some idea of 
the amount of matter at disposal, as will be shown hereafter. It is interesting, 
therefore, to determine what is the greatest possible deflection of the pole 
which can be caused by the removal of given quantities of matter from om* 
part of the earth to another, subject to the above condition as to height anil 
depth. 


§ 14. Problem in Maadma and Minima. 

This involves the following problem: — To remove a given quantity of 
matter from one part of a sphere to another, the layers excavated or pihnl up 
not being greater than A; in thickness, so as to make V(l>’ + E“) a nmxinmm, 
the axes being so chosen as to make P = 0. 

If D , E be the products ol inertia referred to other axes having tihe sanu^ 
origin and axis of z as before, it may easily be shown, from tlie fac:t tliat 
D- + E*' = D ^ 4- E that D“ + E^ is greatest and equal to E'- for that dist.ribution 
of matter which makes D’ = 0 and E' a maximum. 

I he problem is thus reduced to the following: — Rectangulai- axes aix* 
drawn at the centre of a sphere of radius c; it is required to effect t.he al)ov(>- 
described removal of matter, so that the product of inertia about a pair of 
planes through and inclined to at 45° on either side, sliall be a 
maximum, subject to the above condition as to depth, /; being small conqiai-ed 
to c. For convenience, I refer to the plane ay as the equator, to n;z as prime 
meridian, from which longitudes i/r are measured from x towards y, and to $ 

the colatitude. These must not be confused with the terrestrial (Hiuator 
longitude, and latitude. 

A little consideration shows that the seas and continents must be of 
uniform depth k, that there must be two of each, that they must all be of the 
same shape, must be symmetrical with respect to the equator, and that the 
continents must be symmetrical with respect to the prime meridian, and the 
seas with respect to meridians 90° and 270°. 
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Also the total product of inertia P, produced by this distribution, is 
16 times that produced by the part of one continent lying in the positive 
octant of space ; and the mass of matter removed is 8 times the mass of this 
same portion of one continent. 

The problem is, therefore, to find the outline of the continent, so that P 
may be a maximum, subject to the condition that the mass is given. 

Take the surface-density of the sphere as unity, and let the mass removed 
be given as an elevation of a height k over a fraction q of the whole sphere’s 
surface; so that the mass removed from hollow to continent is Wc- /(;</. Then 
it may easily be shown that 

P = 4/1:0“ f sih' <9 sin 
J 0 

and g = i 2‘\p'sm0d^ 

Jo 

where -v/r is a function of <9 to be determined. Then writing co for 2^^, and 
(M for cos 6, we have to make 

a 

[(1 — sin 6) — o) cos® a} dfM a maximum 


f 


for it will be seen later that — 0® cos® a is a proper form for the constant, to 
be introduced according to the principles of tlie Calculus of Variations. This 
leads at once to 

(1 — yu,®) cos o) = cos® a 
or sin® 6 cos 2'^ = cos® ol 

That is to say, the outline of tlie continent is the sphero-conic formed by 
the intersection with the sphere of the cone, whose Cartesian equation is 

y® (1 + cos® a) -1- ^® cos® a = a/® sin® a 

Reverting to the expi’essions for P and q, altering the Viiriable of integra- 
tion, and the limits, so as to exclude the iniaginary parts of the integrals, we 
have as the equation to find a 




TT 


/*“ /cos a\ , 

jyoBxoos (-™) dx 


cos X 


and 


P = 4/6’c“ j cos X V(cos“ X ~~ 

•d 0 


These integrals are reducible to elliptic functions; but in order not to inter- 
rupt the argument, I give the reduction in Appendix B. If cos 27 = cos® a, 
the result is that 

TTO = V2 [11* (~ 2 sin® 7) ~ F‘] 

^ COS 7 


or 


q = l-^{WF-F'^ (F-E)} 

TT 
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and. 


JP 

kc^ 


— f \/2 cos 7 [E^ — cos 27 F^] 


where the modulus of the complete functions E^, Fh is tan 7, and where 
E, F have a modulus cos a/cos 7 and an amplitude — 7. 

It will he observed that a is the semi-length of the continent in latitude, 
and 7 the semi-breadth in longitude. 


From these expressions I have constructed the following Table :• 


Semi-breadth of 

' Semi-l0nf3;th of 

Fraction of Hin’face 

” ’ t 

Product of inertia | 

continent 

continent 

elevated or depressed 

/ p \ 

(t) 

(a) 

(a) 


0 

0 

0 

0 

/ 

0 

•0000 

•0000 

f) 

7 

6 

•0054 

■0672 

10 

14 

13 

•0216 

•2628 i 

lb 

21 

28 

•0486 

•5697 

20 

28 

65 

•0867 

•9603 1 

2f) 

3(> 

42 

•1362 

1*3981 1 

SO 

46 

0 

•1979 

1 •8399 1 

36 

64 

12 

•2732 

2-2371 

40 

05 

22 



46 

90 

0 

•5066 

2-6()()7 
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A'ppUcation of preceding pr'ohle^n t,o the case of the Earth. 


In the application to the cas(3 of the earth, wliali 
brevity, tlie equator (EE in hg. 2) must be taken as a, 
through a point in tey^reHtrial latitude 45''’. 


ha,H l)een called, for 
gi-(‘at circle, passing 
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Figure 2 gives the stereographic projection of the forms of continents and 
seas, the firm lines showing continents, and the broken ones seas, when 
covering various fractions of the whole surface ; a. and 7 are indicated on 
one of the continents. The other hemisphere is the same as this figure, 
when seen in a looking-glass. It will be observed that the limiting case is 
when the two continents fill up two quarters of the earth, and the two seas 
the other two. 

It is clear that the greatest deflection of the polar axis which can be 
produced by the elevation of continents of height k and having a total area 
47rc‘-^^, and the depression of similar seas, will be PK. 

A numerical Table of results will be given below, formed by interpolation 
in the above Table. 


IV. On Geological Changes on the Earth’s Surface. 


§ 16. The 'points to he considered. 

It is now necessary to consider what kind and amount of superficial 
changes are brought about in the earth’s shape by such geological changes as 
are believed to have taken place. The points to be determined are : — - 


i. 


ii. 


111 . 


Over what extent of the earth’s surface is there evidence of consenta- 
neous subsidence, or upheaval, during any one jieriod. 

What is the extreme vertical amount of that subsidence or upheaval. 

How the sea affects the local excesses and deficiencies of matter on 
the earth’s surface. 


iv. Plow marine and aerial erosion affect the distiibution of the excess or 
deficiency of matter. 

V. The possibility of wide-spread deformations of the earth, which 
approximately carry the level surfaces with them. 


The object of this discussion is to find what areas and amounts of 
elevation and subsidence on a sealess and rainless globe are equivalent, as 
far as moving the principal axis, to those which obtain on the earth. These 
areas and effects will be referred to as “ effective areas and amounts of 
elevation or subsidence.” 

It is probable that during the elevation or subsidence of any large area, 
the change proceeds at unequal rates in different parts ; probably one part 
falls or rises more quickly than another, and then the latter gains on. the 
former. But it has been shown, in the dynamical part of this paper, that the 
axis of rotation sensibly follows the axis of figure. Hence it is immaterial by 
what course the earth changes its configuration, provided the changes do not 
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proceed by large impulses, a supposition wliich may be certainly excluded. 
The essential point is, to compare the final and initial distrib utions of matter, 
after and before a period of large geographical change. 


§ 17. Areas of suhsideiice dnd elevation. 

When a new continent is being raised above the sea, there is no certainty 
as to the extent to which areas in the adjoining seas partake in the elevation; 
even in the case of S. America, where the area of elevation is supposed to be 
abruptly limited towards the west, the line of 15,000 feet depth lies a long 
way from the coast. 

As soon, moreover, as the land is raised above the sea, the rivers begin 
washing away its surface, and the sea eats into its coasts. The materials 
of the land are carried away, and deposited in the surrounding seas. Thus to 
form a continent of 1000 feet in height, perhaps entails an elevation of the 
surface of from 3000 to 4)000 feet, and all the matter of the additional 2000 
to 3000 feet is deposited in the sea. This tends to make the adjoining seas 
shallower, and to cause some increase to the area of the land. Therefore in a 
sealess globe the effect must be represented by a greater area of elevation 
and a less height. 

The bed of a deep sea is hardly at all subject to erosion, and therefore the 
tendency seems to be to make the negative features of an ocean-bottom more 
jironounced than the positive featui*es of mountain-ranges, at least in the 
parts very remote from land. 

The areas, then, of existing continents may not be a due measure of the 
areas of effective elevation ; we can only say that the latter may considerably 
exceed the former. The direct evidence as to the extent of the earth’s surface 
over which there has been a general movement during any one period, is also 
very meagre. It appears certain that very large portions of S. America have 
undergone a general upward movement within a recent geological period ; 
but there is no certainty whatever as to the limits of this area, nor as to 
whether the beds of the adjoining seas have partaken to any extent of this 
general movement. Thus the case of S. America is of scarcely any avail in 
determining the point in question. The presence of deep) ocean up to the 
Chilian coast seems, however, to make it probable that areas of elevation are 
more or less abruptly divided from those of rest or subsidence. 

There is only one area of large extent in which we possess fairly well- 
marked evidence of a general subsidence ; and this is the area embracing the 
Coral islands of the Pacific Ocean. The evidence is derived from the 
structure of the Coral islands, and is confirmed in certain points by the 
geograj)hical distribution of plants and animals. Some naturalists are of 
opinion that there is evidence of the existence of a previous continent; others 
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(and amongst them my father, Mr Charles Darwin) that there existed there 
an archipelago of islands. In this dearth of precise information, only a rough 
estimate of area is possible. 

My father, who has especially attended to the subject of the subsidence of 
the Pacific islands, has marked for me, on the map given in his work on 
Coral Reefs, a large area which he believes to have undergone a general 
subsiding motion. This area runs in a great band from the Low Archipelago 
to the Caroline Islands, and embraces the greater number of the islands 
coloured dark-blue in his map. The boundary may be defined as passing 
through : — 


N. S. 




r> 1 

15 

1 22 

1 18 1 

10 1 

^ 1 

/■ 

.5 1 

15 (* 

25 1 
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18 1 
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140 1 

150 1 

165 1 
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1 180 1 
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135 1 

120 1 

120 1 

135 1 

150 

166 1 

180 1 

165 

E. 


He also marked a smaller area, embracing New Caledonia, the S.E. corner 
of N ew Guinea, and the N.E. coast of Australia. 

It is noteworthy that the former large area consists of sea more than 
15,000 feet deep, except in patches round some of the islands, where it 
appears to be from 10,000 to 15,000 feet deep^. 

I marked these areas on a globe, and cut out a number of pieces of paper 
to fit them, and then weighed them. By this method I determined that the 
former area was '055 of the whole surface of the globe, and the latter was *01 ; 
the two together were therefore *065. 

It thus appears that we have some evidence of an area of between 5 and 
7 per cent, of the globe having undergone a general motion of subsidence 
within a late geological period. But between this area and the coast of 
S. America there is a vast and deep ocean, and nothing whatever is known 
with respect to the movements of its bed. Hence it is quite possible that the 
area which has really sunk, in this quarter of the globe, is considerably larger 
than the one above spoken of. 

On the whole, then, perhaps from '05 to '1 of the whole surface may at 
various times have partaken of a consentaneous movement, so as to convert 
deep sea into land, and vice versd. 

Besides this kind of general movement, there have certainly been many 
more or less local rises and falls, but this small oscillation is not fitted to 
produce any sensible effect on the position of the earth’s axis. 

^ See frontispiece- map to Wallace’s Geographical Distribution of Animals, 
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§ 18. A'mo^mt of Elevation^ and the effects of Water. 

Humboldt has shown that the mean height of the present continents is a 
little less than 1100 feet from the sea-level*. But this, of course, does not 
give the limit to the amount of change of level. On the other hand, there 
are perhaps 60,000 to 80,000 feet of superposed strata at , most places on the 
earth ; but neither does this give the indication required, because the surface 
must have risen and fallen many times during the deposition of these strata. 

But, as before pointed out, the actual upward or downward movement of 
land is by no means the same as its effective elevation or subsidence ; for 
erosion causes the effective to be far slower than the actual. And the actual 
upward or downward movement of an ocean-bed is different from the effective ; 
for the sea-water will flow off or in from the adjoining seas. The specific 
gravity of water is about one-third of that of surface rock, and the local loss 
or gain of matter is the actual loss or gain of surface rock, less the mass of 
the sea- water admitted or displaced. Thus the effective downward or upward 
movement of a sea-bed is about f of the actual; of this a more accurate 
estimate will be given presently. 

It is fortunately not important to trace the series of changes through 
their course; and in order to avoid the complication of doing so, the way 
seems to be to estimate the amount of transference of matter entailed in the 
conversion of a deep ocean into a continent of the present mean height. 

Suppose, then, that an ocean area of 15,000 feet in depth were gradually 
elevated, and that the final result, notwithstanding erosion, were a continent 
of 1100 feet in height. Conceive a prism, the area of whose section is unity, 
running vertically upwards from what was initially the ocean-bed. Initially 
this prism contained 15,000 feet of sea-water, and finally it contains 16,100 
feet of rock; so that the local gain of matter, on this unit of area of the 
earth’s surface, is the difference between the masses of this prism, initially 
and finally. 

Now 1*02 is the specific gravity of sea-water, and 2*75 that of surface 
rock; therefore the same local gain of matter, in a sealess globe, would be 
given by an elevation of 

16,100 of 15,000 = 10,436 feet 
That is to say, 10,436 feet has been the effective elevation. 

I therefore adopt 10,000 feet as the effective elevation equivalent to the 
conversion of deep ocean into a continent ; and in the examples given here- 
after, where I find the deflection of the pole for various forms and sizes of 
continent, I shall give the results of such an assumed conversion. 

* Sir J. Herachol seems to have doubled the height through a misconception of Humboldt’s 
meaning. The mean height of the land is in English feet: Europe, 671; N. America, 748; 
Asia, 1132; S. America, 1151. See a letter to Nature, by Mr J. Garrick Moore, April 18th, 1872. 
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I 19. Wide-spread Deformations of the Earth. 

It has hitherto been assumed that the elevation of land would not affect 
the sea-level ; but there can be no doubt but that elevations, such as those 
already spoken of, would do so to the extent of, say, a hundred feet. In so 
far, then, as this is the case, the elevation would be masked from the eyes of 
geologists. But if the change of form were a gradual rising over a very wide 
area, the level surfaces would approximately follow the form of the rocky 
surface. For instance, the elliptical form of the equator carries the ocean 
level with it j the amount of this ellipticity is such that the difference between 
the longest and shortest equatorial radii is 6378 feet*. So long, however, as 
these bulges remain equatorial they cannot affect the position of the princii^al 
axis, even should they vary in amount from time to time. But this kind of 
deformation, if not symmetrical with respect to the equator, would alter the 
position of the principal axis, without leaving any trace whatever of elevation 
or depression for geologists to discover. 

The discrepancy which is found between the ellipticity of the earth, as 
deduced from various arcs of meridian, is, I presume, attributable to real 
inequalities in the earth’s form, and not entirely to errors of observation 
and to the elliptical form of the equatorial section. It seems, moreover, 
quite possible that these wide-spread inequalities may have varied from time 
to time. 

Hence, even if the deposit of strata in the sea did not produce a con- 
tinual shifting of the weights on the earth’s surface, and even if geologists 
should ultimately come to the conclusion that there has never been any 
consentaneous elevation and depression of very large continents relative to 
the sea-level, but that the oscillations of level have always been local, it 
would by no means follow that the earth’s axis has remained geographically 
fixed. 


V. Numekical Application to the Case of the Eabth. 

I 20. Continents and Seas of Maximatn Effect. 

As far as I can learn, geologists are not of opinion that there is any more 
reason why upheavals and subsidences should take place at one part of the 
earth’s surface than at another. It is accordingly of interest to suppose the 
elevations and depressions to take place in the most favourable places for 
shifting the axis of figure. The area over which a consentaneous change 
may take place is also a matter of opinion. 

The theorem in maxima and minima in Bart III. makes it easy to con- 
' struct a table from which that area may be selected which seems most 


Thomson and Tait, Natural Philosophy , p. 648. 
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pro'bable to geologists. The following TaMe is formed by interpolation, in 
the Table in §14^; the first column gives the fraction of the earth’s surface 
over which an elevation is supposed to take place, a depression over an equal 
area taking place simultaneously. The second column gives the angular 
shift in the earth’s axis of figure, due to 10,000 feet of effective elevation ; as 
was shown in Part lY., this would convert a deep ocean into a continent. 
If 10,000 feet he thought too high an estimate, the last column may be 
reduced in any desired proportion. Lastly, fig. 2 shows the forms of these 
continents and seas of maximum effect. 


Area of elevation 
or Bubsidence, as 

1 

Deflection of pole 

fraction of Earth’s 

for 10,000 feet 

Biirface 

effective elevation 

■ 

■001 

21' 

■005 

111' 

■01 

22V 

■05 

1° 46|' 

1 

3“ ir 

■15 

4° 33^^' 

■2 

5° 36|' 

•5 

8“ 4|' 




ISf.B. The area of Atrica is about *059, and of S. America 
abont '033 of the Earth’s surfiice. 


§ 21 . Eiuam^les of other fo7'ms of OoTitinent. 

I will now apply the preceding work to a few cases where the continents 
and seas do not satisfy the condition of giving the maximum effect. 

Figures 3, 4, 5, and 6 represent the shapes of the continents as projected 
stereographically. The shaded parts represent areas of elevation, the dotted 
parts those of depression ; and in the shelving continents and seas the contour 
lines are roughly indicated. P' shows the new position of the pole. In every 
case here given d = 0 and F = 0. 

Fig. 3. F(^, <j{)) = .sin 2d cos 2<5E>, from d = 0 to tt, and — to 4- {:7r, 

and zero over the rest of the globe. 



If the effective elevation or depth in the middle of continent or sea be 
10,000 feet, PP' = 1° 31^'. 

This is the form of continent for which is worked out in Appendix A. 



FORMS OF CONTINENTS AND OCEANS DISCUSSED 
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Fig. 4. The same shape as the last, but of uniform elevation and depres- 
sion of 10,000 feet, 

6 = 2 /*^ f sin“ 0 cos 0 cos ^ d0d<p = 1^2 
Jo J — ^TT 

i" = Khe = 1-028 x h 

PP'=2° 61;!' when A =10,000; an extreme supposition, as the area 
affected is a quarter of the whole globe. 

Fig. 5. F (^, cf>) = l, from ^ = 0 to -I-tt, and from <jb= — {tt to -l--4'7r, and 
— •} over the rest of the globe. This is equivalent to F(d, within 

the above limits. 

Then i" = -f x 1-028 x A = *587 x h 

and PP^ = 1“ 38', when h = 10,000 feet 

Fig. 6. F {0, (f>) = sin 26 cos 20, from ^ = 0 to and from 0 = — ^-tt to 
4- I'TT, and zero over the rest of the globe. 

e = 2 f" f" sin-'* 0 cos‘-^ 0 cos 20 cos 0 d0d(p — 

Jo J _ 

i" = Khe = -194 X A; PP' = 32|', when A = 10,000 feet 

On the whole, then, it appears that continents, such as those with which 
we have to deal, are competent to produce a geographical alteration in the 
position of the pole of between one and three degrees of latitude. But all 
these results are obtained on what I have called the hypothesis of incom- 
pressibility. 

VI. Hypotheses of Internal Changes of Density accompanying 

Elevation and Subsidence. 

§ 22. A general Shrinhing of the JEarth. 

It may be supposed that the earth is gradually shrinking, but that it 
shrinks quicker than the mean in some regions and slower in others. This 
would of course lead to depression and elevtition below and above the mean 
surface in those regions. A deformation of this kind may be represented as 
a uniform compression of the earth, superposed on changes such as those 
considered on the hypothesis of incompressibility. If a be the coefficient of 
contraction of volume, it is clear that the values of D and E, as already 
found, must be diminished in the proportion of 1— -|a to unity, and C — A 
must be diminished in the like proportion. Plence the deflections of the polar 
axis, on this hypothesis, are exactly the same as those already found. This 
seems, perhaps, the most probable theory, but it is well to consider others. 
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The redistribution of matter caused by the erosion of continents will 
clearly produce the same effect as deformations on the theory of incom- 
pressibility. 


§ 23. Changes of Internal Density producing Elevation. 

In discussing the above hypothesis, I shall confine myself to the case of 
the upheaval or subsidence being of uniform height over given areas, and 
shall make certain other special assumptions. This will considerably facilitate 
the analysis, and will give sufficient insight into the extent to which previous 
results will be modified. 

I assume, then, that the elevation of the surface is produced by a swelling 
of the strata contained between distances Vi and from the centre of the 
globe and immediately under the area of elevation, and that the coefficient 
of cubical expansion a is constant throughout the inturnescent portion. 

This will cause a fracture of the strata of equal density, and will produce 
a discontinuity such as that shown in figure 7, where the dotted circle of 
radius indicates the upper boundary of the swelling strata before their 
intumescence. 

But the shift of the earth’s axis, caused by 
this kind of deformation, will differ insensibly 
from what would obtain if there were a more or 
less abrupt flexure of the strata of eqxial density 
at the boundaries of the inturnescent volume 
and of the area of elevation. 

Suppose, as before, that h is the height to 
which the continent is raised above the surface ; 
then we require to know a in terms of h. 

Before intumescence, let r, 6, (p be the co- 
ordinates of any point within the inturnescent 
volume; and suppose that r becomes r + u, 
whilst 0 and <p, of course, remain constant. 

The equation of continuity is easily found to 

du 2ii 

-i = a 

dr r 

of which the integral is ur^ — lar* + /3. 

If yd be determined, so that when r = ri, u =■ 0, 

MM ^ 



D. Ill, 
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But when r = r^,u — h, the elevation of the surface; therefore 

rg i — r-^]ri 

the required expression for a. in terms of h. 

Also, before intumescence, Laplace’s law of internal density held good, 
viz. Q sin qrjr, therefore afterwards the density of the stratum distant r -\-u 
from the centre is Q (1 — a) sin qrjr. 

Now the propositions given in Part II., as to the change in the position 
of the earth’s axis, remain true here also ; and the only difference is that the 
products of inertia D and E must now be expressed by different integrals. 

After intumescence the earth may be conceived to consist of: — -first, itself 
as it was before; secondly, of negative matter, of which the law of density is 
Q sin gr/r, throughout the space bounded by r = ri, r = c, and the cone of 
elevation ; and, thirdly, of the matter which formerly lay within this space, 
in the configuration attained by it after intumescence. 

The first part clearly contributes nothing to D and E; and the second 
contributes 

~~QJJ ^ ^ ^ drdOdcj) 

integrated throughout the above space, that is from r = ri to r — c, and 
throughout the cone of elevation. 

As to the third part, the mass of any element remains unchanged, whilst 
its distance from the centre has become r-+u. Hence the third part con- 
tributes 

Q j jjr (r ufi sin qr sin® 0 cos 6 ^ drd9d4> 

integrated throughout the above space. 

Therefore, taking all together, and treating u as small, 

= 2QjJJ'ur^ sin qr sin® 0 cos 0 ^ drd0dcf> 

D E r 

Therefore ~ = 2Q | wr® sin qrdr 

where d and e have the same meanings as before, in Part II. § 12. 

Now this last integral divides itself into two parts: first, from r = c to 
r — r^, u = h\ and, secondly, from r — r^ to r = r^, u = -l-ac(r^ — ri®)/r®. 

Therefore 


5 = 5 = 

d e 



r® sin qrdr + -|Qa 



(r® 


— ri®) sin qrdr 
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If the value of a be substituted, .and the integrations effected, it will be 
found that 


D ^ E ^ cotgc ^ 2 S 3o 1 1 T 

2d/)7ic^ 2Qphc^ qc {qcy sin qo ' {qcY 1 — Tijr^ sin qo 

— U suppose 


where S stands for the expression - sin + cos gr, taken between the limits 

c 

• T* 1 2 * 

c and r^, and T for the expression — sin qr + 2~ . — cos qr — ^ sin qr^ taken 

c c g'c (^gc) 

between the limits and rj. 


Substituting in the expression i = + E‘‘)/(C — A), and using the 

coefficient K, we get 

^" = 2K^Uh^/{d^ + e^) 

It must be noticed that this investigation is applicable as much to 
subsidence caused by internal compression as it is to elevation ; and the 
word intumescence is used to cover both phenomena. In the case of sub- 
sidence h is negative. 

Now on the hypothesis of incompressibility it was shown that 

i"=K/iV(d«-peO 

Hence, on the present hypotheses, the estimated deflection of the pole must 
be diminished in the proportion of 2XJ : 1. 

Taking ^0=141° (which makes 'M/p = % very nearly), I have calculated 

the values of 2XJ, when - =fff, and = f, i, 0. If the earth’s radius 

be taken as 4000 miles, this gives, that the superficial strata for 10 miles in 
thickness do not swell, but are merely heaved up, and that the lower surface 
of the intumescent volume is at the various distances from the earth’s surface 
given in the first column of the following Table. The second column gives 
2U, or the factor by which previous results would have to be diminished on 
the present hypothesis. The third column gives the so diminished value of 
1° of deflection of the pole. 


Depth below surface 
of bottom of 
intumescent volume, 
in miles, 

(c-ra) 

Factor of 
diminution of 
former results, 
(2U) 

A deflection of 

1° would l)Q 
reduced fco 
(2Uxl“) 

50 

-0126 

i 46" 

400 

•101 1 

6' 4" 

1000 

•2731 

16' 23" 

2000 

-5171 

31' 2" 

4000 

-6721 

40' 20" 

1 


3—2 
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The last row, of course, indicates that the intumescence extends quite 
down to the centre of the earth. 

This Table shows that if elevation is due to the swelling of strata at all 
near the surface, the alteration in the position of the polar axis would be 
reduced to quite an insignificant amount. The alleged deficiency of density 
under the Himalayas affords some slight evidence that it is so, at least 
occasionally. I believe, also, that Mr Mallet is of opinion that the centre of 
disturbance of earthquake-shocks is not at a greater distance than 30 miles 
below the surface^. It does not, of course, follow from this evidence that 
there may not be elevations of both kinds going on, some being approximately 
superficial phenomena, and others probably due to unequal shrinking of the 
earth as a whole. The latter kind would be likely to produce more extensive 
deviations from the external form of equilibrium than the former. 

On the whole, then, it appears that the deflection of the polar axis cannot 
exceed that which was found in the case of incompressibility, and it may 
possibly be considerably less. The complete want of knowledge of the internal 
movements only allows us to state a superior limit to the change which might 
be produced by any one upheaval or subsidence. 


VII. Summary and Conclusion. 

§ 24. Summary. 

For the sake of those who do not read mathematics, I will shortly 
recapitulate the chief results arrived at. 

The change in the obliquity of the ecliptic caused by any gradual defor- 
mation of the earth’s shape of small amount is very small. Even so great a 
redistribution of weights on the earth’s surface as is entailed by immense 
polar ice-caps during the Glacial Period, cannot have altered the obliquity by 
so much as of a second of arc ; and this is the most favourable redistri- 
bution of weights for producing this effect. Thus throughout geological 
history the obliquity of the ecliptic must have remained sensibly constant. 
And, further, when the earth undergoes any such deformation, the axis of 
rotation follows, and remains sensibly coincident with the principal axis of 
figure. 

It thus only remains to consider the change in the geographical position 
of the poles caused by the deformation. 

The principal axes at the centre of inertia of a body are three lines 
mutually perpendicular, and their position is entirely determined by the 
shape of the body. Hence if a nearly spherical body be slightly deformed. 

Referred to at second hand by Mr Carruthers, Trans. New-Zeal. Inst., Vol. viii., p. 363. 
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the extremities of these principal axes will move from their original positions 
and describe paths on the surface of the body, which may be shortly described 
as the paths of the principal axes. In the case of the earth, as geologically 
deformed, it is only of interest to consider the path of one of these axes, 
which is, in common parlance, the earth’s axis. 

It the earth be sensibly rigid, or should only readjust itself to an 
approximate form of equilibrium at long intervals (as maintained in Part I.), 
the geographical path of the axis is very nearly the same as is due merely to 
the geological deformation of the earth’s shape ; but if the earth be more or 
less plastic, or should readjust itself frequently to an approximate form of 
equilibrium, the dynamical reactions introduced are such as more or less to 
modify the geographical path of the axis. In the case of great plasticity 
these reactions would suffice to entirely alter the character of the path. It 
seems probable that during the consolidation of the earth there was great 
instability in the geographical position of the poles. Throughout the rest of 
the investigation suppositions of plasticity are set aside, and the hypothesis 
of sensible rigidity is adhered to. 

Formulm for the change in the geographical position of the pole due to 
any small deformation are found in Part II. 

On the assumption that the internal density of the earth remains un- 
changed by the deformation, the forms of continent and depression which 
produce the greatest deflection of the poles, for the transport of a given 
(piantity of matttjr from one part of the earth’s surface to another, are then 
investigated. '’Jdiese forms are shown, projected stereographically, in lig. 2 
(p. 24). 

Part IV. gives what evidence I have been able to collect of the areas and 
amounts of deformation to which the earth may have been subjected in 
geological history ; but as the discussion is not mathematical, it seems 
unnecessary to give an abstract thereof. 

Part V. gives numerical applications of the preceding theorems to the 
case of the earth, on the assumption that the internal density is unaltered by 
the deformation. From this it appears that the poles may have been deflected 
from 1" to 3'’ in am/ one geological period ; but the reader is referred back to 
that part for details. 

If upheaval and subsidence of the surface are due to a shrinking of the 
earth as a whole, but to a more rapid shrinking in some regions than others, 
the deflection of the poles is the same as that found where there is no 
disturbance of the strata of equal density. 

But if the upheaval and subsidence are due to local intumescence and 
contraction of the strata underneath the rising or falling areas, the previous 
numerical estimates must be largely reduced ; for the extent of this reduction 
the reader is referred to the Table in § 23 (p. 35). 
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It thus appears that the deflection of the poles first given is a superior 
limit to that which is possible. 

§ 25. Conclusion. 

There remain, in conclusion, one or two miscellaneous points to be 
referred to. 

In a letter to Sir Charles Lyell read before the Geological Society^, 
Sir J ohn Herschel has pointed out that the isothermal strata near the surface 
of the earth must approximately follow the solid surface. Therefore, when a 
thick stratum is deposited at the bottom of the ocean, the primitive bottom 
is gradually warmed and expands. There is thus a tendency for the upheaval 
of sea-beds, on which a large amount of matter has been deposited ; but this 
kind of upheaval certainly falls within the case of superficial intumescence, 
and could therefore affect the geographical position of the poles but little 
more than would be due merely to the weight of the deposited stratum. It 
must be noticed, moreover, that the weight of the deposited stratum would 
tend to compress the primitive sea-bed, and might counteract the expansion 
due to rise of temperature. 

If the earth were absolutely rigid the pole could never have wandered 
more than from 1° to 3° from its primitive position, whatever geological changes 
were successively to take place ; because the new pole could never be brought 
to a greater distance from its original position, by any fresh distribution of 
the matter forming the continents, than the maximum for this amount of 
matter arranged in continents of a like height. 

But it was maintained in Part I. that from time to time the earth makes 
a kind of rough adjustment to a figure of equilibrium. If this adjustment is, 
as seems probable, by an earthquake, it will take place with reference to the 
axis of rotation at the instant of the earthquake. Now there exists in erosion 
and marine deposits a cause of terrestrial deformation which is certainly 
independent of such adjustments ; and it seems probable that the causes of 
geological upheaval and subsidence are so also. We have therefore clearly a 
state of things in which the pole may wander indefinitely from its primitive 
position. On this hypothesis, as in successive periods the continents have 
risen and fallen, the pole may have worked its way, in a devious course, some 
10° or 15° away from its geographical position at consolidation, or may have 
made an excursion of smaller amount and have returned to near its old 
position. May not the Glacial Period, then, have been only apparently a 
period of great cold ? If at that period the N. pole stood somewhere where 
Greenland now stands, would not the whole of Europe and a large part of 
N. America have been glaciated ? And if the N, pole retreated to ibs present 


* Proc. Qeol. Soe., Vol. ii., p. 549. 
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position, would it not leave behind it the appearance of a very cold climate 
having prevailed in those regions ? 

But although such a cumulative effect is possible with respect to the 
geographical position of the pole, none such is possible with respect to the 
obliquity of the ecliptic. 

Now this kind of wandering of the poles would of course require extensive 
and numerous deformations, and it is hard to see how there can have been a 
shifting of the surface weights sufficient to produce it, without frequent 
changes in the geographical distribution of land and water. If, then, 
geologists are right in supposing that where the continents now stand they 
have always stood, would it not be almost necessary to give up any hypothesis 
which involved a very wide excursion of the poles ? 


Appendix A. (See p. 9.) 


To calculate and in a supposed case of elevation and subsidence. 

Take the case of § 21 (fig. 3), where the elevation is given by ht sin 26 cos 2<f>, 
from 6 ==0 to tt, and from ^ = — ^tt to I-tt, and zero over the rest of the sphere. 
Suppose that the internal motion is entirely confined to the quarter of the 
sphere defined by tlie above limits of 6 and <f>, that i-adial particles are always 
I'adial, and that the motion is entirely meridional. 

Let 6 + '^ be the disturbed colatitude of the point 6, 4>, Then the 
equation of continuity, which expresses that the volume of the elementary 
pyramid sin 6d6d4> remains constant, when 6 becomes ^ is 

^ (^ sin 6) + sin 6 sin 26 cos 2<p = 0 
dd^ ■' 0 

the integral of which is 

2h 

^ sin 6 + - -- 1 cos 2cb sin» (9 = a constant 
c 

2h 

and since ^ is zero, when <p = ± for all values of if, ^ = — t cos 2<jt sin'** 6, 


and 


d% 

~di 


2h 


cos 2cf) sin‘^ 6 


Hence 11.^, twice the area conserved on the plane of .ns, is 

pr^ sin 6drddd(^ . ^ 

taken from r = 0 to c, ^ = 0 to tt, ^ to + ^-tt . 
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If the sphere be taken as homogeneous, 

jETg — pJJJ^ gijjs ^ cos 2<p cos <l)drd0d(f> 

= - if V2 Ve‘ = - M/tc 
Si and if, are both clearly zero. 

The above value of is larger than what it would be in the case of the 
earth, if Taplace s law of internal density were true, because the external 
layers have been taken too heavy, and the internal too light. But taking 
that law of density, A = -^Mc® very nearly. 

Hence 

A OTT C 

If we let the time run on until the highest point of the continent has 

risen one foot, so that — = then 1 

c 20,900,000 ’ A - ^ 20,900,000 * 

But reference to § 21 (fig. 3) shows that i" = -54>80h, or in the present 
notation, 


I3t = ‘5 X 


•JT 


Therefore 




648,000 
8 X 648 ^/2 


A/9 104,5007r^ 


— xir nearly 


But generally, since the angular velocities a, y of the moving axes, to 
which refer, are very small, therefore 




m 


2 > 


H. 


to the first order of small quantities, within the limited period to which the 
investigation applies. So that in this particular case, 


A/5 


= ~ jIj nearly, and 


0 


And, besides, this value of |%2/A/9 is larger than it ought to be, because 
^ 'a was calculated on an assumed homogeneity of the earth. This then 
justifies the conclusion in the text on p. 9. ’ ’ 

In the elevation and subsidence given by ht sin 29 sin 26 from <9 = 0 to Att 

and from «/> = _ to ^tt, and are clearly zero, under a like supposition 
as to the nature of the internal motions accompanying upheavals. 



1877] 


CALCULATION OF CERTAIN ELLIPTIC INTEGRALS. 


41 


Appendix B. (See p. 23.) 


COS' CL 


To 7 'educe the 'mteg'rcils j cos x cos“^ j X V(cos‘‘ x — 008“^ a) dx 


to elliptic functions. 

Call the former A and the latter B. 

Integrating A by parts, 

A r“ • 7 / 1 <^os“ d 

A = ~ \ sin Y d cos“^ — 

Jo V cos'* X 

Put X — sin Xy COB 27 = cos*^ a, then we get 

rV^Hiny/ 1 V 


A = 2 cos 27 


0 V 


l-x^ 


\/{x^ — + siiP 27) 


nB = 2 


and if ai == a /2 sin 7 sin (f>, this becomes 

a/2 {ri‘ (— 2 sin'-* 7) — Fd, where the modulus is tan 7 

cos 7 ^ ^ > 

Again, integrating B by parts, 

,, r“ . 4 cos* y sin xdy 

B — sin X • o >7 1 A-, A 

Jq ^ 2 V(cos'‘ % — cos'* a) 

__ ^ rVaainy —af)x'^ dx 

” ^ Jo 7 («'‘ - 2^1;* + 

But B m also — — f — r— — L-. - z — dx trom the expression 

Jo - 2 x‘‘ sin* 27) ^ 

before partial integrsitiou. Multiplying the latter expression by 2 and 

adding to the former, 

SB = 2 J dx 

j 0 V(sin-* 2<y — 2x~ + x^) 

and substituting the above value for x, 

Whence B == | a/2 cos 7 [E* — cos 27 F^], the modulus being tan 7. 

B may be calculated from this form by means of the tables in Legendre’s 
Fonctio-m BJlliptiques, tom. ii. But A is not yet in a form adapted for 
numerical calculation. 

The parameter ■— 2 sin* 7 of 11* is negative and numerically greater than 
the square of the modulus ; therefore 11* tails within Legendre’s second class 
(op. cit. tom. I. p. 72). Now it is shown by Legendre (tom. I. p. 138) that 

^ 7|, («-> c) - F* (c)] 

= |7r+F*(c)F(6, ^)-E*(c)F(6, ^)-F*(c)E(6, 0 ) 
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To apply these equations to the questions proposed as to the earth’s axis, 
let the normal to the invariable plane be very nearly coincident with the 
axis of greatest moment of inertia C. Let O be the point where the axis 
C cuts the earth’s surface, and let OX, OY be parallel to the axes A and B. 
Then ^ = 1 ; and if the earth’s radius be taken as unity, x and y will be the 
coordinates relatively to OX, OY of the point P in which the normal to the 
invariable plane cuts the surface. 

Putting therefore = 1 in the preceding equations, we find for the deter- 
mination of on, y that 


or 


where 

and 


dx 

- yh 

( 1 

I \ 

dt ~ 

(b 

-q)~ p-^yo- 

il 

xh 

(x- 

I \ 

— xcr 


dx 




dt 

+ ay-. 

= u 


dy 

dt 

— hx- 

= V 


( 2 ) 


(3) 



0-, 


c) 


U— — p, -y = -ccr 




In these equations we are to regard a, b, u, v as given functions of 
the time. 


Eliminating y, we have 

d /I dx\ . j d /u\ 

^t\a dt)~^ ^~'dt\a)~^ 

which is a linear equation, from which x may be found by integration ; and 
then, by the first of equations (3), 



(5) 


If B = A, the presence of cr in the equations would merely mean that the 
axes of X and y revolve with an angular velocity cr ; and so we lose nothing 
of interest with reference to the terrestrial problem by supposing <r = 0. If, 
then, we take A and B constant, equation (4) becomes. 


d^x 

d^ 

where 

To integrate this according 

X = 


, 2 

-f- = -y; — Ctv 




dt 

ah 


( 6 ) 


to the method of variation of 
P cos cot + Q, sin cot 


parameters, put 

(7) 
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and 

so that 

We find then 


dx 

di 


— — P<w sin oi>t 4- Qot) cos mt 


.( 8 ) 


c^P dQ . ^ 

~rr cos cot + sin cot = 0 
dt dt 


€0 


/(" 


du 

dt 


av ) sin cotdt'^ 




.(9) 


For the case considered in Part I., where 'U and v are constant, 


p = _ cos o>t + G, Q 

CO" 


“ sin oot+ G' 
cor 


and therefore by (7) 




av 

03 ^ 


G cos cot H- G' sin cot 


( 10 ) 


The solution expressed in equations (5), (7), (8), (9) is convenient for 
discontinuous as well as for continuously varying and constant values of 
u and V. 


Consider, then, the case of u == 0 and w — 0, except at certain instants 

rT rT 

when u and v have infinite values, so that iidt and vdt express the 

J T' J T' 

components of a single abrupt change in the position of the instantaneous 
axis ; where T and T' denote any instants before and after the instant of the 
change, but so that the interval does not include more than one abrupt 
change. 

Therefore, if U be the instant of the change 



V sin cotdt = sin wto 

V cos cot dt = cos coin 



vdt 


vdt 


( 11 ) 


Hence the part of x depending on v vanishes at the instant immediately 
after the abrupt change when t—%. Also we have by integration by parts, 


/ 

/ 


du 

di 


du 

dt 


sin cotdt = u sin cot — co 


cos cotdt — U cos cot + CO 


juoos cotdt 
ju sin cot dt 


( 12 ) 
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And, therefore, taking the integrals between the prescribed limits, since 
u—0 both when ^ = T and when t — T', we have 


/ 

/ 


^ sin (otdt — — on cos 


udt 

T 


du 

dt 




•T 


COS cotdt = Q) sin udt 


T' 


.(13) 


Using these in (9) and (7) we find, at the instant after the abrupt change, 

rT 


and similarly 


X 


y. 


udt 


T' 

rT 

T' 


.(14) 


vdt 


.( 15 ) 


which of course might be deduced from (8) and (5). 
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ON PROFESSOR HAUGHTON’S ESTIMATE OF 

GEOLOGICAL TIME. 

[Proceedings of the Royal Society, xxvii. (1878), pp. 179 — 183.] 


In a paper recently read before the Royal Society*, Professor Hanghton 
has endeavoured by an ingenious line of argument to give an estimate of the 
time which may have elapsed in the geological history of the earth. The 
results attained by him are, if generally accepted, of the very greatest 
interest to geologists, and on that account his method merits a rigorous 
examination. The object, therefore, of the present note is to criticise the 
applicability of his results to the case of the earth ; and I conceive that my 
principal criticism is either incorrect, and will meet its just fate of refutation, 
or else is destructive of the estimate of geological time.. 

Professor Haughton’s argument may be summarised as follows: — The 
impulsive elevation of a continent would produce a sudden displacement of 
the earth’s principal axis of greatest moment of inertia. Immediately after 
the earthquake, the axis of rotation being no longer coincident with the 
principal axis, will, according to dynamical principles, begin describing a 
cone round the principal axis, and the complete circle of the cone will be 
described in about 306 days. Now, the ocean not being rigidly connected 
with the nucleus, a 3()6-day tide will be established, which by its friction 
with the ocean bed will tend to diminish the angle of the cone described 
by the instantaneous axis round the principal axis : in other words, the 
“ wabble ” set up by the earthquake will gradually die away. 

Then by means of Adams and Delaunay’s estimate of the alteration of 
the length of day, which is attributed to tidal friction. Professor Haughton 
obtains a numerical value for the frictional effect of the residual tidal current. 
He then applies this to the 306-day tide, and deduces the time required to 
reduce a “ wabble ” of given magnitude to any given extent. 

* “Notes on Physical Geology. No. III. On a New Method of finding Limits to the Dura- 
tion of certain Geological Periods.” Proe. Boy. Soc., Vol. xxvi., pp. 534 — 546 (December 20, 
1877). 
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He is of opinion that if, at the present time, the instantaneous axis of 
rotation of the earth were describing a circle of more than 10 feet in diameter 
at the earth’s surface, then the phenomenon could not escape detection by 
modern astronomical instruments. From the absence of any such inequality 
he concludes, after numerical calculation, “if Asia and Europe were manu- 
factured per saltum, causing a sudden displacement of the axis of figure 
through 69 miles, that this event cannot have happened at an epoch less 
than 641,000 years before the present time, and that this event may have 
occurred at an epoch much more remote.” 

He then passes on to consider the case where the elevation takes place 
by a number of smaller impulses instead of by one large one. He treats first 
the case of “69 geological convulsions, each of which displaced the axis of 
figure through one mile,” and where “ the radius of the wabble ” is “ reduced 
from one mile to 5 feet in the interval between each two successive con- 
vulsions ” ; and, secondly, the case where “ the increase of this radius is 
exactly destroyed by friction during each wabble, so that the radius of 5 feet 
continues constant.” 

In the first case he finds that the total time occupied by the manufacture 
of Europe and Asia is 27^ millions of years, and also that “ no geological 
change, altering the position of the axis of figure through one mile, can have 
taken place within the past 400,000 years.” And in the second case, he 
finds that the same elevation would occupy 4,170 millions of years. A little 
lower he adds: "It is extremely improbable that the continent of Asia and 
Europe was formed per saltum, and therefore our minor limit of time is 
probably far short of the reality.” 

It appears from these passages that Professor Haughton is of opinion 
that a succession of smaller impulses at short intervals will necessarily 
increase the radius of the “wabble”; but it is not very clear to me whether 
he means that the radius of the “ wabble ” would be the same by whatever 
series of impulses the principal axis was moved from one position to another. 
Now, I conceive that it is by no means necessary that a second impulse 
succeeding a first should augment the radius of the " wabble it might, 
indeed, annihilate it. I admit that by properly timed impulses the radius of 
the “ wabble ” might be made as great as if the whole change took place by 
a single convulsion. But where the impulses take place at hazard there will 
be a certain average effect on the radius of the “ wabble,” which, as far as 
I can see. Professor Haughton makes no attempt to determine. It seems, 
therefore, an unjustifiable assumption that sufficient time must elapse 
between the successive impulses to reduce the radius of the “wabble” to 
5 feet, for if the impulses took place more frequently they might tend to 
some extent to counteract one another. If this assumption is unjustifiable, 
then Professor Haughton’s estimate of time falls with it. 
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In my paper on the “Influence of Geological Changes on the Earth’s 
Axis of Rotation*,” I have considered the eflEecta of a alow continuoiis 
distortion of the earth. The results there attained would, of courae, have 
been identical, had I considered the effects of a series of infinitely small and 
infinitely frequent earthquakes. I presume Professor Haughton will agnus 
with me in thinking this supposition more consonant with geological se,i<‘.nce 
than the larger earthquakes which he postulates. 

I will now show, from the results of my paper, that •without ctdling in any 
effects whatever of tidal friction, Asia and ISuropo inight havii betm gradually 
upheaved in 19,200 years, without leaving any “wabble” Hufficiontly largtt 
to be detected astronomically, and, nioreovei*, that at no tinu'. during the 
elevation could the “ wabble ” have bcuin detected had astronomers been in 
existence to make observations; and further, that under certain noli im- 
probable suppositions, this estimate of time may be largely reiductMl. fjct a 
be the angular velocity of the principal axis relatively to the s<jlid eu.rth, 
arising from the continuous elevation of tht', continent ; n the eartlfs angular 
velocity of rotation ; C, A the greatisst and least |)i‘incipal momonts of inertia 
of the earth ; and yu, = (C — A) a/A. 

Then, in section 2 of my paper, I show tlmt tlie extremity of tht*. iiistan- 
taneous axis describes a circle at the earth’s surface in IlOd (lays, and that 
this circle passes through the extremity of tlu* principal axis, and tonches 
the meridian along which the principal axis is tnivelling with vcdocity a in 
consequence of the postulated gcsological change. Stricstly spivaking, tln^ 
curve described by the instantancjous axis, is a, trochoid, hesKiausti tlu? circlt? 
travels in the earth along with the principal axis ; bul. t.lu^ motioti of tlu? 
circle is so slow compared with that of tlu? inHt.aid,ane(>UH axis ahmg its arc, 
that it is more convenient to say that the instanfmiu'ouH axis <les(;rilK*H a 
circle which slowly changes its position. It must be iu»ti(!ed tha-t this circle 
is unlike the “wabble” considered by Dr Haughton, inasmuch as tlu? 
extremity of the principal axis lies on its arc. inHt<!ad of b(?ing at. its ctmf.n?. 
It is also shown in the same section that t.he diamet(“.r of the circle is erpial 
to 2a/g. 

I will now suppose that the geological changers begin suddenly fnuu rest., 
and proceed at such a rate that the variations in the [jositiou of tlu? principa,! 
axis are imperceptible to astronomical observatioti. I will suppose., tlu?rcforiu 
that the extremity of the instantaiuious axis is never mort? tihan 5 fet*!. 
distant from the extremity of the j>rincipal axis. Now, 5 f(?et at tlu? <?art.h’H 
surface, subtends very nearly 0“'05 at the earth’s cisntrci, and, tlu?refore, to find 
a on this supposition, 2a//i must be put e(pial to 0'''()5. 

y is an angular velocity of 360" in 306 days, and if we wish to express a 


-}&■ 
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in seconds of arc per annum, must be expressed in those units, and 0''*05 
must be expressed in circular measure. Thus 

“ = i eiioo ^ X 60 X 60 X ^§1® 

18-263 3 - 

"" "30 6' nearly. 

Therefore, a is an angular velocity of 1° (or 69 miles) in 19,200 years. 

But, according to Professor Haughton, 69 miles is the displacement of 
the earth’s principal axis, due to the elevation of Europe and Asia ; hence, 
at this rate of elevation, Europe and Asia would have been heaved up in 
19,200 years. 

Now, if the elevation be supposed to stop suddenly, the instantaneous 
axis cannot, at the time of the stoppage, be more than 5 feet distant from 
the axis of figure, and it may even be coincident with it. Therefore the 
stoppage cannot set up a “ wabble ” of more than 10 feet in diameter, and 
it may set up none at all. But even this maximum “wabble” of 10 feet, 
would, according to Professor Haughton, be imperceptible, and d fortiori the 
circle of 5 feet in diameter, described in the course of the elevation, would be 
imperceptible. 

On any of the following suppositions, the elevation might be much more 
rapid, without increasing the residual “ wabble ” : — 

(1) The stoppage of the elevation to take place at a time when the 
instantaneous axis is separated from the principal axis by a small angle. 

(2) The elevation partly counterbalanced by simultaneous elevations in 
other parts of the world^ so that the upheaval of Europe and Asia would not 
displace the pole of figure by so much as 69 miles. 

(3) The elevation partly or altogether produced by the intumescence of 
the strata immediately underlying those continents. (See Part VI. of ray 
paper above referred to.) 

(4) The elevation not uniform but more rapid in the earlier portion of 
the time, so that the magnitude of the “ wabble ” would be reduced by the 
friction of the 306-day tide ; for we are by no means compelled to believe 

that that inequality of motion must always have remained as small as it is at 
present. 

It a,ppears to me, from these considerations, that the continents of Europe 
and Asia might have been elevated in very much less than 20,000 years, and 
yet leave no record of the fact in the present motion of the earth. There- 
fore, if my solution of the problem is correct, it is certain that Professor 
Haughton s method can give us no clue to the times which have elapsed in 
the geological history of the earth. 
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ON A SUGGESTED EXPLANATION OE THE OBLIQUITY 
OF PLANETS TO THEIR ORBITS*. 

{Philosophical Magazine, in. (1877), pp. 188 — 192.] 


In a former paper f I have shown that if $ be the obliquity to the ecliptic 
of a planet which is slowly changing its shape, so that its principal moments 
of inertia at the time t are A + ai, A + ht, G + ct, then, so long as a^, bj5, ct 
remain small compared with G — A, 

dO_U a + b-2c 
, di %n G ~ A 

n cosec 6 being the precession of the equinoxes, and — n the rotation of the 
planet. This equation will hold true for long periods, if all the quantities on 
the right hand are treated as functions of the time ; and if a = b it may be 
written 

de 

~dt n G — A 

In the case of the earth, 

ewMl , 1 l-fsinH')C-A II nC-A 
— IT. + F. ^ = - -c- ■ 

where T, T' are the year and month, v is the ratio of the earth’s mass to the 
moon’s, and i is the inclination of the lunar orbit to the ecliptic. In the 
corresponding function for any other planet there will be a term for each 
satellite, and 1 — f sin‘^ i will be replaced by a certain function called X by 
Laplace. 

* [I attach very little importance to this paper, but a reference is given to it in VoL ii., 
p. 456, and it is now included for the sake of completeness.] 

t “ On the Influence of Geological Changes on the Earth’s Axis of Botation.” [Paper 1.] 

II 

4—2 
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SPECULATION AS TO THE ORIGIN OF THE OBLIQUITY. 


[3 


The equation may now be written 




The object of the present note is to apply this equation to the supposition 
that the planets were originally nebulous masses, and contracted symmetrically 
under the influence of the mutual gravitation of their parts. This application 
involves a large assumption, viz. that the precession of a nebulous mass is 
nearly the same as though it were rigid. In defence thereof I can only quote 
Sir W. Thomson, who says, “ Now although the full problem of precession 
and nutation, and what is now necessarily included in it — tides, in a con- 
tinuous revolving liquid spheroid, whether homogeneous or heterogeneous, 
has not yet been coherently worked out, I think I see far enough towards a 
complete solution to say that precession and nutations will be practically the 
same in it as in a solid globe, and that the tides will be practically the same 
as those of the equilibrium theory*.” 


I therefore once for all make this assumption. 

The coefficient p depends solely on the orbit of the planet and of its 
satellites, and during the contraction of the mass will have been constant, or 
very nearly so. To determine the other quantities involved, we have the 
three following principles : — 


(1) The conservation of angular momentum. 

(2) The constancy of mass of the planet. 

(3) That the form of the planet is one of equilibrium. 


(1) is expressed by the equation On = H, a constant ; and, if a, p be the 
mean radius and density of the planet at any time, (2) by |-7rpa“ = M, the 
mass. Then, if the law of internal density during contraction be that of 
Laplace, viz. Q sin qr/r, if k be the ratio of the surface-density to the mean 
density, e the ellipticity of the surface, and m the ratio of the centrifugal 
force at the distance a to mean pure gravity, the third principle gives f 


Also 


5m 




-Sk 


2e Sk(qa-l) 

C-A = |(e-4^m)Ma== 


m = 


4i'Trp^p 


* Address to Section A. of the British Association at Glasgow, Nature, September 14, 1876, 
p. 429. 

t Compare Thomson and Tait’s Natural Fhilosojahy, § 824 (14), § 827 (20). 
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Hence (1), (2), and (r3) lead to the following equations 

, 3M 
^* = 4 ;; 

^ — I (qa,y or. = C — A 


(4) 

( 5 ) 

( 6 ) 


If during contraction qa remains constant, and if the coefficient of M-a^n in 
(4) be called y, and that of Ma-n^l^TrfMp in (6) be called then it will be 
found that 

1 _ A ^ = - 5^ 1 dp 

n dt^ ' 7 12'jrpp^ ~dt 

Hence, remembering that Cn = H, 

Alogtan0 = j2^^, 

Integrate, and let D, I be the present values of p and $ ; then 

, tan 6 n/3 / - D\ 

tan I ~ l^TT/jJJy \ p) 

If we assume that qa has always the same value as it now has in the case of 
the earth*, 

7 = -3344, 13 == -9507, and ^ = 2-8433 

If during contraction the planet were always homogeneous, the factor 
would be replaced by or 3’75. 

Let K stand for 2-8433, or 3-7 5, as the case may be ; let 


Q 


+ 




(1 + v) 


let P be the periodic time of a pendulum of length equal to the present mean 
radius of the planet, swinging under mean pure gravity. Then 


and the equation becomes 


P 

27r/il) 


= 


log|^f = iKFQ(l 



* In determining the precessional constants of Jupiter and Saturn, Laplace assumed that 
their law of internal density was the same as that of the earth. The assumption is, I believe, 
unjustifiable ; but it will give sufficiently good results for the present purpose. The limit- 
ing value of Ply, when the surface- density is infinitely small, and if the Laplaoian law still 
holds good, is 1-99. [See Paper 5]. 
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3 


This equation shows that as p diminishes 6 diminishes, and when p is 
infinitely small 6 is zero. That is to say, if a nebulous mass is rotating about 
an axis nearly perpendicular to the plane of its orbit, its equator tends t.o 
become oblique to its orbit as it contracts. 

In the case of the earth, P^Q = 8'5577 x 10“®; and taking the |m‘.sent 
obliquity of the ecliptic as 23° 28', the equation may be writtim 

l-TfilS D 

Logic tan 6 = 9‘63761 . - 


On the h 3 rpothesis of homogeneity, 1'7612 must be replaced by 2‘3229. 

The extreme smallness of the coefficient of D/p shows tliat the eai’th must 
have had nearly the same obliquity even when its matter was rare enough t.o 
extend to the moon. But if it can be supposed that the moon j)art.ed trom 
the earth without any abrupt change in the obliquity of the phimdf t.o tin; 
ecliptic, then from that epoch backwards the function Q would hav(‘ had only 
one term, viz, l/T^, and P^Q would be 2'5750 x 10“®. I!'he coefficient ol' D/p in 
the above equation would be reduced to 5'30 x 10““', or 7'()() x 10 aeeoiding 
to whichever value of K is taken. This being granted, it follows that wfien 
the diameter of the earth was 1000 times as large as at present., tire obli( juity 
to the ecliptic was only a few minutes. 

This somewhat wild speculation can hardly be said to receiver much .support 
from the cases of other planets; but it is not thereby decisivady condemned, 
In all the planets up to and inclusive of Jupiter, the exprcissien (J will lia,v«* 
to be reduced to its first term l/'D, because the Batellilie.s are nither near 
their primaries. Hence one would expect that the obli(juitii‘.s of thi> pImudH 
to their orbits would diminish as we go away from the sun. It is l»elie\md 
(but the observations seem doubtful) that Mercury and Venus an- very 
oblique to their orbits; and Mars has an obliquity noaiiy the .same a.s that of 
the earth. The region of the asteroids is a blank; and tlieii we come t(j 
Jupiter, with a very small obliquity. 


^ The next in order is Saturn: and his case is unfavourabh- ; for In- in 
slightly more oblique to his orbit than is the earth. Ncverth(‘lt‘.s,s it mu.st, be 
observed that he has a large number of satellites, and some arv ^-.-ry r.-m.»ie 
rom him, and his mean density is very small; hence, if the Hait-Ilit.t-.s can 

have affected the obliquity in any case, one would expect them to Imve <h>ne 
so in that of Saturn. 

No light whatever is thrown on the ease of Uranus, whose axis is s.ii.l l,„ 
lie nearly in the plane of his orbit. 



NOTE ON THE ELLIPTICITY OF THE EARTH’S STRATA. 


[Messenger of Mathematics, vi. (IS’ZV), pp. 109, 110.] 


^ In Pratfc s Figure of the Earth, the following expression is given for the 
cilipticity e of the stratum of mean radius a, viz. 


e _ tan qa — qa 


1 


3; 


tan qa + 


3 

qa 


e taiw/a-r/ttZ H 3 

I- — , tan(7a + - 

V q‘i\v ^ oa 


where e, a are the ellipticity and mean radius of the Earth’s surface. A similar 
expixvssion, but with a different notation, will be found in Thomson and Tait’s 
Nat Fhit, § 824 (9). It is proposed to reduce this to a simpler form. In 
what follows, D' denotes the mean density, and f the stratum or surface 
density of the spheroid of mean radius a, excluding the parts of the earth 
which He outside this spheroid ; D, p, a liave parallel meanings for the whole 
earth. 

* 

Laplace’s law for the density of the stratum a may be written p - • 

then it may easily be shown that 


D 3 


1 


qa 


And if (following Pratt) js = 1 — 

tan qa 


If / 


= 1- - ^^® - 
tan qa 


3^ ^ 
00 ’ p 


it is clear also that 
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[4 


Hence 


tan g-a — = 


z 


1 — z 


qa, 




tan g'a + -~ = -- — ^ ga 


.1 = 

g^a 1— z 

and two parallel expressions with italics and accents. 


Substituting in the expression for -- , we get 


? _ f ^ a" 1 - p'/B' 

€ z' T^Jj^p ~ T- p jD 


If in the case of the earth ^ 


I) 


X 
2 > 




But whether this proportion of D to p holds good or not, it follows that the 
ellipticity of any stratum is proportional to the attraction of a particle whose 

noass is proportional to 1 - p'jU, placed at the earth’s centre at the distance 
of the stratum in question. 

^ p ! I) . diminishes as we go away from the centre, and therefore 1 — p'jD' 
increases from zero to.l -pjD; on the other hand c/; increases rapidly, and 
therefore one would be led to expect (as is the fact) that the ellipticity 
increases on going away from the centre. 

The preceding- expression also leads to another curious expression for the 
ellipticity. 

If we add a small stratum of thickness Za to the spheroid of mean radius 
a, the mean density of course falls, and it is very easily shown that 


uy 


whence it follows at once, that 


a 


) u 



AN OVEESIGHT IN THE MJl^GANIQUE GMESTE, AND ON 
THE INTEENAL DENSITIES OF THE PLANETS. 


[Boyal Ast7V7iomical Society, Monthly Notices, xxxvil. (1877), pp. 77 — 89.] 


In the following paper an endeavour is made to point out an inconsistency, 
vhich appears to have escaped the notice of Laplace, in his determination of 
Ee precessional constants of the planets Jicpiter and Saturn. From this I 
lave been led on to speculate on the law of internal density of those planets, 
i,nd of Mars, and to make some reference to the ellipticities of Mercury and 
l^enus. 


§ 1. Laplace's Law of the Internal Density of the Planets. 

In the investigation of the figure of the Earth, Laplace assumed that, in 
nolten rock, the hydrostatic pressure plus a constant varies as the square of 
he density. The result of this assumption is that, after the consolidation of 
* planet, the density of any stratum of mean radius r is given by the law 
V . rQ 

- sin , where a is the mean radius of the surface, and 6 and F are constants. 
a ■ 

Throughout the rest of this paper, besides the foregoing, the following 
Lotation is used: — 

a, the equatoreal and polar radii ; 

6 the ellipticity of the surface ; 

m the ratio of the centrifugal force of the planet’s rotation at the 
distance a to the mean pure gravity; 

/ the ratio of the mean to the surface density ; 

C, A, the greatest and least principal moments of inertia of the planet ; 
P or (C- A)/C the precessional constant ; and 
M the mass. 

Other symbols will be defined as they arise. 
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58 LAPLACE’S LAW OF INTERNAL DENSITY. [5, § 1 

Then the results of the Laplacian law may be embodied in the following 
equations * : — 

2 ^ ( 1 ) 


4 /=^ 

5w f6^ 


3 


2e 3 (/- 1) / 

C — A = § (e ~ ^m) (3) 

6 (/- I)) 


C = |4l- 




.(4) 


J 

e-jni _ _ 6 (/- I) ^ 

P / 6 >-^ 

Now, if (following Thomson and Tait) we take for the Earth /=2*1. 
which corresponds with 6 = 144°, we have 

P = 1‘994 (e —^m) ((> ) 

^“=2-562 (7) 

Hence, in any planet where the law of density is the same as in tlie Earth 

(i.e., /=2T, ^ = 144°), we should find (7) satisfied, and ((>) would giv(,‘ the 
precessional constant. 

In order to illustrate the Laplacian law, the following table: has becui 
constructed, giving the values of / and 5m/26 for every 10’ of wH,h t.lu^ 

omission of a few at the early part, which are rather troublesome to ealeulati*, 
and are of little value. 

e 
O' 

10 ' 

20 ' 

30' 

40' 

50' 

60' 

70' 

80° 

90° 

This table shows how 5m/26 increases, as the planet passes from homo- 
geneity to infinitely small surface density; 5m/2e can never be less than 2 
nor greater than 3'290. Although it is not strictly involved in the subject 

LapWs as^sZp'on."" §§ 824, 827. Equation (3) in independent ot 


f 

Cyril 

0 

,/■ 


1-0000 

2-000 

90" 

1-2150 

2-1 ()5 



100° 

1-2870 

2-21.3 

1-0082 


110' 

1 -3827 

2-270 

1-0188 


120° 

1-510J) 

2-338 

1-0341 

2-029 

130° 

1-6022 

2-422 

1-0548 

2-046 

140° 

1-9657 

2-525 

1-0817 

2-067 

150° 

2-4225 

2-652 

11161 

2-094 

160° 

3-33()3 

2-8 1.3 

1-1600 

2-126 

170° 

6-0750 

3-010 

1-2159 

2-165 

180° 

infin. 

.3-20() 
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of this paper, I may point out that the first column of the table may be 
employed to calculate the ellipticity of any internal stratum. I have shown 
elsewhere* * * § that the ellipticity e of any stratum of mean radius 0'ajd is 
given by 

/'if- 1) 

where f, 6 refer to the surface, and f' is the value corresponding to 6' in the 
table. For example, to find the ellipticity of the Earth’s stratum of mean 
radius we must take ^'=60'’, because ^ = 144°; then from the table 

/' = 1-0817, and 

2-1 X -0817 _ e 
^ ^ • 1-0817 X I-l r2()4 

= ^ 7 , when 6 = ^-^ 7 - 


§ 2. Jupiter's Precessional Gonstant. 

To detei’mine the precessional constant Laplace uses the following 
argument : — “ If we suppose the densities of the strata of Jupiter and the 
Earth, at distances proportional to the diameters of these planets, to be in a 

constant ratio to each other In this hypothesis, if both planets be fluid, 

their ellipticities will be, as in [2068 k, etc.. III. v. § 43] proportional to the 
respective values of corresponding to each of them ; or to their ellipticities, 
if they be homogeneous. If we suppose the ratio to obtain in their actual 
state, and wc have seen in [2069, III. v. § 43] that this is nearly conformable 
to observation, then the values of (2C — A — B)/C will be, for each of these 
planets, respectively proportional to the ellipticities corresponding to the case of 
homogeneity. These ellipticities by the same article [2068''], areas '10967000 
to 0'00433441:{;.” He uses -00291193 as the Barth’s precessional constant, 
and thence deduces (20 — A — B)/C = *14735, or in my notation P = ’07368. 

By the theory of the perturbations of the satellites, he finds 

e-^m=-0219013§ 

this value does not involve any assumption as to the law of internal density, 
except, I conceive, that the strata of equal density must be nearly spherical |j. 

Then by the periodic time of the Fourth Satellite, and its observed 
distance from Jupiter, he finds m = *0987990 ; whence e= ■0713008§. 

* [Paper 4, p. 55.] The notation is, however, different. 

i' The m of this paper. 

J Bowditeh, Trans- of M€c. C&l. viii. vii., § 23. 

§ Ib. VIII. ix., § 27. 

!| See Pratt’s Figure of Earth, Arts. 90 — 94. 
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INCONSISTENCY OP LAPLACE. 


Using these values of m and e, we get 5m/2e = 3'464i2. Now Laplace 
does not seem to have noticed that these values are not only incompatible 
with the identity of the law of internal density in the Earth and Jupiter, but 
are also incompatible with that form of law at all ; for, as appears from the 
table, 6mj2e can never be greater than 3*290. 

My attention was first drawn to the point by observing that, if there were 
this identity of law of density, the precessional constant of Jupiter ought to 
be nearly twice e — \m, or *0438 ; whereas Laplace, by a different method, 
founded on the same assumption, finds it to be *0737. This of course indicated 
that the assumption was untenable. 


In view of this discrepancy, it will be well to go over Laplace’s work again 
by the light of later, and presumably better, observations. 

The distance of the Fourth Satellite is open to some doubt, but the 
following has seemed to me the best value attainable. Bessel gives the 
apparent distance at the planet’s mean distance as the angle 498"*8663*. 

M. Kaiser gives, as the result of a long series of his own observations 
when united with those of Bessel, that the polar and equatoreal diameters of 
Jupiter subtend at the same distance 35'’*170 and 37''*563 respectively f. 

Hence the mean distance D of the satellite is 26*5616 equatoreal radii ; 
or D = 26*5616 a; T the satellite’s periodic time is 16*68902 m. s. days, 
t Jupiter’s sidereal day is *4135 m. s. days. Therefore 



= *0869258 (1 — e) = m' {1 —e) suppose 

Professor J. 0. Adams informs me that M. Damoiseau has recalcidated 
the values of e — and of the masses of the satellites, basing his work on 
better observations than those which were available to Laplace He has 
taken, however, certain coefficients from Laplace, which ought to have been 
recalculated. This work has been completed by Professor Adams himself, 
and he has obtained the following value for e — of which he has, with 
very great kindness, allowed me to make use, viz. 


*0216623 


*■ Astron, UntersucJi. JBestim. d&r Masse des iTupiter, Kdnigsberg, 1842. 
t Astron. i7aehr. 48, p. 111. 

J £aJ}les des Satellites de Jupiter. Bur. des Long., Bachelier, Paris, 1836. 

§ The corresponding masses of the Satellites multiplied hy 1000 are found by him to be : 

•283113 

•232355 

•812453 

•214880 

They seem to bear hardly any relation to the ordinarily received values. 
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Substituting then for rn, we have, for the ellipticity of Jupiter, 


and 


+ -0216623 1 

e = ^ j = -06241 = -77^ 

l+l-m 16-022 

ni. = m' (1 - 6) = -081501* 


Laplace remarks]- that the ellipticity of Jupiter may be found by this 
method with greater accuracy than by the best observations. It is interesting, 
therefore, to observe how closely this value agrees with that of all the later 
observations. The following are the values given for the reciprocal of the 
ellipticity by — Secchi, 16-06 [Ast JJach. 43, p. 142]; Kaiser, (i) 15*36, 
(ii) 15*98 l^Ast. JSfach. p. 211]; Bessel and Kaiser, 16*70; Bessel, 15*73; 
Secchi, 16*99 Nach. 48, p. 111]; Schmidt, 15*6 \_Ast. JSFach. 66, p. 102] ; 

Main, 16*84 [^Month. Not. Ast. Soc. 16, p. 142]. The reductions were in 
several cases made by myself. 

It is, nevertheless, a curious coincidence that the value of e found by 
Laplace agreed well with the older observations of Struve, who found 
€ = 1/13*74 Niich. 45, p. 211]. 


Using the above value of m, I find (following PlanaJ) that on the 
hypothesis of homogeneity a//3 = 1*1164 (compare with 1*116515 of Plana), 
and therefore the homogeneous ellipticity is *10405. But the homogeneous 
ellipticity of tho^Earth is 1/230*433 (Plana) ; and the Earth’s precessional con- 
stant is *003272 ; hence, following Laplace’s method, we should have for Jupiter, 


P = *10405 X 230*433 x *003272 
= *078451 


But if Laplace’s assumption as to the internal density of Jupiter were 
justifiable, we ought to have by equation (6), 

F = 1*994 (€ - h = 1-994 X *02166 
= *043 


Thus these new values of the quantities involved leave as wide a 
discrepancy as before between the two values of P. Therefore, Laplace’s 
method cannot be justified. 


§ 3, The Internal Density of Jupiter. 

But this unjustifiability may be seen in another way, for the new values 
of m and e give 5m/2€ = 3*2646 ; and reference to equation (7) shows that this 
differs widely from the corresponding value for the Earth. It is not, however, 
inconsistent with the Laplacian form of law, as was the same function when 
Laplace’s values of ni and e were used. In fact, I find, after some rather 

* This value may be compared with -08163 found by Plana, Astr. Naehr. 36, p. 155, 

-t- Mec. C€l., vm. ix., § 27. 

J All future references to M. Plana are to his paper in Atstr. Nachr. 36, p. 154. 
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[ 5 , §4 

troublesome arithmetic, that 5m/2e= 3*2646 corresponds to ^ = 179° 11' 20'' 
nearly, and to /= 68, 

Using these values of 9 and f, I find by equation (5) that Jupiter’s 
precessional constant = 2*528 (e — ^ni) — *0548 ; and this I take to be far 
nearer the truth than the value assigned by Laplace. 

On account of the uncertainty in the determination of the quantity m, the 
above values of 6 and yean, of course, have no claim to precision. In fact, if 
following Herschel, Loomis, and others, we take D/a = 26*99836, we should 
find € = 1/16*52, m=*0778, and 5m/26 = 3*211. This last corresponds to 6 
about 177° 42', and f about 24. 

The value of the precessional constant will, however, be but little changed, 
being 2*489 (e — ^m) = *0639. 

Now it seems reasonable a priori to assume that the law of internal 
density within Jupiter is of the same nature as in the Earth, and from that 
assumption it follows that the surface density of Jupiter is vastly less than 
the mean : for it must, I think, be admitted that numerical values can be 
assigned to m and e with some precision. 

But the true meaning of this result would seem to be that the Laplacian 
law of density is not exact for Jupiter, but that that planet must be very 
much denser in the centre than at the surface. Is it not possible that Jupiter 
may still be in a semi-nebulous condition, and may consist of a dense central 
part with no well-defined bounding surface ? Does not this view accord with 
the remarkable cloudy appearance of the disk, and the remarkable belts ? 


§ 4. Saturn. 

The preceding method cannot be applied very satisfactorily to the case of 
Saturn, on account of the uncertainty in all the quantities which enter into 
the determination of m and e ; but the balance of evidence appears to me 
decidedly in favour of his surface density being far less than the mean. 

m may be best determined from the motion of Japetus. 

There seems almost complete unanimity as to his periodic time, and I 
take T = 79*3296 m. s, days. 

Two values are assigned for the sidereal day of Saturn, viz., *4370 (Hansen), 
and *4278 (Herschel) m. s. days, the latter being more generally accepted ; 
I take then t = *430. 

There is a wide difference of opinion as to the mean distance D of Japetus, 
the estimates varying from 57*4a (Jacob, Mem. Astr. Soc. Vol. xxviii.) to 
64*359a (used by Herschel, Loomis, and others, and most generally accepted). 
I take D = 62a. 
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The ellipticity seems fairly well determined at yV* 
Using these quantities in the formula 



i 

1 

- e) 


I find 

m = -131270 - -610568i - *006358 

- -1428186 

(i) 

If all the small variations are zero, and 

e-^,we get 

(ii) 

Loomis, Fract. Asti'on., 

Tables 33, 34, 



^=•437, 

- = 64-359, 
a 

e = 


aj{=-007, 

S-= 2-359, 
a 

Se = -01909 

then 

Vi = -1093, 

2-732 



3-610. 


(iii) Hind’s Solar Si/stem, pp. 103-4, 

t= '4278, ~ = 60*3436, e — according to Bessel 


aj5=_-0022, S- 


I) 


a 


1-6564, Se = *00637 


then m 


-1422, = 3-66 

Z€ 


1 

If wo take e = from the Greenwich ObservaMons, will be slightly 


smaller. 


D 


(iv) Captain Jacob’s Madras 0hse7'vations give =57*4, and S— -== —4-6, 

” cc a 

this with e — j’-j- and all the other small variations siero, givers m = ’160 and 
5m 

_ very nearly 4^. 

No doubt other values might be assigned to with equal plausibility, 

but I think (ii) and (iv) contain extreme values in the two directions, and 
the truth probably lies at some intermediate point. It is noticeablc 3 that 


* I find the following in a paper by Mr Grant {Monthly Notices of the lioyal Astronomical 
Society, Vol. xiii-, p. 195), where he reduces observations of apparent ellipticity to their real 
values, viz., Lassell 1/11’05, Main l/9'227. Do La Bue 1/10-611. The mean of all Bessel’s obser- 
vations would seem to be 1/10-20, but Mr Hind {see below) assigns a slightly different value as 
Bessel’s result. 

Sir W. Herschel found 1/10*3(58 (see p. 79 of above vol.), but 1/10-384 is also attributed to 
him on the same page. 
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even the value (ii) indicates a larger ratio of mean to surface density than in 
the Earth, namely 2*809 (corresponding to ^ = 155° 14'), whilst all the other 
values are far outside the limits of admissibility under the Laplacian law. 

I have tried also to find m from the motion of Titan. Taking 
5=21, T = 15*9454, ^=*43, e = yV 

I find m = *13648 ~*ll74ai-- *01953 5 -■148586 

a 

If the small increments are zero, 5m/2e== 3*75 ; and if the various possible 
values be assigned to them, the results will be found to be very similar to 
those given above. 

The value of m assigned by Laplace is *165970*, and this, together with 
the ellipticities and gives 5mf2e equal to 3*734 and 4*979 respectively, 
either value quite incompatible with the Laplacian law of density. The 
ellipticity of the planet had apparently not been observed in his time, and 
the numbers used by him involve an ellipticity of 1/68*6, which we now know 
is far too small. 

Laplace makes Saturn’s processional constant of *27934 or *13967 (vili. 
xvii. § 37), but this value is inconsistent with any of those given above for 
m and e. 

Taking € = -^, w = *1313, we have e — ■|m = *0252. It can hardly be 
supposed that Saturn is more nearly homogeneous than is the Earth, and if 
the law of density were the same we should, by (6), have P = *050. 

On the other hand, if the Laplacian law of density were to hold good, and 
if the surface density were zero — of course an ideal casef — we should have 
by (5), 

fc* - 4-m 6 _ 1 

^-““^6505 

or P = 2*5505 x *0252 = *064 

I conceive then, that Saturn’s precessional constant must be very nearly 
equal to *06, since the former of these values is certainly too small, whilst the 
latter is a little too large. 

* Mec. Gel., viii. xvii., § 36. 

t It may be observed, tliat to be tboi’oughly consistent we should have in this case, 
P = ‘663ni = '873e, because 5rft/2e = 3-290 ; but the method is here only used to find the limiting 
value of the coefficient of e-Jm. 
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I 5. Mars. 

Mars rotates in 24^^ 37“ 22«* * * § 6, or 1*025956 m. s. days, according to the 
elaborate observations of M. Kaiser*". His density is *948 of that of the 
Earth f. The sidereal day is *997270 in. s. days, and for the Earth m is 
1 

oott-tttt; hence for Mars, 

289*66 

1 / •997270Y'* 1 

~ *948 U-025956; 289*66 

= *0034409 = + 

290*6 ^ 

With respect to the ellipticity of the planet the most various estimates 
are given. Thus, for the reciprocal of the ellipticity I find, according to 
Loomis {PraM. Astr,, Table 33) 50 ; Main {Month. Not. Ast. 8oc. xvi., p. 142) 
62; Kaiser (Guillomin, Le Giel, p. 257) 118; Arago, doubtfully, 32; Bessel 
failed to detect ellipticity in observations at Konigsberg ; and lastly, from 
observations of Dr Winnecke, bo which I shall recur below, 225 Nach. 

48, p. 97). According to Dr Winnecke, M. Kaiser doubts whether Mr Main’s 
result represents any corresponding reality. 

With an ellipticity of we have 5m./2e=l*93, and with the other 

values of ellipticity, a very much smaller vahie. 

Now a reference to the table in § 1 will show that not only is even the 
largest of these quantities incompatible with the Laplacian law of density, but 
they are also incompatible with the homogeneity of the planet. We should 
require the planet to decrease in density towards the centre, or actually to be 
hollow ; and on any theory of original fluidity such a abate of things is almost 
inconceivable. 

The wide discrepancy between various observations shows that the results 
are to be very little depended on ; and for the following reasons, I venture to 
think that all the above values of the ellipticity are almost worthless, but 
that Dr Winnecke’s is by far the nearest to the truth. He gives§ as the 
equatoreal and polar apparent diameters, 9"*227 and 9"’*186, subiect to mean 
errors of 0"*045 and 0"*032 respectively. 


* See a paper by M. Julius Schmidt, Astr. Nachr., 82, p. 33S. 

t Guillemin, Le Giel, p. 267. The other details with respect to Mars are given on the 
authority of M. Kaieer, and this I presume is so also* 

$ Plana gives 1/288*84, using slightly different data ; with HerschoPB value of the density 
*72, m = 1/220*7. 

§ A 8 t 7 \ Nachr., 48, p. 97. The observations are said to be reduced for Phase und Eofrac- 
tion,’’ but I do not see it expressly stated that they are corrected for the Earth’s Martian 
declination. 


D. III. 


5 
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MAES, VENUS AND MEBCUEY. 


[ 5 , §6 


From these measurements I find that the prohahle error of the ratio of 
the axes is '0050441. The ratio itself is in decimals '9955564, and therefore 
the ratio of the axes is '9955564 ± '0050441, That is to say, it is an even 
chance that the ratio of the axes lies between the 1'0006 and '990512. In 
other words, it results from Dr Winnecke’s observations that it is an even 
chance that the figure of Mars lies between a prolate spheroid, with an 
ellipticity of and an oblate one with an ellipticity of ; the observed 
values give an ellipticity of 35^. 

Dr Winnecke himself says, “ Es sprechen diese Messungen entschieden 
gegen eine Abplattung des Mars, die fur das Berliner Instrument messbar 
ware.” 

Now the telescope shows that Mars has an external physical constitution 
exceedingly like that of the Earth, and therefore there is a strong probability 
that its internal structure is somewhat the same. Seeing then that the 
observations of the best observers permit such very wide limits of error, and 
that the value of m can be assigned with some precision, I submit that there 
is a far better chance of being near the truth in trusting to indirect evidence 
than to direct observation, for the determination of the ellipticity. Assuming 
then that the law of internal density is the same as in the Earth, I find an 
ellipticity of and this, I venture to think, is nearer the truth than any of 
the above-quoted values derived from observation*. 


§ 6. Mercury, Yenus. 

M. Plana assigns as the values of m for these planets, l/325'82 and 
1/251'54 respectively ; and following the arguments used in the case of Mars 
(although they have not here equal force), we should assign to Merowry an 
ellipticity of about and to Yenus of about 

* [This paper was written before the discovery of the Martian Satellites. I find from Asaph 
Hall’s Observations and Orbits of the Satellites of Jfars (Washington G'ovei'nment Printing Office, 
1878), that the mean distance of Deimos is 32"*3541, and of Phobos 12"‘9531 ; their pei'iodio 
times are respectively I*- 262429 and 0‘i-3189244. 

If we adopt Winneoke’s value of the equatoreal radius of Mars, viz., 4"-6135, we find that 
Deimos furnishes for m, the value (1 — e), and Phobos gives (1 — e). Hence ni must be very 
nearly equal to 1/228, agreeing closely with Herschel’s value given above. 

Now from the table in § 1 we see that 5mj2e must lie between 2 and 3-290. Hence the re- 
ciprocal of 6 must lie between 184 and 300. 

From the general similarity of Mars to the Earth, it seems reasonable to suppose that 5m/2e is 
about 2*525, this would make the ellipticity of Mars 1/230, agreeing nearly with Winnecke’s 
value. November, 1908.] 
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§ 7. Conclusion. 

The results arrived at may be summed up as follows : 

The values assigned by Laplace to the precessional constants of Jupiter 
and Saturn cannot be maintained ; and the objections to them remain equally 
strong when later observations are consulted. 

Professor Adams’s calculation of € — gives, as the ellipticity of Jupiter, 
1/1602. 

The surface density of Jupiter is far less than the mean, and he may 
perhaps still be in a semi-nebulous condition. 

There is a considerable probability that the like is true of Saturn. 

The value of Jupiter's precessional constant is about '0548 ; and that of 
Saturn probably about ‘OG. No dependence is to be placed on the obser- 
vations of the ellipticity of Mars, because of their wide limits of error. 
Indirect evidence of the ellipticity seems safer, and we are thereby led to 
assign to him an ellipticity of . [But observations of the satellites indicate 
an ellipticity of about cases of Mercury and Venus, we have 

only indirect evidence to rely on, and these ellipticities are probably about 

^h^- 

In conclusion, I must add that if in any case I have underrated or neglected 
the work of important observers, or have overrated the worth of other obser- 
vations, my excuse must be my previous slight acquaintance with observational 
astronomy. 

Postscript. — The method of this paper may perhaps give some idea of 
the amount of difference which might be expected to be found between the 
apparent equatoreal and polar diameters of the Sun. 

To find m, the Earth may be treated as a solar satellite, and the same 
formula as before applied. d/D is here the Sun’s mean apparent radius 
(which I take as 961"‘82) in circular measure, 

T = 365'2569 m. s. days. 

t, according to Carrington, is 25‘38 m. s. days. 

But Mr Christie (to whom I owe my thanks for his help in this matter) 
informs me that the true period may perhaps be 26 or 27 days. The following 
results are therefore given in duplicate ; in those marked with an accent t is 
taken as 27. 

Then m= -00002100, or m' = -00001829. 


5—2 
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If the law of internal density were the same as in the Earth, we 




These correspond to differences of apparent diameter of 0"'0l]!)4 and 
0"‘0843 respectively. If the Laplack law of density were to hold good, 
and if the surface density were zero, we should have, e=:'0000ir)!)(i, or 
e' = '00001390, which correspond to differences of 0"'030l and ()"'02()7 
respectively. 

Mr Christie informs me that the probable error in the deterniinatioii of 
the Sun’s apparent diameter is not less than 0"'l, and it appeal's that the 
observed difference of diameters is also 0"'l. 


May we not conclude that the difference of the apparent dianii't('r,s is 
probably less than 0"‘04, but perhaps greater than 0"'03 ? 
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ON THE FIGURE OF EQUILIBRIUM OF A PLANET OF 

HETEROGENEOUS DENSITY. 


{Proceedings of the Royal Society, xxxvi. (1884), pp. 158 — 166.] 


The problem of the figure of the earth has, so far as I know, only received 
one solution, namely, that of Laplace^. His solution involves an hypothesis 
as to the law of compressibility of the matter forming the planet, and a 
solution involving another law of compressibility seems of some interest, even 
although the results are not perhaps so conformable to the observed facta 
with regard to the earth as those of Laplace •!*. 

The solution offered below was arrived at by an inverse method, namely, 
by the assumption of a form for the law of the internal density of the planet, 
and the subsequent determination of the law of compressibility. One case of 
the solution gives us constant compressibility, and another gives the case 
where the modulus of compressibility varies as the density, as with gas. 

It would be easy to fabricate any number of distributions of density, any 
one of which would lead to a law of compressibility equally probable with 
that of Laplace ; but the solution of Olairaut’s equation for the ellipticity of 
the internal strata of equal density seems in most cases very difficult. Indeed, 
it is probable that Laplace formulated his law because it made the equation 
in question integrable, and because it was not improbable from a physical 
point of view. 


* Since this paper was presented I have seen a reference to a paper hy the late M. Edouard 
Hoohe, in Vol. i. of the Memoirs of the Academy of Montpellier (1848), in which the problem is 
solved, when the rate of increase of the density varies as the square of the radius. See Tisserand, 
Comptes Rendv.8, 23rd April, 1883. 

t Eaplaoe’s hypothetical law of compressibility arises from a law of internal density for 
which the problem had previously been worked out, as an example, by Iiegendre. See Tod- 
hunter’s History of the Figure of the Earth, Yol. ix., pp. 117 and 337. 
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The following notation will he adopted : — 

For an internal stratum of equal density let 

r be the radius vector of any point, 
a the mean radius of the stratum, 
e the ellipticity, 
w the density, 

(ji> colatitude from the axis of rotation, 
p the hydrostatic pressure at the point r, <^. 

For the surface let t, a, Z, hj denote the similar things. 

Let M be the mass of the planet, p its mean density, &> the anguhir 
velocity of rotation, m the ratio co^j^irp. 

Let k be the ratio of the density of the stratum a to the mean density of 
all the matter situated inside that stratum, and il the surface value of 

Let C, A be the greatest and least principal moments of inertia of the 
planet about axes through its centre of inertia. 

Let CB be the ellipticity which the surface would have if the planet were 
homogeneous with density p, so that = 

The condition that the surface of the planet is a level surface is satisfitnl by 

C — A = -§-Ma®(£ — ^m) ^ j ^ 

The condition that the internal surfaces are also surfaces of ecpii librium 
demands that e should satisfy Clairaut’s equation 

( 2 ) 

^ It may be proved from (2), and the consideration that w must dimini.sh as 
a increases, that e cannot have a maximum or minimum valuer 

^ Also it may be shown that the constants introduced in the integral of 
this equation must be such that 


CB 5m 1 d . 

when a is put equal to a after differentiation. 
The mean density is given by 

= S f wa^da . . 

Jo 


(3) 


.(4) 


And 



* k, ft, are the reciprocals of /, f, according 
Natural Philosophy (edit, of 1883), § 824. 


to the notation 


adopted in Thomson and Tail’s 



ASSUMPTION AS TO THE LAW OB' DENSITY. 


71 


Neglecting the ellipticitj of the strata, we have the moment of inertia 
about any diameter of the planet given by 

C= §'7rf wa^da (5) 

J 0 

The ratio of (1) to (5) gives the precessional constant. The pressure and 
density are connected by the equation 

I /I. 4>2r'wa) da + f wa^da = 0 (6) 

J a \w da J a Jo 

Now if CT be a function such that wdp^d-ur, the differentiation of (6) 
leads to 

~ Y f — ^ C^) 

da J 0 ^ 

and a second differentiation to 

-^^(®-a)H-4.7rwa = 0 (8) 

Cl/ it 


It is well known that Laplace assumed that the modulus of compressibility 
of rock varies as the square of the density. Since this modulus is wdpjdw, 
Laplace’s hypothesis makes •cr proportional to w, and the equation (8) is at 
once soluble. 


Aftei* the determination of w as a function of a, the solution of all the 
other equations follows. 

In this pai)er I propose to find a now solution, and to compare the results 
with those of La][)lace. 

In order to simplify the analysis let the unit of length be equal to the 
mean radius £1 of the planet, and the unit of time bo such that the surface 
density fo of the planet is also unity. 

Now let us assume that the law of internal density is 

'(v = a~'‘^ (9) 

Then the mean density of all the matter lying inside the stratum a is 
»■“"/(! — l7h). Hence, by definition we have 

/j = 1 - (10) 

Thus we sec that k is a constant for all strata, and therefore also for the 
surface. In Laplace’s theory k is variable. With our assumed law of density 
and the special units, p the mean density is equal to the reciprocal of k. 

It is clear that n must be positive, otherwise heavier sti'ata lie above 
lighter, and it must be less than 3 in order to avoid infinite mass at the 
centre of the planet. 

Now let us find the law connecting jiressure and density, and the modulus 
of compressibility. 
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Equation (7) becomes 

da 1 — 

and by definition of «r and the assumption (9), 

djp _ ^ 

da 

Integrating this, with the condition that the pressure vanishes at the 
surface, we have 

C) 

^ ^ 3 (1 - n) (1 -^n) 


27r 


[1 


whence the modulus of compressibility is 


dp 

dw 


w V- = -^Tr 


n(l-in) 


W' 


“2 ii—n)(7i 


The case of w = 1 is interesting ; it gives a constant modulus of com- 
pressibility equal to 27r, and the law of pressure p = 27 r log w. 

If n be less than unity the compressibility, or reciprocal of the modulus, 
increases with the density, which is of course physically improbable. If n be 
greater than unity and less than 3, the compressibility becomes less the 
greater the density. The assumed law probably does not give such good 
results as those of Laplace, because the decrease of compressibility with 
increasing density is not sufficiently rapid. 

The range of n = S to n = 1 gives the results which possess most physical 
interest. 


In comparing results with those of Laplace there will be occasion to 
express the modulus as a length ; that is to say, we are to find the length of 
a column of unit section whose weight (referred to the surface gravity of the 
planet) is equal to the force specified in the modulus. 

Now if g be gravity 

g — ^irp = 47r r— 

if .Jr ;) I _ 

Hence the modulus is -lyjm-v/n ^ ^ , the units a, to being 

reintroduced to give the expression the proper dimensions. Now p^ato is a 
pressure, and therefore the length of the modulus is - f . Thus the 

surface matter has a length modulus equal to a/n. 

Now let us find the ellipticity of the internal strata. 
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Substituting for w from (9) in (2), we have 


da? 


a ™+2(3-n)~-2n-=0 


de 

da 


e 

a 


If the solution be assumed of the form e = ca^, ^ must satisfy 

/3(/3- l)+2(3-w,)y8-2n = 0 
whence = — (§ — (3 — w)] 

Now n(3 — n) is a maximum when it is equal to (-1)®, and therefore the 
square root can never become imaginary. 

From the sign of the last term in the equation for /9, it is clear that one 
of the values of /9 is negative. Hence to avoid infinite ellipticity at the 
centre, the c corresponding to the negative root must be zero. Hence the 
solution of Clairaut’s equation (2) is 

1 d 

The surface value of - ^{ea?) is clearly n — ^+ — — n)}. Thus 

from (3) we have 


CB 


i — i) + i V {(D® — «■ (3 — ??.)} 


Then substituting for w from (9) in (5), 


C 


Stt 


3 (5 - n) 


And since M = f tt/o =| 7r - — , we have for the precessional constant 


in 


C - A 5 -n 


C 


3-n 


(£ — im) 


Now let us collect these results, and express them in terms of /c instead 
of n. The solution is 

zo = a.~® 


And the mass inside any radius a is ^ a®* 


p=|7r 

dp 


w 


dw 


fTT 


47r 

M 

"lb (2 - 3l)“ 

3F(r^ 


^'=%> p = Stt log -lO, w 


dp 

dw 


27r, u) — a~^ 


And when 
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The length of the modulus at the surface is 1/3(1 —¥) of the planet’s 
radius. 


0 


e 

<B 

1 

C 

A 


= f -h § V{(5')^ — k(l 

Sk 


■k)} 


2+-Sk 

2+3k 


. |Ma^ 
it - 


C Sk 

Any value from unity to an infinitely small value may be assigned to k, 
that is to say, we may have any arrangement of density from homogeneity to 
infinitely small surface density, but if k be greater than | the compressibility 
increases with the density, which is physically improbable. 

The infinite density and infinite pressure, which occur in this solution 
actually at the centre, may be avoided by imagining the centre occupied by 
a rigid spherical homogeneous nucleus, of very small radius ha, and of density 

We have to compare this solution with Laplace’s. 

For this case k is not constant, and its surface value is h. 

Let — a/ K, where « is a constant, being the arbitrary constant introduced 
in this solution ; and let 6 be the surface value of 

6 sin^ 


The solution is 


w 


^ sin 6 
4:’Tr 


And the mass inside any radius a is 

oJc 

jp = 2‘3rK^ ~ 1 ) 

djp 


w = 4i’7rfc^w" 
dw 






3(1 -^cot^) 

The length of the modulus at the surface is 1/(1 —6 cot O') or of the 

planet's radius. 

e^i-k 


C 


ce 

I 

C 

A 


1 

0^ 


t 


6 (l-h) 

[l-6(l-fi) fMa-^ 
1 


C l-6(l-k)^- 


- (e - ^m) 


* See Thomson and Tait’a Natural Philosophy, 1883, § 824. 
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The following table gives the numerical values of the solution, together 
with columns for comparison with the results of Laplace’s theory, for various 
values of the ratio of surface to mean density. The case of fe = 0 gives the 
planet infinite mass at the centre, and the values are only inserted in order 
to complete the series. 


it 

Length mod. 
at surface 
in terms of 
a as unity 

e = za^ 
where 

j — — — 

Laplace 

<B 

e 

C-A 

Laplace 

C-A 

p oc ^ 1) 

wtiere 

C (e - ^ m) 

C (e - |r/i) 

1-0 

00 

0-000 

1-000 

1-00 

1-667 

1-67 

— CO 

•9 

3-333 

0-132 

1-066 

I'OJf. 

1-741 

1-71 

-4-667 

-8 

1-667 

0-293 

1-147 

1-09 

1-833 

1-77 

-1-333 

'7 

1*111 

0-488 

1-244 

1-15 

1-952 

1‘8S 

-0-067 

-6 

1-4-1-2 

0-722 

1-361 

1-m 

2-111 

1-90 

0-333 

-f) 

1-r 1-5 

1-000 

1-500 

1-27 

2-333 

1-98 

0-667 

■4 

l-rl-8 

1-322 

1-661 


2-667 

2-07 

0-889 

■3 

l-r2-l 

1-688 

1-844 


3-222 

2-17 

1-048 

■2 

1-4- 2-4 

2-093 

2-047 

1'48 

4-333 

2-28 

1-167 

T 

l-^2-7 

2-532 

2-266 

I’SG 

7-667 

2-JfO 

1-259 

■0 

1-r 3-0 

3-000 

2-500 

1-65 

00 

2-55 

1-333 

•667 

1 -000 

0-562 

1-281 

vir 

2-000 

1-86 

oc log w 

•333 

l-r2-0 

1-562 

1*781 

l'S9 

3-000 

2'IS 

1-000 


Note . — The values in the two columns applicable to Laplace’s theory were found by 
graphical intGrpolation from a series of values given in [Paper 6, px 68], or Thomson and 
Tait, Natural Ffdloso^phy (1883), § 824'. 

In Laplace’s theory and the modulus of compressibility a: ufi. In the 

present theory the modulus ex w*'. 

The value ft =-667 corresponds to constant compressibility, and 11= -333 to gaseous 
compressibility. 

One of the grounds on which Laplace’s solution is held to be satisfactory 
is that if we take the value of oe, as determined by the known angular velocity 
and mean density of the earth, and the value of £ as determined by geodesy, 
and find the value of k, the ratio of surface to mean density, wliich corre- 
sponds with the ratio ce/e, this same value of k is found to give a proper value 
to the coefficient of £ — so as to obtain the observed precessional constant. 
To he more precise, nn is found to be l/289'66, which gives (B — 1/231'7, and £ 
has been found to he approximately 1/295. These give ce/e = 1'273, and this 
corresponds with k = 1 /2-06 = *49. This value of k, with the same values of 
£ and w, gives the precessional constant as '0033, and Leverrier and Serxet 
give its value as *00327. 

Now it appears remarkable that almost as good a correspondence is 
obtainable from my solution. The value cbJz = 1*273 corresponds with k = *675, 
and when k = *675 the coefficient of E-^m in the precessional constant is 
1*99, which gives the same precessional constant *0033. 
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This value of fe corresponds very nearly with constant modulus of com- 
pressibility, and with pressure determined hj p = Stt log w. 

It is claimed in favour of the Laplacian hypothesis that it corresponds to 
a surface density which is nearly a half of the mean density of the earth, and 
that we know that average rock has a density of about 2’8. Also it is pointed 
out in Thomson and Tait’s Natural Philosophy that the length modulus of 
compressibility of the surface rock is about l/4’4i of the earth’s radius, which 
is very nearly the observed length modulus of iron. 

These conditions are not well satisfied by the present solution, for the 
surface density is found to be ‘675, or 1/1-48 of the mean density of the planet, 
whence the specific gravity at the surface is 3'7 ; and the length modulus at 
the surface is equal to the planet’s radius. It is to be admitted that this 
density is large, and that the substance is also highly incompressible. 

Thus in these respects the Laplacian hypothesis has the advantage. It 
seems to me, however, that too much stress should not be laid on these 
arguments. We know nothing of the materials of the earth, excepting for a 
mile or two in thickness from the surface, hence it is not safe to argue con- 
fidently as to the degree of compressibility of the interior. There seems 
reason to believe that there is a deficiency in density under great mountain 
ranges, and this would agree with the hypothesis that our continents are a 
mere intumescence of the surface layers. 

According to this view we might expect to find a rather sudden change in 
density within a few miles of the surface. Now in any theory of the earth’s 
density such a sudden change in the thin shell on the surface could not be 
taken into account, and the numerical value for the surface density should be 
taken from below the intumescent layer if it exists. Hence it is not unreason- 
able to say that a solution of the problem, which gives a higher surface density 
than that of rock, lies near the truth. I do not maintain that my solution is 
as likely as that of Laplace, but it is not to be condemned at once because it 
does not satisfy these conditions as to the density and compressibility of rock. 

The two cases which are given at the foot of the above table each possess 
an interest, the first of constant compressibility, because it corresponds with 
the case of the earth, and the second of modulus of comp)ressibility varying 
as the density, because this is the gaseous law. 

With constant compressibility the internal ellipticity varies as the *562 
power of a, or nearly as the square root of the radius ; with gaseous com- 
pressibility it varies as the 1*562 power of a, or nearly as the square root of 
the cube of the radius. 

A numerical comparison of the case of constant compressibility with 
Laplace’s solution for gives the following results: — 
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Thus the Laplacian solution attributes much higher ellipticity to the 
internal strata. The solution with constant compressibility in feet gives so 
large a proportion of the mass in the central region, that attraction has a 
greater influence compared with rotation, than in the solution of Laplace. 

Postscript.— If, as is not improbable, the increase of density in the 
interior of the earth is due rather to the heavier materials falling down to 
the centre than to great pressure compressing the material until it has a high 
density, then the determination of a modulus of compressibility would be 
fallacious, and it would be more logical to leave the expressions for the 
pressure and the density both as functions of the radius, without proceeding 
to eliminate the radius and to form an expression for the modulus of com- 
pressibility. I owe this suggestion to a conversation with Sir William 
Thomson. 
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THE THEORY OF THE FIGURE OF THE EARTH CARRIED 
TO THE SECOND ORDER OF SMALL QUANTITIES. 


[Monthly Fotices of the Royal Astronomioal Society, LX. (1900), 

pp. 82—124.] 

Introduction. 

As far as I know, Airy was the first to include quantities of the second 
order in investigating the theory of the Earth’s figure; his paper is dated 
1826, and is published in Part III. of the Philosophical Transactions of the 
Royal Society for that year. 

He gave the formula for gravity which I have obtained below (§ 6 (40)). 
Our results would be literatim identical but that my e is expressed by 
e -f" (1 - e) in his notation, and that I denote by - f the quantity which he 
wrote as A. He also established equations, equivalent to my (13) and (14), 
which express the identity of the surfaces of equal density with the level 
surfaces. He. remarked that these may be reduced to the form of differential 
equations, but he did not give the results, since he found himself unable to 
solve them, even for an assumed law of internal density. I have succeeded in 
solving these equations in this paper. 

Airy further concluded that the Earth’s surface must be depressed below 
the level of the true ellipsoid in middle latitudes. He gave no numerical 
estimate of this depression, but expressed the opinion that it must be very 
small. 

In the second volume of his Ildhere Geoddsie, Dr Helmert has also 
investigated the formula for gravity to the second order of small quantities. 
The expression for gravity which has been compared with the results of 
pendulum experiments by Dr Helmert was taken as having no term dependent 
on the fourth power of the sine of the latitude. The results of the experiments 
are somewhat irregular, and there was no apparent advantage in the inclusion 
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of such a term ; accordingly Dr Helmert assumed that such a term is actually 
evanescent, and pointed out that this implies that the Earth’s surface is 
elevated above the true ellipsoid, instead of being depressed below it, in 
middle latitudes. There can, I think, be no doubt that there should be 
depression, and it therefore seems as if it would be safer to adopt such a 
formula as that given below in § 6 (41) in future reductions of pendulum 
experiments. 

In volume XIX. (1889, pp. E, 1—84) of the Annals of the Observatory of 
JParis M. Callandreau has carried out an elaborate investigation of the 
problems considered in this paper. The publication of my work might, 
indeed, have been unnecessary were it not that my procedure is, as I think, 
simpler than his, and that my formute are presented in a more tractable 
shape. I have, however, in some respects, as for instance in the numerical 
solution of the differential equations, carried the work somewhat further than 
he has done ; but, on the other hand, he has considered several interesting 
points on which I do not touch. Our two methods differ in detail from first 
to last, and it would be rather troublesome to compare them from point to 
point. I have then been satisfied with the knowledge that we are travelling 
along parallel roads. M. Callandreau has also written a short but valuable 
note on the same subject in the Bulletin Astronomique for 1897. I refer to 
this paper in § 12. 

Lastly Professor Wiechert has published an important memoir on the 
distribution of masses in the interior of the Earth in the Transactions of the 
Royal Society of Sciences of Gottingen (1897, pp. 221—243). He has there 
adduced weighty arguments in favour of the hypothesis that the Earth 
consists of an iron nucleus with a superstratum of rock. He also has taken 
into account quantities of the second order, and has calculated interesting 
numerical results corresponding to his theory. I refer to this paper in 10, 
12, and in the summary. 

The first part of my paper contains the mathematical investigation, and 
this is followed by a summary and discussion of results. 


Mathematical Investigation. 


§ 1. The Moments of Inertia and the Potential of a homogeneous 

Spheroid. 


The equation to the surface of a homogeneous oblate ellipsoid of revolution 
of density w whose semi-axes are a and a (1 — e) is 


/ cos^ 6 


-H sin® 0 


~ a 


2 


where r is the radius vector and 6 the colatitude measured from the axis of 
revolution. 
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If the cubes and higher powers of e are neglected, the equation may be 
written 

r = a {1 — e cos® 9 — f sin® 6 cos® 6 ] 

Now let us consider a spheroid of which the equation is 
r = 0 . {1 — e cos® 9 4- (,/— f e®) sin® 6 cos® 9} 
where / is of the same order of magnitude as e®. 

This surface has ellipticity e, and the excess of its radius vector over that 
of the true ellipsoid is q/’sin® 9 cos® 9. The maximum excess occurs in 
colatitude 45°, and it amounts to 

I now introduce the zonal harmonics 


i ^2 = f cos® 9— JP 4 , — ^ cos^ ^ cos® ^ 
so that cos® 9 — fPa + 1-, sin® 9 cos® 9 = — + tV 
Accordingly, the equation to the spheroid may be written 


r — a {1 — i-e — le® + f (e+ f\< 3 ® — -Pa (f “/) P4}>--(1) 

This form of the equation will be needed hereafter, but for the present it 
is convenient to regard the body as consisting of a homogeneous ellipsoid of 
density iv, and with semi-axes a and 0.(1 — e), together with the excess above 
the ellipsoid of a body of which the equation is 

1" — a — ( 2 ) 

The developments will only be carried to the order e®, and therefore we may 
regard this excess as a layer of surface density 

distributed over the surface of a sphere of radius a. 


The mass of the excess is clearly 4nrwa^ ^nd the mass of the ellipsoid 

is (1 — e); hence the mass of the spheroid is given by 

M — l-TTwa® (1 — e -h f y) (3) 

If p, 9, (fi be the polar coordinates of a point whose Cartesian coordinates 
are a?, y, z we have 

2 p-a (1 _ ^^ 2 ) ± sin® 9 cos 2(f> 

Now let G', A', denote the moments of inertia of the shell (2) about the 
axes of z, and of a? or of y, and we have 




wp^ j sin 9d9d<f) 


integrated throughout the layer comprised between the surface (2) and the 
sphere a. 
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Then, since jp^dp = {§/+ — f fP 4 ], and since the integrals over 

the surface of a sphere of a spherical harmonic, and also of the product of two 
harmonics of different orders vanish, we have 

C' — 4i7rwa^ f {-^f— sin 6d9 

J 0 ■ 

A. ' = 4t7rwa^ f (•^ f 4- fP'P) sin 9 djO 

0 

Also f Pa^ sin 9d9 = §, and therefore 

*y 0 

O' — ■^TTwa'^ {^ f)> — ■^s'TTwa^ (-^y ) 

Now denoting the moments of inertia of the homogeneous ellipsoid by" 
C", A", we have 

C" = -f-^TTwa,^ (X-e), A" = (1 - 2e + f e'-') 

The sums C' G", A' -{-A", give the moments of inertia of the spheroid; so 
that 

O = ■A-TTwa'^ (1 —e + f f), A = ■fg’rrwa^ (1 — 26? + 16“ + f/*) ] 

y ...(4f) 

(7— A (e — — I/) J 

It is, in the next place, necessary to evaluate the potential of the spheroid 
both internally and externally, and I will begin by considering the part con- 
tributed by the shell defined by ( 2 ). It consists of a spherical shell of mass 
X'fi'rrwa?/ and radius a, together with surface density -^wafP.^ — f^wafP^. 
Accordingly, if ?7/, 27/ denote the external and internal potentials 


27 / = fgTTwa^^ + Itt . -^waf. P^ 


a” 


l-TT. Jfwa/. --P. 


Ui = fg'jrwd^f+ l-TT . -^^waf . ™ Ps — Itt . P 4 

We have now to find the external and internal potentials of the ellipsoid, 
which may be denoted by P/', U”, 

It is well known that the external potential of an ellipsoid of revolution 
of semi-major axis a,, eccentricity rj, and mass M' is 

W 

r 




1 ’ 




r, y .2 


X p, + ^ 


a^rf 


5 ^4 


•} 


Also if 7} — sin <y, the internal potential is 

37^7 „ M' 

sin 7 


P/ 


siir‘ 7 


— (7 — sin 7 cos 7 ) + yX 


M' 


a"' sin® 7 


(tan 7 — 7 ) 


Now 


tan 7 — 7 = 1 ^ 97 ® (1 + ^ + - • . ) 

7 — sin 7 cos 7 = ^7f (1 + +■'••) 


i>. in. 


6 
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Also (£c® + 2/2) = f r® (1 — Pg), + Pa) 

Therefore 

M' M'r^ 

^2 _f. ^^2 _j_ . . .) _ ^ 3 (1 4 - + §97* + • • . ) 


[7, § 1 


JM. ^ 

i-^(V + -l-.5y 


•) 


But 272 = 25 ( 1 — I e) and J/'' = ^TTwa^ {1 — e), and on substitution in the, 
above formulae it will be found that 

U/' = I-ttw ^ (1 - e) — ySyTTW ^ e (1 — |e) Pa + ff ttw 

TJ (' = '^TTwa? (1 — — ^ttwP — -^ttwP (e + i^e'"*) P.^ 

The external potential of the spheroid is equal to U/ 4- P/'t and the 
internal potential is equal to P/4- PP. Bor application to the, probltun 
of the figure of the Earth the potential of rotation must be added, and if ira 
be the angular velocity of rotation, this potential is 

I co^P sin® e or (1 — P^) 

Now let Ve, Vi be the external and internal potentials, inchiHive of 
rotation, and we have 

Ve = |7m — (1 — e + 1/) — ^TTw ~(e — I e® — |/) 

+ U'^^ % - -1/ ) P 4 + ( 1 - Pu) , ^ , 

^ > (•>) 
K-= 27rwa^ (1 - |e - ^5® + f%/) - |77wr® 

— i^TTwr® (e + ^02 _ “/P 4 + I <M‘-r® (1 — P,,) 

, -pf of is independent of r, ^ and is only insertml in order 

tnat K may be a continuous function at the surface of the spheroid. 

levels supposed hereafter that the heterogeneous Earth i.s built up of 

bodv mavhe / P^tontial of such a 

body may be written down from (5) by replacing each term by an integral. 

inte^als ^ superficial values of a. e, / wo shall have .such 

and £a.^[e + .<ije»_|/]ria 
For the sake of brevity I shall write these 

and £md[e+*e=-|/J 
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It may be well to note here that for the heterogeneous Earth 

ilf = f w J wd [a^ ( 1-6 4 - 1/*)] 

Q = f wd [a® (1 — e + 4" /”)] 

J 0 

A — y^tt f wd [a® (1 — 2e 4 - 4 - )] 

.'0 

G-A=-f,;7rl''‘wd{a^{e~t^d^-^fy\ 

J 0 


.( 6 ) 


§ 2. Heterogeneous Planet. The surfaces of equal density are 

level surfaces. 

It will now be supposed that the substance of which the heterogeneous 
planet is formed is plastic enough to allow the surfaces of equal density to be 
level surfaces. 

It is necessary to write down the potential of the planet at any internal 
point, and for this purpose I find it better to introduce a new parameter in 
place of the ellipticity e. This parameter is h, defined by 

e — (7) 

I do not quite understand why this substitution should lead to simplifi- 
cation, but I may remark that h — e— 2e-— f (/*— and that — fe** is the 
coefficient of sin“ 6 cos^ d in the equation to the spheroid. Thus the existence 
of the fraction -ff is in some sense explained. 

It will be found that the equation (1) to the stratum a, in terms of this 
parameter, becomes 

r = a |1 — "I" "h 2/t) Po 4~ ~~ J ) P 4} • • "(d) 


Also 


a = Att r wd [a« (1 - h - ff 4- f /)] ' 

G — A = f wd [a° (Ji 4- 

Jo J 

Let us now for brevity write 

So = r wd [a^ ( 1-0 4 - 1 /)] = f wd [a» (1 - h - ff 7^“ 4 - A f )] 

Jo Jo 

^2 == f wd [a® (0 — 1-0^ — ^y)] = f wd [aP (Ji 4- 

S. = rwd [a’ (e» - f/)] = r wd [a’ (A“ - 1/ )] 

Jo Jo 

T2 = f wd [0 4 - ^0‘-^ — r/] ~ f 

J a J a 

[i] 


.(9) 


S' (10) 


6—2 
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The terms of the second order in So are not required, so that, in fact, 


I take So= f wd [a®(l — A)]. 
^0 


The formulae (5) and (10) enable us to write down the potential at any 
internal point as follows : — 

- i ^ ^ (1 - P.) 

( 11 ) 

If it be assumed that the equipotential surfaces are also surfaces of equal 
density, the equation V = constant must be reducible to the form (8). Hence, 
if in (11) we attribute to r the value (8), the coefficients of and of P 4 must 
vanish. In effecting this substitution we attribute to r its full value in the 
term of the lowest order, namely So/r; in terms of the first order, namely 
those involving S^, T^, and a>^, we may put a (1 —^h — ^hP^ for r; and in 
the terms of the second order, namely, those involving 84 and T 4 , we simply 
put a for r. A consideration of (11) shows that there are several functions 
of r, P 2 , Pi, which will have to be evaluated, and it is obvious that the 
expressions in question, when developed to the required order, will involve 
P^. But 

P/=i4-fP2+ifP4 

and it will be found by aid of this formula that, to the required order of 
approximation. 


a 

r 

o? 

rj^ 


= 1 + + m’l? - A/+ p (1 + w p>, + * (/- lA") p. 

jP + 4” jP 2 — 4 


T‘ 


L..(12) 


a 

r 

a 


p, = - + (1 - » '0 A - ff/iP. 

, (1 - P,) = 1 - - (1 + f A) P, + ||AP, 


By aid of (12) it may be shown that the conditions that the level surfaces 
shall be surfaces of equal density are 

(A + ^ A>) - f ^ (1 + V-A) - P. ( 1 - #1 A) - a» (1 + f A) = 0(13) 




+ a?h = 0 (14) 


a ° a? ^ ‘ 47r 

Since ay^a^jSo is a quantity of the same order as A, (13) involves terms of 
two orders, but (14) consists entirely of terms of the second order. 

If the terms of the second order be omitted, (13) becomes 


a 


h-% 


a? 




3ft)^a^ 

Stt 


0 


.(15) 
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i s, 4 


§ S. The Differe^itial Equation for f. 

By differentiating- the second of (20) and using (17) and (19), I find 




<^f r / 0 7 ^^" »t7 /dhY) 

^ _ 5 =/_ + 57, 77,, ^ ] L 

da a - a da \daj ) 


( 21 ) 


Differentiating again, and again using (17) and (19), I find 

cr B nr\f , a fcUlV^') 


\ada 


a- 


ada \dat 


0 ...( 22 ) 


I now introduce a new symbol Wq, which is to denote the mean density of 
all the matter lying inside the spheroid defined by a ; then 






wda^ = WqO? 


Sq = 


Thus 


So' 

So' 


3 w 
a Wq 


In obtaining this result the ellipticity of the spheroid has been neglected, 
but for the present this approximation suffices, and (22) is then easily 
reducible to the form 


M. 

dar Wq adci 


_ ('20 -6-) 4+ 12 ( 

\ 'iVoJ \ 


'W\ })? , . 

— ~ -h 4 
Wq/ a? 


w\ kdh 


18" , ^ 
WqJ ada 

w\ rdh\^ 


(1 + 9 ^) ('^y = 0 ...(23) 
V WoJ \da/ ^ 


This is the differential equation for f, and I shall in § 9 solve it on the 
assumption of a certain law of internal density of the Earth. 


§ 4. The Differential Eq-uation for h. 

I now return to the first of (20), and divide it by (1 — ff-/^), so that it 
becomes 

§ If - * § (1 + iW - f A - + f/i) = 0 (24) 

As a preliminary to the differentiation which will eliminate the 'I\ integral 
I indicate certain transformations. 


We have 


>80 = [«’•'* (1 ~^i)] 
Jo 
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Hence „ = (l ( 26 ) 

If S 2 , 2^2 as defined in (10) be differentiated, and if the value of w as given 
in (25) be used, it will be found that 


O *^^2 ^0 f K I , dJl , A r. 7 o n u / i ( 


—VI 

da) j 


and 


3(1+ f|/fc) js/t + ^ + -^^ah 


dTo 


S' (dh 


+ A^hr 


dh 


*“ (s) I 


(26) 


da a' [da da 

On differentiating (24) and using (26) and (18) it will be found that 


S 2 + a' 


1-^ 


l“a + ^2a“^ 


dh 


a 




dhy 

da) 


^ = 0 f27^ 

67r da 


On differentiating (27) and again using (26) and (19) in the small terms 
it will be found that 


Oo 


[da;** 


o ^ -x A .f. /dhY) 


da a ^ a 


dh 

da 




dhV) 
da, 


Sco a , x cf ',y\ . dh\ 

"ttvST ^ ~ \ I 


l2 + S=«-(2«) 


Since S^^ — Woa^(l — h), it follows from (25) that 


So^ ^Sw 
So a Wo 




dh\ 

da) 


.(29) 


I shall later denote by m the ratio of equatorial centrifugal foi'ce to 
equatorial gravity, and by an extension of this notation I will now write 


m 


00 ^ 

^ttSo 


By means of (29) and (30) equation (28) becomes 


d^h Q w dh 
dar Wo ada 


w^ 

Wo 


\ 

j 


6 


h 

€(?• 


/.« hdh 

14 

a- * 


ada 
4!m ( ~ 


4& ( 

T I J,, 


dhV 




\da/ 


+ 


Va 


+ 


cdUi) 


0 ...(31) 


This is the differential equation to be satisfied by h. If the terms of the 
second order be omitted it is the equation for the ellipticity of internal strata 
as given in any treatise on the theory of the figure of the Earth. 
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The transformation by which h was substituted for e has enabled us to 
obtain an equation for h in which f is not involved. Moreover h has been 
chosen as such a function of e that all the latter terms are multiplied by the 
simple factor X — w/wq, instead of by various more complex functions of the 
density, as was the case in the differential equation for/. 


§ 5. Radaus form of the Differential Equation of the Ellipticity. 

I shall now include the terms of the second order in M. Badau’s very 
remarkable transformation of the equation of the last section. 


Since 

it follows that 


U'ott* 

fL — 


(L -?i):=rwd [a«(l-A)l 

J 0 

l + (32) 

V day Woda 


The equation (31) may therefore be written 


d^h g dh ^ adiUo / dh h “x 
da/^ ada. "" %DfLa\ada. a?) 


Woda 


14 4- ^ 4- 

a® ^ ada ^ \da) 


+AU 

\daj \ada nV) 




0 


The last term here includes all the terms of the second order. 

adh 


If we write 


V 


hda 


d?h h ( dr) \ dh h 

day ay V ’ da > ada ~ 


Thus the equation becomes 


dr) 


+ 5?; 4- ‘»7“ + 2 


adwo 


{1+r)) 


da ' ' “wodn 

|l8 + Yd +’>>“-7^(1 +’>)}=« 

Now it is easy to prove that 


dr) 2 V(1 +^) dp fi //I , o /’(? adwo\ 


^'da~ 


)a+v) 


Therefore the equation may be written 
2 \/(l 4“ ^) dp , . 

adwo 


10 (I 4 ^7) 4- ~dj~da^ |l8 4- (1 4-97)^ — 7 ^ (1 4-^)| 
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In the terms of the second order we may put equal to 

w^cia 

therefore 


3 1 


5Wn(l^ 


Ka® V(1 + ^)] = |1 + - jW 


18+^^(1 + 77 )"- 7y(l + 77 ) I ...(33) 


This is M. Radau’s equation, with the inclusion of the terms of the 
second order. These terms have been determined by M. Callandreau, but 
the form in which he gives them appears to me more complicated than the 
above. 


Let us consider the function within f } on the right-hand side of the 
equation (33), and in the first place omitting the terms of the second order 

consider the function — — il!L^ , 

V (1 + 1) 

It is equal to unity when 77 is zero, rises to a maximum of l*00074i when 
77 = 1, and only falls to ‘8 when 77 = 3. Now it has been proved that 77 is 
necessarily less than 3, and is positive*. In all the cases which are likely to 
prove of practical interest 77 is very much less than 3. In the case of the 
Earth, for example, 77 is equal to about '56 at the surface, and vanishes at 
the centre. Now when 77 = *56 this function is equal to *99971. Therefore 
between the centre and the surface it rises from unity to 1*00074 and then 
falls to *99971, It is obvious that any kind of average value of the function, 
estimated over the range from centre to surface, can at most differ from unity 
in the fourth place of decimals. When the terms of the second order ai'c 
included I think the average value is yet nearer unity than when they arc 
omitted, for in such a case as that of the Earth (1 h- •|■77 — V(I -I"*?) Ib 

greater than unity throughout the greater part of its range, and, although 
I cannot prove it absolutely, I believe that 

or 18 ,7 

is always positive. If this is the case the whole function is on the average 
nearer unity than when the terms of the second order are omitted. 

Supposing, then, that 1 + X denotes a proper mean value of the function 

1 1 + - A’?" - ( 1 - [ 1 8 + j,»- ( 1 + ,,)- - 7 ^ ( 1 + > 7 )] I ( 1+ 7, ) - 4 

estimated over the whole range from centre to surface, we must have 

ra 

Woa® ^(1 + '»7i) = » (1 (34) 


* Professor Helmert tells me that he doubts the universal validity of the proof of this. 
I have to thank him for valuable information given me while writing this paper. 
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where Wo, a, % denote the superficial values of those quantities; and we may- 
feel sure that 1 + A- will not differ from unity until we come at least to the 
fourth place of decimals. 

I shall in § 12 attempt to use this remarkable result for evaluating the 
ellipticity of the Earth’s surface from the Precessional Constant. 


§ 6 . Q-ravity at the Earth's Surface. 

In order to render this presentation of the theory of the Earth’s figure 
more complete I shall now go on to find the theoretical expression for gravity, 
although the same investigation is to be found in various other places. 

At the surface of the planet the integrals vanish, and the potential 

( 11 ) becomes 

47 r r ^ 7^ r® 47 r ^ 


In this section, as elsewhere, the superficial values of the various quantities 
are denoted by Roman in place of Italic type. 

Through the vanishing of T^, the equations (20), which denote that the 
surface is a level surface, become 


(h + ^^h“) - I ^^ ( 1 + J^h) - 1 ^ an 1 + f h) = 0 

|(f+ih»)-3|’h+f|; = o 

It must be observed that the mass M of the spheroid is equal to | 7 rSo ; 
and we deduce 

S. = ^Mh + ^h^ - i (1 - |h)l ) 




.(35) 


The potential may therefore be written 


+ UT ^ — f — # 




h[P, + i- 






At the equator r = a, P 2 = — ^4 = ^, and equatorial gravity, say ge, is 

equal to —dVldr. 

It is easy then by differentiation to show that 


~ 1 + h + f|h'-^ — 3f _ 3 ^ 30 ^ 
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Now let m denote the ratio of equatorial centrifugal force to equatorial 
gravity, so that 


It follows that 




1 + h + - ff- f (1 + |h)] 


= m [1 + h — |m -t- f-fh^ — f|mh + fm^ — f-f] (36) 

The function which naturally arises in the consideration of figures of 
equilibrium of rotating fluid is the ratio of to the density. But 

M = ^TTWoa^ (1 — h — ■ffh'^ + 
hence “ f + f ~ 

If m were an ideally perfect parameter in which to express our results, 
h and f should have entirely disappeared from this equation, since m should 
only depend on 00 “ and Wq, and should he perfectly independent of the figure 
of the planet. 

However, for our present purpose it suffices to take 

m (1 + h - fnaX ov = m (1 - fm) (36) 

To this order there is no objection to the use of m, and I bow to custom 
in continuing to use it. 

The potential of the planet may now be written 


F = M — l-y (h — + ^h*-^ H- j-mh -1- fnF) P.^ 

+ #f; ,^8 (ih"* - - 0 P 4 + iin (1 + h - f m) (1 ” A) . • .(37) 


It will perhaps be more convenient here to reintroduce the ellipticity 
instead of h. I observe, then, that h + ^h“ is equal to e — ^e'-* — ^^f, and that 
throughout the rest of the expression e may be written for h. 

The quantity b used by Dr Helmert in his Geodesy (Vol. II. pp. 77 — 85) 
is the same as my — fine — f, and my results will be found to agree with 
his. 

We have, then, 

F=M ~-“;i^( 6 ~ iui — -l-e''* + fme 4- ^m® — ff) Pa 

+ is “8 (I®" ~ f - 0 -P 4 + Jm (1 + e - 1 m) (1 - P^) 

M 

(/e = 71 ^ [1 + e — fm + e=^ — f|-me 4- l-m*^ — ff] 
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Clairaut’s ratio is that of the excess of polar above equatorial gravity 
to equatorial gravity. I follow Dr Helmert in denoting this ratio by i) ; 
so that 

ge 

At the pole r = a(l — e), = If —dVjdr be found and these 

values introduced, we get 

^ (1 + m + fine - fm^ - ff) 

ti) 

M 

Then 9p — — 7^- (f ni — e — + f |me — — f f) 

a 

M 

and since to the first order — (1 -f- e — fm), we have 

i) = fm — e — -^Itne — ff (39) 

The form of the potential shows that the general expression for gravity 
must be 

^ [1 + cos '^ ^ 4 - a sin ^ 6 cos ^ 

where it remains to determine a. 


This may be written 

^ [1 + + ("liJ + -^a) P.2 — ■s%aP4] 

The value of a is then determinable by finding the coefficient of P4 in the 
expression for g. 


„ (dV\^ 

Now g- = + 

attributed to r. 


lEV 

rde) ’ 


where after differentiation the value (1) is 


Suppose that 


“[(?.+ <?,+ GJ, 


M 


~ , where the suffixes 


dr rde a-= 

denote the ordei's of the several terms; then it is easy to prove that 

„ _ M Tr, , r, , , Sf 

y 


a-" 


^0 


Since is equal to unity as far as the order zero, 


g 


dV M 


+ iW) 


dr a"" 

In order to find Hi the terms of the second order in (38) are to be 
dropped, and we find 

dV M . ^ ^ 

— jTi = - 2e sm 0 cos a 

rdd a-* 


Therefore 

and 


jBTi = 2e sin 6 cos 0 
^Hi~ ~ 2e“ sin‘^ 0 cos^ 0 

~ (1^ + 2 ” ^%P 4) 
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We are only concerned with the term in P^, and this portion of the 
transverse component of gravity is — ^ d^P^. 


It is next required to find the term in P^ in 


dr ' 


After the 


differentiation of V we shall require to determine the term in P 4 in the 


following functions, namely, %, -gp 4 , - (1 — P^) 

''P 7^ gt 


Now 


= = - W (ie“ - 0 + 8 (iof p,= + ■ . . = mr. + . . 


a’* 


“4 ^‘8 = + . . . = fe . P 4 + . . . 


,+ 


a« 


P 4 


- ( 1 - P,) = |eP./ + . . . = |e . i-f P 4 + . , 




It follows that the term in P 4 in —dVJdr has a coefficient 
M 

— [Iff - 2 (e — Im) If e + f — |me — f) — |m . ||e] 


a 


The term is therefore 


A^(8f-¥e' + V-me)P. 


Then adding the transverse component, it appears that the whole term is 

“ BT ‘'"i + -*2®-me) P 4 

cli 


But the coefficient of P 4 was shown to be —-^ggc^; and since ge^M/oP 
to the order zero, the coefficient in the expression for g is given by 

a = 3f — -|e‘-* + -^- 25.1110 

In the expression for gravity the geocentric colatitude 6 is used, and it 
remains to introduce the true colatitude X, which is connected with 0 by the 
formuljB 

d = X + 2e sin X cos X 

and c()s“ 6 — cos® X — 4e sin® X cos® X 

Thus finally 

g = ge\l cos® X — (|me — |e® — 3f) sin® X cos® X] 

M 

ye = ^ [1 + e - |m + e® - -ffme + |m® - |f] 



where 


(40) 
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I shall show in § 9 that f is probably about — '00000205 
or '0034672, and if e be taken as 


m is 


1 

288-41 ’ 


|me - - 3f = '0000295 

Thus ^ + b cos® X- — *0000295 sin® X cos® X,} (41) 

The results of the pendulum experiments which have been made up to 
the present time are hardly sufficiently numerous or concordant amongst 
themselves to make it worth while to take into account this small term. 
If it represented a detectable inequality in gravity the residuals given on 
page 240 of volume ii. of JBCelmert’s Geodesy would vary more or less as the 
square of the sine of twice the latitude ; but they are quite irregular, being 
as follows : — 


Latitude 

Residuals 

Latitude 

Residuals 

5° 

- -0000139 

45° 

- -0000015 

15“ 

- 054 

55° 

- 73 

25° 

-h 246 

65° 

- 62 

35° 

+ 008 

75° 

+ 40 


A great mass of material now awaits reduction, and we shall no doubt 
soon have from Dr Helmert far more accurate results for gravity and for the 
ellipticity of the Earth’s figure than any that have been obtained up to the 
present time. 


§ 7. The superficial values of the rates of increase of h and f. 

The rates of increase of h and /are given in (27) and (21); whence 
a(^h 


da 


8h - + »h ^ *. (^)= - ^ (^) + = 0 


But 


adf 

da 

So== 

Sa- 

S.= 


5f + -?^h® - 7h == 0 


Vda^^^V 


So a-* 


3 


M 


47r 

5Ma® 

47r 

Mu'* 

27r 


h + f h® 
-|h® -f- 


^ M 

-2- 


(1 -^h) 


Whence 
adh 


adh^ 


/adhN® , a)®a-' 


^ 4- w + 4fh + H M + A = 0 


adf 

da 


- 1 - 
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But 


a>^B? 


m (1 — h — |m), so that the last term of the first of these 

equations may be written — |m — f-h - |m + ^ , and the last term 

of the second is +^'^mh. The first equation then shows that to the first 

order -^=fm — 2h. If this be used to eliminate dh./d& from the terms of 

the second order in the first equation, and completely from the second, 
we get 

= -Im — 2h + — ^T-i-mh — yf m“ ^ 

= ~ 4f + 5mh 
eta 

The second of these may be combined with the first in the simple form 


.(42) 




(f + f mh) H- 4f = 0 

The parameter h denotes e — ; whence it may be shown that 

= I m — 2e — e‘^ 4- f f me — m“ — f f 


§ 8. The Figure of a Horriogeneous Mass with a small Nucleus. 

In order to obtain a preliminary estimate of the magnitude of f in the 
case of the Earth I shall first consider the case of a homogeneous mass with 
a nucleus at the centre of finite mass, but of infinitely small linear 
dimensions. 


If we suppose the mass of the nucleus to be [m times that of the fluid, 
and that the form of surface is defined by the parameters a, h,f it is clear 
from (10) and (11) that the external potential of the whole is 


V= |7rw — (1 + ^) - — (h + pbf Pa + ^fjTW ^ (/^“ - f /) P 4 + (1 -Pq) 


The equation to the surface will be of the form (8), and the transformations 
(12) hold good. 

The conditions that the surface shall be level are, as before, that in V the 
coefficients of Pa and P4 shall vanish when r has the value (8). 

These conditions are 

1(1+//.) a% (1 - ^) (1 + ^h) - (1 + f/i) (1 + ^h) - (1 + ^h) = 0 

8 (1 + fx) (/- ^h-^) — 3^0:%^ + f (^h^ -/) + --7,7- h -=0 
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whence 


maximum depaktuee ebom the teue ellipsoid. 


A (1 + -w - a ^ r+ifi 


.(4:i) 




r* \ 1 ft fjw 

/(l + » = (| + f^)^^ “8^ 


To the fi«t order of small quantities ^ = «(1 + WA, s« that, the s.-.m.l 


equation "becomes 


. - .(4:n 

1 + f 


If vanishes / also vanishes, and the surface is a true ellipHoid, 
obviously should be the case. 

Let us apply these formulae (43) to the case ot the Larbh. it. 5m kmmn 
that co'^a^jM is about and it may be denoted by although tin* meiwuug 
of that symbol is slightly changed from that which it beara elB(‘,wht*re. 


Then 


m == 


a>^ 


and 


^ (1 “H -®^A) — ’I'Wi' 

/=- (|m) 


irw (1 + g) 


1 + f/x 

' (1 + fgy(r+iya)“ 

The equation which determines the value of whicih inakfH / a 
maximum is 

1 3 2 10 


24"ya 2-4- Syu 

This reduces to the quadratic ya® — :|/a — ^ == 0, of which the ptwitive 
root is 

= I [1 4- V33] = -84307 

The departure from the true ellipsoidal figure is gre:ateHt when the 
nucleus forms or -467 of the whole mass, and in this case 


0 


/= - -2946 (piy 

Taking |m = 

/= - -0000055 

The Earth’s equatorial radius is about 6,378,000 metres, au<l the 
depression of the surface below the true ellipsoid in latituch* 45' is 
which gives 8*8 metres for this ideal case. 

It is clear that the depression in actuality must be considerably li'SH timn 
this, and we shall hereafter see reason to believe that it is about oiu‘»t.ltird 
of this maximum value. 
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§ 9. Evaluation of the actual departure of the Earth’s Eigure 

from true Ellipticity. 

In order to determine the superficial value of f it is necessary to make 
some definite hypothesis as to the law of internal density. 

The theory of the Earth’s figure has been worked out according to seveml 
hypotheses as to the internal density. Two of these may be described as 
more prominent than others ; they are the hypotheses of Laplace and of 
Roche. The results derived from both these theories are conformable to our 
knowledge, and as Roche’s hypothesis seems more tractable than the other 
I shall adopt it. 

Roche then supposes that the mean density of all the matter lying 
inside equatorial radius a is expressed by the formula 


Wo = p 


1 _ k f-Y 

\a/ 


The mean density of the whole Earth is clearly given by Wo = p(l — k). 
Since w — Wo — ^a , it follows that 


w 




.(44) 


This is only true Jis a first approximatioii , but it suffices for the pi’oscnt. 
I now put 

and change the independent variable from a to .x in the differential equations 
for / and h, the latter only being taken to the first order of small (quantities. 

The equations (31) and (23) then become 


a; 




where 




...(45) 


The first of these is Roche’s equation, and I proceed to find the solution^. 


* Tisserand, Mec. Cel., Vol. ii. A full account of the researches of Legendre, Laplace, 
Roche, Radau, Tisserand, Callandreau, and of others is given in this work. 


n. nil 


7 
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If it be assumed that 


0 

where Ho = 1, it is easy to prove that 

4- + 1 




n+i 


Then if (71) denotes 


W" "1“ ^71 “J- 1 


H. 


7 


V/^ + ^ 

7i = ig;[l 4- (0) 4- (0) (1) 4- (0) (1) (2) + . . .] 

Translating this into numbers I find 

T ,2 13 52 ■ 47 , 658 . , 31913 

S = ^ + 7 ® + STY *■ + STTT ^ + sCTl + 3*: sTTi + 3»76Tu .Tt ’ 

(46) 


From this I make the following series of deductions :- 




4 218 


6812 


H 1 + ^ ^ ^ ^ -r 377 72 711 3 ^ 5 . 7 


aj^4- 


20045 


+ 


3896 




_i 


24210052 


3«.5.7 .HM7 

h ( d}i\ 2 218 , 3406 40090 , 1948 

V^’ 7 ^ 3*-^ . 7“ W. 7^ . 11 3^ . 7“ . Tl 3® . 7 ^ 


a;'’ 4 (‘^*7) 


1 / dh\ 2 . 26 .. 52 188 , 658 . 

E dx) = 7 3^7 + 3^Tl ^ srn ^ + 3^ : n + 3r:5:Tr.T7 


24210052 „ . 

■^3'\5.7.1P.17^‘ 


+, . p 


.(49) 


1 / dfty 4 , 104 , 20540 , 4960 . 251176 „ 

H V dxj 72 3- . 7‘^ “*■ S* . 7" .11 . 77 11 3® .T.TP ‘ 


By means of these developments I find that the function Q in (45) is 
given by 

Q __ 256 . 7024 13120 ,, 578128 116120320 ,, 

H 3“ . 7=^ ^ ;3r772 7i i ^ a!-> + _ 72 ^ 1 1 57 7-71 ii 717 +•• • 

00 

Then, assuming f = E^'2t KnX“', and substituting in the second of (45), 
we get 

S [n (}i 4- -f) — -|) ifTJ 4-^=0 

or - Sir,) + (13A7 - 4- - %QK.;) 

4 (34//^ - oG^ 4- y-i^Ko - 45Ho) x^-h... + Q = 0 



1900] SOLUTION FOR / ACCORDING TO BOCHE’S HFPOTHESIS. 

Ihe coeflficients of the several powers of x are to Ibe equated to zero, and the 
successive equations solved. Carrying out this ijrocess I find 


K. 

K, 


K 

63 


512 


6 

11^" Sh7‘hll 


11.13 




12400 


jr 

" 11.13 

_ 882 
” 11.13 .lY 

15876 


K, 


3“.7M1. 13 

167424 
3^.7^1l .13 

11668616 


■54545irx “ -15645 \ 
•44066ira- -19663 




11 .13.17.19 
Extrapolated Kj 


3“. 7‘h 11.13 . 17 

15778709488 

ill o 


•39161 JTi- -29499 
•36281^^1- -40312 




•34372ifi - -52164 
-330iir» 


S'*. 5. 7h 11^. 13717 . 19 

- -635 ' 

; (51) 

The coefficient iTj remains indeterminate as yet, and I must now show 
how it is to he found. 

The second of equations (20), (21), and (23) are as follows : — 

Or 


f- + aji f: + * S, - r. = 0 , 

da Swo 


df 5/ , ^ yjjdh 


da, a 




.( 6 ) 


6 - (20 - 6 £4. 12 u - V 4 r4 - 18 ^ 

da •«/(, ajda \ wj \ wj V ' ’ ‘wj ada, 


(1 4 9 

V 'UkJ 


w\ /(i/fcy- 
\daj 


0 




In obtaining (6) from (a) we multiplied (a) by w„/a-^, diflforon tinted, and 
divided by When x is independent variable we multiply by (I —x)lx, 

perform on the result the operation divide by (1 - 

Supposing all the functions to be expressed in series of powers of x, the 
equation (a) may be taken to be 

l^iX 4 P aA’- 4 ... 4 Pu'^*^ 4 ... = 0 (f* ) 

It must be understood that the P’s arc numbers and not spherical 
harmonics. Then the equation (h) would be 

(■^■^3 — Pi) 4 (2P;{ — Pb — P^) x'i 4 ( 3 Pj — 2 ^., — P.^ — pj) (Ji 

4 (4P5 — P 4 . — P;t — P2 — Pi) 4 ... — 0 (6') 

Again, (c) was derived from (6) by multiplication hy w^a\ differentiation, and 
division by w^a^. When x is indejiendent variable we multiply by P (l — a-), 

7 — 2 
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perform the operation and divide by ^'^(1 — Hence (c) must be 

equivalent to 

1 1 (Pa - Pi) a) + (2. I3P3 - ISPa - llPi) 4 - (3 . I5P4 - I9P3 - ISPa - 1 IPi) 

+ (4 . 17P, - 21P^ - I 9 P 3 - 15Pa - llPi) 4 . .. = 0 . . .(o') 

Now the coefficients in/ were evaluated by equating to zero the coefficients 
of the successive powers of x in (c) or (c'). Therefore 

P3_P,=:0, 2.13P3-15P2-11Pi = 0 

and so forth. 

These equations are satisfied by 

Pl = P, = P3=...=P,, 

but one of the coefficients, say P^, remains indeterminate. 

The equation (b') is satisfied by the same condition; but in order that 
(a') may be satisfied it is necessary not only that all the P’s should be equal, 
but that they should also vanish. 

Accordingly (a) affords us one more condition from which will be 
determinable. 

IVhen X is the independent variable, the equation (a) may be written 

Since is expressible by a series beginning with KiX, we shall be able 
to find Pj by developing this equation in a series, but only carrying the 
development out as far as the first term. 

I drop the factor brevity. 

Then,/= K^a: ; == 1 ^ ^ ;|l + ; 

~ [J (h’ - 1/)] = (-J + 

(1 _ |a) ^ ^ 

(1 - |») d [J (A= - .J/)] = (1 - 

^ = -I + - IK, 

fxdh\ 


whence 

Also 


3 


2a;a (1 -x)- 


00 


4 2h 


V dx ) 


-f-f/r 
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Therefore as far as the first power of x the equation is 

K^x 4- — \K^x — -^x J (1 — §x) d = 0 

Thus, reintroducing the factor 


But 

Therefore 


-^1 + + ... 


^ f X \ 

(1 - ?ix) ^ j = K, +(%K, - iK,)x + . .. + [(n + 1) AV« 

~ ( * ) “ k“ + • • ■ 




+ ^ ^ ^ ^ if + . . . 

On substituting for the if’s their values, I find 

+ w\== (*27273k — '00699k‘^ — '048951^'^ — '06335k-* - •07002k° — •0737k". . .) 

- ('07773k + ’03355k2 +■ '03826k* + 'Ol7l9k*‘ - •00793k" -- '04475k". . .) 
To find k we hjxve the equations 

fi k'**' ^ kdh acZh 

S^tnk" ~ hdk"^ Fda 


in rvt'*! 

= |™ _.2+\^h — 
h = e - Ife* - |f 

The solution is virtually contained in the table of § 12 below From this 
it appears that when e is k is '464. 

Now with k == '464 I find 

iTi (-11426) - 0464 = if, + 
whence on substitution in (51) 

ifi = - '2674 
ifa = - '3013 
ifa = ~ '3144 
if4=--3997 
if, = - *5002 
Jf, = _ *6136 

and Kt — ~ *72, by extrapolation. 




In making the computations I treated f as zero. 
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With these values for the and with k = *464), 

f=--2632£^2 

But with k = *46, ^=1*20465, and with k = '47j ^=1*21193; whence with 

Jj/ Jii 

k = — ‘464, E = gggig • 

Hence finally f = — *00000205 1 

^af = — 3*26 metres j 

This result shows that the Earth’s surface is 3^ metres below the ellipsoid in 
latitude 45°. 

I have already used this value of f in the evaluation of gravity in 
equation (41) § 7- 

M. Callandreau has not solved his differential equation which corresponds 
with mine, but he concludes that the depression in latitude 45° must be less 
than 5 metres *■. 


§ 10. Hie depci/i'ture from tmie Ellipticity according to 
Professor Wiechert's hypothesis. 

Professor Wiechert"]" has adduced forcible arguments in favour of the 
hypothesis that the Earth consists of an iron nucleus, of approximately 
uniform density, with a superposed layer of rock. He concludes that the 
nucleus must occupy about four-fifths of the radius. Fie considers the 
conditions that both nucleus and surface may be level, and gives valuable 
numerical tables. 


The method of this paper permits us to give the conditions from which 
his tables were computed somewhat more succinctly than he does. I will 
therefore give my results in outline. 

Let p\ p be the densities of the nucleus and of the superficial layer; let 
a', e' or h!,f' define the figure of the nucleus, and a, e or h, f that of the 
surface ; also let p^ be the mean density of the whole. 


It is clear that 


whence 




^ = £ 
P<> po 


(53) 


* “Ann. de PObs. de Paris,” Memoires, t. xix., 1889, p. E. 51. 

t “Ueber die Massenvertheilung im Innern der Erde,” Nachr. K. Gesell. zu Gottingen, 
1896-7, p. 221. 
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The mean density po may be taken as known, but if the values of p and 
of a' J a be assumed, the value of p' can only be rigorously found after the 
determination of h, h'. As a first approximation, very near the truth however, 
we may take h = Itf, so that 

po po V pj w) 

The integrals >So, S 4 , 2^, defined in (10) are only required when 

a = a' at the boundary of the nucleus, and when a = a at the surface. 

When a = 


= p'ar^ (1 - h!) ; (1 + |A') ; ^ p'a'^ (h'^- - %/') 

T, = p(h-h')a + ^h + ^'); = 

Similarly, the integrals corresponding to a — a may be written down, 
be then eliminated by means of (53), it will be found that they are 

= Po<^” ~ 

Si = poa^ 


If p' 


S.i— Pott” 


_ P.) h' (1 - h + ^Ji) a'^ + P-if,(i+ 
A po/ ■ Po 

( 1 - (A'» - in a’' + Qi? - If) a*j 


2’. = 0, 2'. = 0 

The conditions that the surfaces a' and a may be level surfaces are given 
in (13) and (16), with the above values for the /Sf and T integrals. I find 
that a considerable simplification in the expression results from considering 
hil +JA//.), h! {1+^^h') as the unknown quantities instead of simply //. and 
Accordingly I write 

k = h (1 + k' = h' ( 1 + -tf/O 

It may be remarked in passing that k = e~ — f 


<Pi) 


(54) 


Without giving details I may state that the condition (13) leads to the 
two equations 

o* £- + f (i-f) *'(*-*') (f 

TT^o \ po/ 

We might first neglect the small terms on the right, and use the 
approximate value of p' on the left, solve the equations and then proceed 
to a second approximation. The approximate solution 

15&>“ 

k _ k' _ bTTpo 

(2p' + 3p) 0^3 (p, -p) ~~ 5^^ " (5po - 3p) (2p' + 3p) n;-* - 9p (p„ - p) «/*■* 
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is, however, very near the truth, because the small terms on the right not 
only depend on the squares of the ellipticity, hut also involve k — M , which is 
itself much smaller than either k or k'. 


In these equations we have, of course, 


15a>" 

Sirpo 


f m (1 




Now turning to the condition (16), in which it is clearly permissible to 
write k, kf, for h, h\ I find 

-/ (i -^) (“-y =i (i - f) {^-/<^y} 


From this 


/= 


jka^ — k' a'^y 


( 


3 + 2 




€C 


^6 


.(55) 


1 + 2p'lp 


Po ~~ 

If p' were infinite and a zero, but p' a'^ = jubpa^ (1 h), we ought to come 
back on the result for the nucleus of infinitely small dimensions in § 8 ; and 
this is so. 


In one of the cases considered by Professor Wiechert he took p = S'2, 
p' = S‘206, a'/a = 'V80S9, and found the ellipticity of the surface to be 
The case corresponds closely with that of the Earth. He also computed a 
certain function from which my f might be derived. I find, however, by 
computation directly from (55), that^/’= — ’00000175, and \af= — 2’79 metres. 

With Tloche’s hypothesis I found f = — ’00000205, and ^af = — 3’26 metres. 
Thus the two hypotheses lead to nearly the same result. 


§ 11. Solution of the Differential Equation for h. 

I propose to solve the equation (31) with Roche’s hypothesis, and thus 
to estimate the contribution of the terms of the second order to the value 
of h. 


As in § 9, 00 is to be the independent variable. 

The expression for w in (44) is no longer sufficient, but a term of the first 
order must be included in it. 

It was proved in (32) that 


W — Wo 


1 + ^ ^ 


t . 1 


adwQ 

w^da 


d 


Now Wo — p {1 — oe) and a ^ 


2x “ , so that 



and 


( 66 ) 
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When oc is introduced as independent variable in (31), and when the 
equation is divided by 4, the terms of the first order assume the form given 
in the first of (45), Then by aid of (55) the terms of the second order are 
easily determined, and the equation will be found to assume the following 
form : — 

.•»(1 -«)^+ J (7 - 11*) II + -P- J2 = 0l 


where 


P — +• ff- 




V da;) V das/ 


y 


R = f m -+• 2.* ^ 
So> ^ 

4iTrtVo 


.(56) 


In the last of these ni denotes ; this is equal to 


3(5t)- Wo 


Wo 


or 


m 


a: 


Accordingly 


h “ 1 “ 2 i 3 ? 


P= |m (1 — k) 


dk 

doc 


1 


CG 


.(56) 


By means of the series (47 ), (48), and (49) I find 

4134965 


^ (7 100 23890 „ 149084 , , 4 

= Ti' b + + .y: 7 r + 3, . 7, . 11 + f 


, 11.140024 , 

B».7M1 ^ 3«. 5.7M1 


1658730884 „ , ] 


or 


P == JP {| 4- 2*0408.« 4- 2-5796,r'-“ 4- 3-4149irf» + 4*5100;r^ 

4- 5*8738.'r‘’ 4- 7*5248, 4- 9’W 4- . } 

the last term being extrapolated. 

Now we saw in the last section that for the Earth the reciprocal of JSJ was 
358-5. As a fact I have here used the value 361-8, and it does not seem 
worth while to recotnpute on account of this small change in M. 


Then 


P = .E {-006450 4- -005(j41/r 4- ’0071 4- -()09440.^-=* 

4- -012467ic^4- -016237^-® 4- •O2O801.^-« 4- -0261^1:^ + . ..} 
When the fractions in (46) and (49) are expressed in decimals, I find 

h 4- 2.r ^ = 7i' {1 4- -85714ir 4- 1-03175.«‘^ 4- l-22559a!« 

aw 

4-l-42424aj^ 4-l'62469ir'’4- 1’82597^« + 2-028a;^4- ...} 

And 
h 4- 2a; 

— ^ = P { 1 4- 1-857 14.(r 4- 2*88889^- 4- 4-11448.-a?=' 

j[ ^ 

, 4- 5-53872(P 4- 7T6341/K® 4- 8’98938a)« 4- ll’OlOP 4- . ..} 
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This last must be multiplied by §m (1 — k) in order to find R. 

Now m = *00346, k = *464 ; so that the factor is *001236. 

Then 

R=-E {*001236 + •002296« + *003572^ 4- •005087«:=> 

+ *006848, + *008857i»^' + •011114^r« + -OlSGit-^ + . . . | 

Finally 

jp Jp 

Is ‘005214 + *003345ir + ‘003559^®® + ‘004353^* 

+ •005619.«4 + •007380«’’ + •009687^« + •0125^c’ + . . . 

00 

I now assume as before, li = E'hH^x'^ 

0 

so that the differential equation (56) gives 

S [(n^ + f n + -I) - (n- + |n + 1) 11^} = 0 

Jb 

When the coefficients of the successive powers of x are equated to zero 
the first equation is 

- if* = - *005214 

If we assume JI(\— 1, which is clearly permissible, 

^i = f- *001490 

Then from the successive equations I find 

13 

B. = - *001448 

52 

Tf-i = — *001444 

o' . JL .1 

47 

if4= g.r ij --001473 

//, = - *001524 

, o • 1. 1 

„ _ 31918 

3“.5.11.17~ 


Hr 


3’-> 


583552 
5.11 .17.19 


*001698 


The first part of each of these coefficients is the corresponding coefficient 
in the first approximation, given in (46). If, therefore, we denote by Bh the 
correction to be applied to the first approximation as arising from the terms 
of the second order, we have 

Sh ^-E {•00149« 4 •00145«2 + *00144;^/ + ■00147«*^ + ■00152af^ 

+ *00159a.f + '001 70iZ" + . . . | 
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By an empirical summation of this series, we may assert that a firir 
approximation to the result is given by 

Bh = - *0016 

1 —x 

But I- _ = 1 , so that the correction becomes 

1 — X Wo 

Bh = - -00225^5^ 

\ wj 

or since is about 

Bh = - -0000062 f 1 - 

\ Wo/ 

The superficial value of h corresponding to e = is *003349, and 

= _ -0019 ( 1 - — ) 

k \ wj 

It is, however, better to look at this correction from another point of view. 
If Ao denotes li as derived from the first approximation, we have, by means of 
the empirical solution, 

h = K - -0015 

1 — m 


so that 


dh dh^ 

X ■ = a: -V 

dx ax 


•0015 




(1 - •*)“ 

We have seen in § 9 t.hat. k in Roche’s hypothesis is derived from the 
equation 

It now appears that, when terms of the second order are included in the 
differential e<piation for k, the left-hand side of this equation becomes 

2 - *0015 


*0015 


1 — k 


Now I found that when k = *464, X.dl„k”' = 1*20756, = *33666. 

Therefore 

k*' — *001 5 = A k’*- ( I ^ 

(I — k)-* \ 33666 {'oSby/ 

= 2n^„,k''Kl - -00720) 

V 3 k« — -001 5 -- = k’‘ f 1 ~ ^ 

1-k 120756*536/ 

= 2il«k»‘ (1 - *00108) 
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Since ^ 


•00720 

•00108 


= 1 _ 


*00612 == *99388, it follows that the left-hand side 


of the equation for k is 


■994 




The principal effect of the terms of the second order will therefore be 
slightly to alter the value of k which satisfies the observed conditions. In 
every hypothesis as to the internal density there is some parameter derivable 
from observation, and a similar investigation would show that its value is but 
slightly affected by the terms of the second order. It is clear, then, that 
there is not much to be gained by pursuing this investigation further. 


§ 12. The Moments of Inertia,, the Processional Constant, and the 

ElUpticity of the Earth. 

It was shown in (6) of § 1 that 

ra 

G = j^^7r 'wd[a'>(l~e + ff)] 

J 0 

If the terms of the second order be omitted we may drop /and replace e 
by h. Also to the first order 8^ = wd {alt) ; and by (35) 

J (I 

a® [h — -l-m] 

Hence 0 = §7r J wa'^da — f JMa® (h — -l-m) 

It was shown in (32) that 

ra ra dh 

so that Ufa*da= tOoa^da + l a’^dwo + h a« dw. 

Jo J 0 ‘‘Jo *’ J 0 da 

If the middle terra in this expression be integrated by parts we have a 

term — f / w^a^da, which will fuse with the first term. Therefore 

J 0 

(jh 

J wtPda = ■l-WoU'’ — ^ J w^a'^da a® dwo 


dnu^ , 1 ..o dh div^ 




da da 


and 


0 = -l7rWoa® 


2 

WoU^Jo 


w^a^da -h 


dh 


1 f u/zt- , 

/ a® J- dwo 

3woa®7f> da 


|-Ma®(h — ^ni) 
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But to the order of approximation hei’e adopted 

§ TTWu a® = I Ma'-^ (1 + h ) 


Therefore 


0 = fMa--“ 


2 (1 + h) n*- ^ . I 

tUotraa + ^ | a® 

•w„a® 3woa®Jo 


dh , 

^dw,+ im 


] 


We now make use of M. Radau’s transformation. It was proved in (34), 
§ 5, that 

ra 

Wo a® \/(l + Vi) = ^ (1 + A,) I 

J 0 

where 1 + \ is a mean value of a certain function. 

Therefore - 

Woa® j 0 

£ "* a ‘dS - srO 

But h satisfies the differential equation 

+ 6 -- (> f I — ^ — 0 

daP Wo ada V ' WoJ ct- ~ 


^da 


w,a'da. .|<^ 

1 Hh X 


and 


da 


3 

a 


(wo - w) 


Therefore 


//"“ (®“" & + &) s) 


/ 'll' r 

(Wo — tv) IhoPda — 2 a" 
0 J 0 


Therefore 


/ a rii, 

(t® “ dwo = — Woa”hi 7 , + J (wo — 'i<^) ha* da 


Now let 


— ft- (1 + h) \/(l q- 7 ) 1 ) - 


X 


I + X 


.(57) 


and we have 


2 

Ay = — -^h??! + f ('Wo — w) ha* da 

Wo a’^ J 0 

A = Ai + Ajj 

G = f Ma= [1 - I (1 + h) v'(l + 1 ?,) + 4m + A] (67) 


The only part of the expression for G which involves the law of internal 
density is A, and we shall see that A is very small compared with unity. 
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M. Callandreau has established a formula for C with which, as far as 
I can make out, mine agrees*. 

It is clear that the two parts of A originate in quite different ways, Aj 
depending on the equation for the internal ellipticity, and As depending on 
the terms of the second order. 


It is first necessary to evaluate \ from the equation 


1 q- X 


■^WoU® ^(1 + Vi) 


f ^0 

J 0 


.(58) 




where 1+Vi = | ^ “ -V-^» “ ft 

It is not hard to obtain a close approximation to X when Laplace’s 
hypothesis as to the density is adopted, but that hypothesis is not so tractable 
as Roche’s, and I therefore adopt the latter. 

According to Roche 

■Wo — p{l ~ x), where x = k 

k .j 

(1 — a?) x'^dx 

) 

= Ip'a? (1 — |k) 

Accordingly 1+ X = j \/(H- Vi) 

Since Wo = p(l”k), and with close approximation, w=/:>(l— §k), we 
have p = (fwo — |w), k = very nearly. Hence we may also write 


Therefore 


/' 

J 0 




yCi^da 


I 

" k^ 





Therefore 


.1 q* X 


^/(l. -f 77 j) 


~ 5 (-^ d- h) [V(i q“ Vi) 


1 q- (1 — w/w„) 
1 


t 


7 


W/Wo)] 


.(60) 


* Bulletin Astronomigue, Vol. xiv., 1897, p. 217. 

t The approximation here conaiats in neglecting the variation of ellipticity in evaluating the 
density lo from the mean density u’o. In Laplace’s hypothesis - sin . If we neglect the 

CL K 

variation of ellipticity in determining the mean density Wo from the density w, it will be found 
that 


1 -i-\: 


Iff p 


1 — VV/Wo 


Q, W() 

bmce ^ I 1 “ “ ®ot “ ) » ai«'y be regarded as a function of wo/w, and X is seen to be a 
function of wo/w and of rji, as in the text. 
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It is now required to evaluate 




I write the series (46) and then 
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We are now in a position to give the formula for the Precessional 

Constant . 

G 

It appears from (9). (10), (35), and (36) that 

^ -d. = ,y]Ma’" |]h 4’^ “h T’h'* + -^mh + ^m^] (61) 

So that, dividing (61) by (57), 

C— A. h — 4- 4- -f Hih 4- f m*-^ 


where 


C 

1 +7Jl 


1 '§■(14“ h) \/(JL 4- Tjj) 4“ -g-ni 4~ ^ 


h 


1 4- ^y^h 4y^m 


76 




.(62) 


T3: 


"VVe have reason to believe that the term A may be allowed for by first 
treating it as zero, and afterwards multiplying the result by -9997. 

The Precessional Constant is known with a high degree of accuracy, and 
I cannot but think that this investigation shows that it may be used for 
determining the actual ellipticity of the Earth’s surface with perhaps as little 
error as by any other method. The uncertainty is, indeed, of a different kind, 
being dependent on our ignorance of the interior of the Earth. I reduce the 
formula (62) to niunbers in the following manner. I assume a definite value 
for the ellipticity, namely Co = = '00334448. Then, with f = — '00000206, 

h„ is computed and found to be '00332480. I take also m = -0034672. 

Now let iVo, i>„ be the numerator and denominator of (62), with these 
values of h, m, and with A pub equal to zero. Then, if iV' = iV; 4- SM, 
D = Do 4- SD, h = ho 4- 3h be the true values of those quantities, it is clear 
that 

iV = iV; 4- (1 4- 4- f m) 6h 

J) = JJ., - I V(1 + V.) Sh + i (l - H Sh 

From thes(i we may compute BJf and SD. 

I find then, iV'o = '00161608, N = iVo (1 4- 624'4 Sh) 

Do = '4991436, D = Do (1 4- 248'0 Sh) 

'Then .i^o/Do = '00323771, and since the denominator should be augmented 
by 1'0003, it follows that the corrected value of iV”o/Do == *00323674, and 

= 00323674 (1 4- 376'4 Sh) 

The most generally accepted value of the precessional constant is '003272, 
and this exceeds our corrected i7o/Do by -00003526. Therefore 

-00003526 


Sh 


37 6 *0032366 


•00002895 


I), in. 


8 
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But ho was ‘00332480, so that h = *0033537. If ffh^ + be added to h, 
we obtain e ; the result is 

1 


e = *0033734 


296*4 


* 


Do 


I have, in fact, repeated the computation with this value of e, and find 
*003273, which only differs from the Processional Constant by unity in 


the sixth place of decimals. Oppolzerf adopts the value *003261 for the 
Processional Constant, and this leads to 297 ^ value of the ellipticity. 


Dr Wiechert has considered the hypothesis that the Earth consists of an 
iron nucleus with a superstratum of rock. With the Precessional Constant 

at *003272 it may be concluded from his table that the ellipticity is 9 ^^* 


These results, then, point to an ellipticity between and and they 
agree well with the results of all the methods of determining the ellipticity 
except that of the pendulum. Dr Helmert’sJ result from the pendulum is 

2 9 9* 26^+ 1*26 ’ certainly slightly smaller than the value found here. 


In the paper above referred to M. Callandreau has used the Precessional 
Constant for evaluating the ellipticity of the Earth, which he finds to be 


1 

297*4 ■ 


The agreement of my work with his is thus very satisfactory. 


* As it is desirable that the ellipticity of the earth should be evaluated with all the accuracy 
possible, it may be well to advert to the augmentation of ellipticity which is due to the direct 
actions of the Moon and the Sun. 


The tide-generating potential of each of these bodies contains a term which is independent of 
the time, and to which there must correspond a permanent tide. 

If i be the obliquity of the ecliptic ; and m, c, cq the mass, mean distance and eccentricity of 
orbit for the Moon; while m', c', eo represent the same for the Sun; the tide-generating potential 
contains the term. 





sin2 i) (-^ - cos*-^ d) 


This is equal to 


fill 

(1-46035) f - (1 - I sin2 i - cos^ 9) 


The ellipticity of the Earth which corresponds with this term is 

3m 


(1-46035) 


4M 




■ ij- sin^ i -f- 


-00000004708 


1 - -|w/Wo 1 - f w/Wq 

If we take wo/w=2-l, the ellipticity is -00000006588. The meaning of this is that the Earth’s 
surface is 28 cm. lower at the poles, and 14 cm. higher at the equator, than would be the case if 
the Sun and the Moon were obliterated. This term may therefore be safely omitted, 
t Helmert, Hohere Geodasie, Vol. ii., p. 437. 

X Ib., Vol. II., p. 241. 
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Summary and Discussion. 

The space in the neighbourhood of an oblate ellipsoid of revolution may 
be divided into three regions by two spheres touching it internally and 
externally. It is clearly possible to express the potential of such a solid 
homogeneous ellipsoid by series of spherical harmonics which are convei*gent 
both inside the smaller sphere and outside the larger one, but for the space 
between them the convergency is uncertain. In the treatment of the 
attractions of spheroids by means of spherical harmonics, it is usual to assume 
the ellipticity to be small, so that the region of possible divergency becomes 
negligible. 

But this method is no longer certainly justifiable when we seek to carry 
the development as far as the squares of small quantities, and proof is needed 
of the applicability of the series within the middle region of space. If, 
having found our two series expressive of the potential for internal and for 
external space respectively, we determine the form of the surface inside the 
middle region at which these two potentials are continxious as far as the 
second order of small quantities, we find that the surface in question is that 
of the ellipsoid itself. The two series then form a continuous function at the 
surface of the ellipsoid, and they obviously satisfy the differential equation of 
the potential both inside and outside the ellipsoid. It follows that although 
the series were determined by a process which is open to doubt as respects 
the middle region, they lead to results which are trustworthy as far as the 
second order of small quantities. 

There is, however, another method of finding the potential of the ellipsoid, 
by which the difficulty as to convergency is avoided. It is well known that 
the potential of a solid ellipsoid is expressible in a series of spherical har- 
monics, and that the series is convergent up to the surface, at least for all 
ellipsoids with eccentricity less than Also there is a rigorous expression 
in finite terms for the internal potential, involving only the second harmonic. 
If only the second power of the ellipticity be retained, these two expressions 
are found to be identical with those derived from integration, and the 
question of convergency is settled. 

If an oblate ellipsoid of revolution be slightly distorted in any way, the 
deformation being of the order of the square of the ellipticity, the additional 
terms in the potential may obviously be expressed by the ordinary formulas 
of spherical harmonic analysis. 

In the theory of the Earth’s figure it is unnecessary to contemplate the 
existence of any other departure from true ellipticity than one expressible by 
a zonal harmonic of the fourth order. Three parameters are needed to 
express the surface of such a spheroid. If a and b denote the equatorial and 
polar radii, the first parameter is a the equatorial radius ; the second is the 

8—2 
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ellipticity e defined as being equal to — and it seems convenient to 

take as the third a quantity proportional to the elevation of the surface of 
the spheroid above that of the true ellipsoid in latitude 4*5 If the third 
parameter be denoted by /, the elevation in question is \af. 

I have found, hovs^ever, that there is a gain in simplicity by displacing the 
ellipticity e from its position as the second parameter, and by substituting for 
it a parameter A, which is defined by 

A = e ■— ff e® — -f/ 

To the first order of small quantities it is clearly immaterial whether A or 
e be used, but the advantage of the change is found to arise when <piantitioH 
of the second order are retained in the developments. 

When the external and internal potentials of a hoinogonec)us spheroid 
defined by a, A,y are known, it is easy to express by means of integrals the 
potential of a heterogeneous body built up by a succession of layers, e«ich of 
which has its external and internal surfaces defined as a spheroid of the kind 
under consideration. When the object in view is the study of tht^ figure of 
a planet, the potential corresponding to a uniform angufar velocity must 
of course be added. The processes explained here arc carried out in 


It is generally assumed that the matter of which the Karth i.s fi.nnod ia 

“it m^f b: 

In § 2 the condition of hydrostatic equilibrium is detcu’inined It is 

“:r.rrr"‘- 

=fr L 

of A for e is now apparent for advantage dui! to the Hiibat.itntion 

These two equation involve int ^*^7* i7idei.o7i(h!nt. of f. 

a^d we obtain two diff“lntlll ■" r u >'y intog'-ation, 

the equation forTdotrttX/1^3^^^^ 

for ae*^mptidt7 to™nf tVthe nation 

qnLtities of the secLd ZrT " 

better than when only the terms of thTfirorder ^"roWd;”'^''" "™” 

experiments do not apptt “ . K T"”' 

P y t to be sufiiciently numerous or consistent, 
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inter se, to render a revision of the value of the ellipticity of the Earth’s 
surface practicable by aid of this more accurate formula for gravity. 

The rates of change of h and of /"at the earth’s surface are determined in 
§ 7. As a preliminary to the evaluation of the departure of the Earth’s 
figure from true ellipticity, I then consider the figure of a homogeneous mass 
of fluid with a small heavy nucleus at its centre (§ 8). The departure is 
found to be greatest when the nucleus contributes '457, and the fluid *543 of 
the whole mass. For such a planet, with the same mean density! size, and 
length of day as the Earth, it is found that the surface is 8'8 metres below 
the true ellipsoid in latitude 45“. In the actual Earth the departure will 
certainly be less than this maximum. 

The evaluation of f for a heterogeneous planet is only possible when the 
law of internal density is known. I have, then, adopted Roche’s hypothesis, 
according to which the mean density of all the matter lying inside any surface 
of equal density is less than the central density by an amount which varies as 
the square of the equatorial radius of that surface. In the notation of the 
paper the law is expressed byzoo=p [1 — k (aj-aif]. It is found in § 9, by some 
rather tedious analysis and computation, that the surface is depressed in 
latitude 45° by 3|- metres. 

Dr Wiechert has maintained that the Earth probably consists of an iron 
nucleus with a rocky superstratum. His theory leads to the conclusion that 
the depression in latitude 45° amounts to 2'76 metres (§ 10). The close 
agreement between the results of such diverse hypotheses as those of Roche 
and of Wiechert appears to justify us in maintaining with confidence that the 
level surface is depressed below the true ellipsoid by 3 metres in latitude 45°. 

A solution of the differential equation for in § 11 does not lead to 
results of much general interest, and I refer the reader to that section for 
details. 

It has been stated in the Introduction that M. Callandreau has treated 
these problems by methods which differ somewhat from mine. He has con- 
cluded, but without definitely solving the differential equation, that the 
depression in latitude 45° must be less than 5 metres. 

In § 12 formulm are found for the moment of inertia of the Earth about 
its axis of rotation, and thence for the Precessional Constant. Similar 
formula} have been found by M. Callandreau in the papers referred to above, 
but I think that my formulae are somewhat more succinct and tractable 
than his. 

In the various theories of the figure of the Earth which have been 
propounded up to recent times, the value of the Precessional Constant has 
always been appealed to as the test whereby the correctness of the hypothesis 
as to internal density may be tried. But it appears from M. Radau’s remark- 
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able investigation that the Earth's moment of inertia about the axis of 
rotation is in reality nearly independent of the law of internal density ; and 
the difference between the greatest and least moments of inertia depends 
rigorously on superficial data. Accordingly, the value of the Precessional 
Constant may be inferred with a considerable degree of accuracy from the 
form of the surface, and it affords evidence of little weight as to the law of 
internal density. But although from this point of view the comparison of 
this constant with theory becomes almost nugatory, yet the very result which 
shows its uselessness in one respect points out its utility in another, for we 
may now appeal to it as affording the means for an independent evaluation of 
the eilipticity of the Earth’s surface. 

In § 12 an estimate is made of the amount by which the moment of 
inertia of the earth is affected by the law of internal density. A formula la 
found for the moment of inertia, which consists of the sum of two parts, the^ 
first being dependent only on superficial data, and the second on the law of 
internal density. Erom the numerical table of results given in that section 
it appears that if the moment of inertia G be computed as though the second 
part were non-existent, it must be multiplied by the factor l.*000S in order 
to take into account the neglected portion. Since the moment of inertia C 
occurs in the denominator of the Precessional Constant, it is obvious thjit the 
uncorrected value should be multiplied by ■9997. Proceeding from these, 
results and from the value of the constant, it appears that the eilipticity of 
the Earth’s surface must be about M. Callandreau has arrived also at 

the same conclusion, and it is confirmed by Dr Wiechert, although his 
suggested law of internal density differs very widely from that adopttid by 
other investigators. This estimate of the eilipticity agrees well with that 
derived from all the other methods, except that of the pendulum, from which 
it is concluded that the eilipticity is about It may be hoped that the 

various results may be brought into closer agreement with one another when 
the great mass of pendulum results now accumulated has been reduced. 

It has been contended by Tisserand that the eilipticity of the Earth’s 
surface is greater than any value which it is possible to reconcile with the 
existence of internal hydrostatic equilibrium ; and with the values of the 
constants used by him, this is certainly so. But it seems to me that when 
the terms of the second order are included, and when more recent data are 
employed, there is but little evidence in favour of this conclu.sion. If 
Tisserand were correct, it would indicate that the internal layers of the earth 
are more elliptic than is consistent with the present angular velocity of 
rotation. On the other hand. Dr Wiechert seeks to show that his iron 
nucleus is deficient in eilipticity. His argument does not, however, carry 
conviction to my mind, as the data seem to be too uncertain for any such 
conclusion. It is, I think, preferable to maintain that nothing can, as yet, be 
decided on this point. 



120 


THE POTENTIAL OF AN ELLIPSOID. 


;8 


Then if we put 


and 


=! ~f~u, = 6^ + u, G~ — C“ + u 

r“ du 

^Jo 




■ 0 ) 


it is known* that the potential of the ellipsoid at an internal point u , j/, is 
given by 


V = TTCcbc 


+ 




a da b db c dc 
Now let us introduce a new notation, and let 

^ .M 


/a= - 6”- , , 

— a cos y, K — ^ / ^2 ^2 , and k 




Let an auxiliary angle /S he defined by 

sin yS = /c sin y 

Then & = a ^/(l — A:^sin^7) = acos /S 

ATI. A « ^ Ob- — & „ sin^ 7 

Also let A^—u-\-a^ = —^-k — a- 

sin^ ^ sin^ b 


whence 


TV, T „ Ob^ sin® 7 /T o • „ /i\ 

+ 6 ® = — =— (1 ~ « sm® 6) 

Qiri3 H ^ 


C^=^u+ c® = 


sin® 0 

a® sin® 7 „ ^ 

a " cos® 0 

sin® 0 


and 

Thus 


, 2 a®sxn '7 

WU = -■ - -- A cos ffct0 

sin-’ 0 


7 o • , fycos 0 o o • o f"'' COS7 , 

du = 2a.- sin® 7 / - - ■ d 0 — 2 a- sin- 7 / ~ f/7 

0 jo sm» (? ^ j 0 sm-' 7 j 

Lastly, let A = \/(l — /c® sin® 7) 

and in accordance with the usual notation for elliptic integrals let 

'"/;$■ -/>* 

Then we have the following transformations : — 

_ r“ du 2 

j 0 


>Jr 


A..BC' a sin 7 


F 


0^ _ 

r 

du 

2 

fy sin® 7 

a 0a . 

1 0 

A^B G a.® 

sin® yj 

L A ' 

0^ 

r 

du 

2 

fy sin® 7 

bdb 

' 0 

AB^C a® 

sin® 7j 

'0 A® ' 

0T^ _ 

r 

du 

2 

ry tan® 7 

c dc 

1 0 

ABG^ ~~ ^ 

sin® 7. 

lo A 


(F - E) 

a® a:® sin ' 7 


.( 2 ) 


0 * 1 ) 




,.((>) 


^7 


* Thomson and Tait’s NaturalPhilosophy (1883), § 494, 1. The form in which the formula 
IS here given is slightly different from that in ( 8 ), ( 11 ), (15) of §§ 494 , k, 1. 
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It remains to reduce the last two of (6) to elliptic integrals. 

The following are known transformations in the theory of elliptic in- 
tegrals, viz. : — 


’’y dy 


/o K 

fy tan^ y 

1 „—^- 

T-T [y sin^ 7 , 1 /'■y 1 — A“ , 

Hence — r-:— ay = — r., — dy 

Jo A-* ^ /c"jo ' 

In the present case A = cos j 3 . 

Thus (8) and (9) enable us to complete the required transformation of (6) 
to elliptic integrals. 

Substituting from (6) (8) (9) in the expression 

f\Tr . 

[ a da h dh c dc) 


E 


/£“ Sin 7 cos 7 
“ «"'“A ■ 

A tan 7 1 „ 


1 

<7 /•■> 
K^K~ 


sm 7 cos 7 


F. 


■O') 

.( 8 ) 

.(9) 


V 




where 
we have 

V-r-fm = 


2 


a sin 7 


F + 


m — ^ TTobc ~ |7ra* cos /3 cos y 
2 


cr* sm'‘ 7 


x-‘ 


(E 


IV) 4. /Bin 7 cos 7 . F 


E 




fC 


+ ~ (E — tan 7 cos /9)J (1^^) 


Now suppose the ellipsoid to be rotating about the axis of a with an 
angular velocity co, and let us choo.se the axes a, a cos /9, a cos y, and the 
angular velocity co, so that the surface may be a surface of equilibrium. 

For this purpose V 4- ^ce>“ {a;- + jf) = constant, must be identical with 


ar 


+ 






Z“ 


1 


a? o? cos“ /3 (j(? cos'-* y 

In (10) we have V in the form 

V = Lx^ + My'^ -h iV^'^ + P (11) 

whence a'-* (X H- ^ co'^) = (itT -f- <»“) cos'-^ /3 = cos^ 7 

Hence JL — M + N cos“ 7 tan^ J 3 == 0 ^ 

== J}f COS“ y — L 

or ^co‘^ sin*-* ^ — M cos^ J 3 — L 

There are two kinds of solutions of these equations (12). 

First, since 


.( 12 ) 


L = wbo 

M — 'irao 


da 

9'F 


27r 


27r 


cos /3 cos 7 [y 


sm’ 7 


f 


cos ^ cos y (y sin'-* 7 


sin-‘ 7 

it is obvious that L— M vanishes when a: = 0. 




A» 


dy 


.( 13 ) 
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And since when k vanishes, /9 also vanishes, the equation 

L — M N cos® 7 tan® ^ = 0 
is satisfied by a: = 0, /9 = 0 

That is to say there is a solution of the problem which makes a — h. 
Thus there is a solution which gives us an ellipsoid of revolution. 
When a; = 0, we have also /? = 0, A = 1, and 


27r cos 7 • o j cos 7 


Jo ®i“"'yc^7 = ^^£^(sin7Cos7~7) 


sim 7 

,, 27r cos 7 „ 7 TT cos 7 „ . 

jy = — . — / tan® 7^7 = — r-;; — (27 — 2 tan 7) 

sin'^7 Jo ' sin^7 ^ ^ 

Therefore 

o)® = i\r cos® 7 — A 


TT 


tan^7 

'TT 

tan® 7 


[27 — 2 tan 7 — (1 + tan® 7) (sin 7 cos 7 ■— 7)] 
[7 (3 + tan® 7) — 3 tan 7] 




and the eccentricity of the ellipsoid of revolution is sin 7. 

To find the other solution when k is not zero, we have by (‘.omjiarison 
between (10) and (11), 


/c® sin® 7 


27r cos /3 cos 7 

/.2 QTr\5^ 


E-F 


M ^ sin® 7 __ /c® sin 7 cos 7 ^ 

27r cos /3 cos 7 ~ /c'® cos 


E 


tc 


N . 


^TT COS /3 COS 7 /c'® 

Hence the first of (12) gives 
E 


«® sin® 7 -n 

— = — (E — tan 7 cos j 3 ) 


.(15) 


or 


- (2F - E)+ tan* ^ cos* -y (E - tan ,, cos = o 

/C " cos /3 


E 


[1 + {k tan 0 cos 7)*] - (2P - E) - tan 0 cos 7 (1 + sin* /9) = 0 . ..(] (>) 

In order to adapt this for computation, we may introduce the auxiliary 
angles defined by 

tan K tan yS cos 7, tan 3 = sin /3 (17 ) 

and the equation becomes 

^ sec* f- (2F - E) - tan f = 0 ( IH) 

giv^ «th„ work which 
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The second of (12) gives 
K- sin^ 7 

cos ^ cos 7 “ Z> T (E - tan 7 oos 0 ) - (E - F) 

..Q TT 

whence 


co- 


6t)“ 

47r 


____ ^ F — E ^COS“ 7 cos cos 7 

47r cos /3 cos 7 “ a: 2 sin^ 7 /c'® si 11^ 7" 

= cot /S cosec ^ cot 7 (F - E) H- cot« 7 cos /3 ..(19) 

AS ** /C 


Some of the subsequent computations were, however, actually made from 
a formula deduced from the third of (12), which leads to 


ft) 


VJU — 

= cot ^ cot 7 cosec=' >3 (1 + cos“ /3) (F - E) - cot» /3 cot 7 cosec /3E 

/C 

cot“ /3 cot'-“ 7 


+ 


a: 


/2 


...( 20 ) 


By subtracting (20) from (19) we can deduce (16) ; hence it follows that 
(19) and (20) lead to identical results. Most of the subsequent results were 
computed from both (19) and (20), thus veritying the solution of (18). 

[Since the date at which this paper was written I have, however, obtained 
a much better form for the expression for &>®, as follows 

If we retain the partial differentials of in the expression for V, it is 
clear that 

V + Ift)'-* (.'r“ 4- ;y“) = conatant 
is another form of the equation 


Hence 


7“ £'•» 




'‘ZmibcJ 


bdh 27 rabc) ^ cdc 


These two equations may be written in the forms 


ft)* 


- (c 





da) 

b-) d^l'' 


a^F 

0 00 

bdb ' 

adci 


,.(21) 


If the differentials of be expressed as integrals by means of (6), we 

ft)- cos /3 cos yffy ain*-* 7 ^ .. 7 , 

i. A <0- cos-7 ^ Li7 


47r 


siir' 7 


«.n-7Coa>7| 

J 0 ^ 


p tan- 7 

But for the present I retain the differentials of T' as in (21). 


.( 22 ) 
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Since V is the potential of an ellipsoid of unit density V^V= — 47 r. 


Hence 


^ ^ — ?_ 

ada ~ bdb cdo oho 


(23) 


Also since ^ is a homogeneous function of degree — 1 in a, 6 , c 


0 ^ , 0 “^^ 0 ^ 

a, — I- ^ 4- c 

oa ob dc 


_ 


.(24) 


We may now eliminate the differentials of ^ from the four equations 
(21), (23), (24) hy means of a determinant or otherwise. 

The result of the elimination is 


O)^ 

27r 



(27) 


Introducing the notation involving the angles <y and / 3 , and expressing 'T' 
in terms of the elliptic integral F, we have 

cos jS cos 7 ^ 3 

sin 7 1 + sec^ 0 + sec- 7 


Ct>“ 

47r 


1 + COS® /3 — 


6 


.(28) 


1 4 - sec® J3 + sec® 7 

This formula is much better than those given in (19) and (20) from which 
I computed the results given hereafter. 


The formuljB (18) and (19) are suitable for finding the solution, except 
when K is small or sin~^ k is nearly 90°, when the elliptic integrals are 
awkward to use. I shall therefore find approximate forms for these cases*. 

The formula (28) will always enable us to compute co when k has been 
determined, and therefore it is only the determination of k which need be 
considered. In both the cases, namely where k is small and where it is 
nearly equal to unity, I proceed from the second of equations (22). 

First when k is small : — 


For the sake of brevity I write 

p = cos 7 , g = sin 7 

It is obvious that 1/A and 1/A“ may be expanded in powers of k, so that 


A 

1 

A» 


1 + 


^ [This portion of the paper has been rewritten and improved,] 
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When these expressions are introduced into the second of (22) we have 
two kinds of definite integrals which may be evaluafced as follows : 

fo p + /J 

fy o2n fyUn-l ry 

io 7 _ (2„ _ 1) ^ 

Now noting that cos'-* /S = 1 we have the means of obtaining 

approximate values of both sides of (22). I find in this way that the equation 
for determining /c is as follows : — 


lO^'** +3 ^ (3 -f 8p‘^q‘^) 4 - /c^ [— 2g^ 4- ~ (^i + 3q^ — bg'"*)] 


pq 


+ «4 [-_ I _ ^5 ^4 + ^^^5 ^ _ £ (5|| + + . . . = 0 . . .(29) 

If K be zero we have 


ry = (3 + lOq ^) ^ sin y cos -^3 -t^lO sin^ y) 

3 + 3 H- 8 sin“ y cos“ y 

This may also be written in the form 

_ sin 27 — ^5^ cos 47 
^ i — I cos 47 

when it becomes more convenient for solution by trial and error. 

The solution is 7 = 54'’ 21' 27" 

If we write tan 7 =/ as in Thomson and Tait’s Naf,ural Philosophy, 
§ 778', this equation becomes 

tan~*^ /'_ 1 4- 

f ' 

which is the equation (9), ^ 778' of that work. 

The ellipsoid of revolution of which the eccentricity is sin 54“ 21' 27" 
belongs to the revolutional series of figures of equilibrium, and is the starting- 
point of the Jacobian series of figures. As shown by Lord Kelvin, it is the 
flattest revolutional figure which is dynamically stable. The Jacobian figures 
of equilibrium are initially stable, and as stated by M. Poincard*, there is for 
this value of 7 a crossing point of the two series, and an exchange of 
stabilities. 


When K is small the result must be computed from (29), but as k increases 
with great rapidity as 7 increases, it would be necessary to take in higher 
powers of k than the fourth to obtain accurate results when 7 exceeds 
54° 21' 27" by more than a degree. 


* Acta MatJiem., 7 (1886). 
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When 7 only exceeds 64° 21' 27" (or say S) by a few minutes of arc, it is 
easy to prove that 

y _ S — ^ gjjj g QQg g 

Whence «« = lO-^^eesai gj^ (y - 54° 21' 27") 

These approximate formulse have been used to confirm the results to be given 
hereafter for the early values in the table, where the use of the elliptic 
integrals became troublesome. 

We now turn to the second case where the elliptic integrals again become 
troublesome to use, namely where k is nearly unity and sin~* /c is nearly 90°. 
It happens that in these cases /c'^tan^y is a moderately small fraction and 
since 

A® = 1 — Ac^ sin^ 7 = cos“ y (1 + tan“ y) 
it is possible to develope 1/A and 1/A^ in powers of /c'tan y. 

In § 11 of the last paper in the present volume it became necessary to 
develope the integrals with which we are now concerned in this way. 


XXi 


UJLACDU 




/c cos^ ^ fy sin'-^ y , 

Jo 


sin^y 


a - r si2 d-y A * = * r dr, 

A sin’ y Jo A ^ 


The equations (22) for determining Jacobi’s ellipsoid and the angular 
velocity may be written in this new notation, as follows : — 

— AJ — (cos‘^ y + k'^ sin® y) (^i — AJ) = 0 


47r 


cos /3 cot y 

K 


(a.-A.>) 


Now when k is nearly unity and «' tan y small we have 

/2 

~ — {<^0— CTiK- -f — . . ,) 

sm y 

_ AJ = (to - Ti/c'® + - ...) 

where the cr’s and t’s are certain functions of y defined in (38) of the paper 
referred to. 


Hence we find 


/r'® (cTo 4- Ti cos® y — To sin® y) = Tq cos® y ■{- k* cos® y — Ti sin® y) \ 


CO® _ cos /S cos y 
47r sin® y 


— k'^ (cr^ + T;s cos® y — To sin® y). . . 
— TxK^ 4- 


...(30) 


From the first of these it is easy to find /c'® for a given value of y by 
successive approximation, and then either from the second we find co®/47r, or 
else we may use equation (28) of the present paper. 
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The entries corresponding to 7 = 80° and 85° in the table given below 
have been recomputed in this way for the present volume. 

We shall return later to equation (30) which will ajfford the value of 
for very long ellipsoids,] 

Besides the angular velocity and the axes of the ellipsoid, the other 
important functions are the moment of momentum, the kinetic energy of 
rotation, and the intrinsic energy of the mass. In order to express these 
numerically we must adopt a unit of length, and it will be convenient to 
take a, where 

a® = abc — a® cos /3 cos 7 

Thus = a (sec /9 sec 7 )'^ 

Let O' be the density of the fluid which has hitherto been treated as unity, 

and let (iTro-y^a®^, (-| 7 ro-)®a'’e be the moment of momentum and kinetic 
energy, then 

(jj 7ro-)“SxV = /, 

Thus jm — I \/3 (sec /3 sec 7 )'^ (1 + cos" jS) • (31) 

The function (31) is the quantity which will be tabulated. 

Again (| ttot)® a® e = •!■ (^ttct)- a® yu-co = I- V3 (-«| 7 rcr)“ a® /r 

so that € = (*^ 2 ) 

The function (32) is the quantity which will be tabulated. 

Thus in the tables the unit of moment of momentum is taken as 
(f7ro-)-a®, or m-a^, and the unit of energy as (|7rcr)® a® or mYa. 

It remains to evaluate the intrinsic energy, or the energy required to 
expand the ellipsoid against its own gravitation, into a condition of infinite 
dispersion. 

If dt be an element of volume, then this energy is 

integrated throughout the ellipsoid. 

This will be denoted by (| 7 r<r)‘- a® (vJ — 1 ), or m®a““‘ (^— 1), so that i will be 
positive. 

Now V = Lx- + My- + Nz'^ + P, and if we denote by A, B, C, the principal 
moments of inertia of the ellipsoid, we have 


o 1 f <V)^ 

m (a® + 6 ®) o) = -jY,- 7 r(ra® (sec ^ sec 7 )-* (1 + cos® ^) ( 47 ro')- ( 
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and similarly. 
Also 


jjjy^crdt==^mb% JJj's^<rdt=^ 

JfJcrd( = m 


mc^ 


Hence 


a 


— 1) = \_Lcb^ + d" 6JPJ 


= -^ma? (sec /3 sec 7)® \^L + M cos" ^ + N cos^ 7 + 5 Pa~“] 
But if we take the values of L, M, N given in ( 15 ), and note that 

2 


P = ird^ cos /3 cos 7 . 


it easily follows that 


a sm 7 


F 


Hence 


a 


P 4- J^T cos^ ^ + N cos^ 7 + Pa~^ = 0 
(i _ 1) = _ (sec yS sec 7)^ . Pa~ 


= — ^m-d? (sec /3 sec 7)^ . f . 


a sin 7 


F 


_ m? (cos /3 cos 7)'^ 

~ ^ a sin 7 


. J- 


Therefore 


. ( 33 ) 


i = 

® sin 7 

For a sphere 7 becomes infinitely small, and F becomes equal to 7, so that 
F/sin7 = l. Thus f— 1= — §. Therefore the exhaustion of energy of a 
sphere of radius a is f w“/a ; which is the known result. F or an ellipsoid of 
revolution /c = 0 , and ^ = 0, and F = 7 ; so that 


i — 1 — ^7 


cos-^ 7 
sin 7 


The function ( 33 ) is the quantity tabulated below. It seemed preferable 
to tabulate a positive quantity, and it is on this account that the intrinsic 
energy corresponding to the infinitely long ellipsoid is entered as unity. 

Having now obtained all the necessary formulae, we may proceed to 
consider the solution of the problem. 

We have to solve 


E - ( 2 F - E) - = 0. 


where 

and 


K“ ' K 

tan ^ = K tan yS cos 7, tan B = sin /3 = /c sin 7 
'y d<y 


.( 34 ) 


F 


r 

Jo 


A ’ 


E 


: r Ady 
j 0 


The axes of the ellipsoid are 

^ = (sec /S sec 7)^, ^ 


a 

a 


cos 


a 


a 


cos 7 ( 35 ) 
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If Cl, 62 , 63 are the eccentricities of the sections through ca, ob, ab 
respectively, we have 

61 = sin /S, 02 = sin 7 , = k sin 7 sec ^ (36) 

Having obtained the solution, we have to compute 

4 . a o ^ ■ COt=‘ /S COS /9 „ COS“ /9 COf-^ 7 ^ 

cot /3 cosec /S cot 7 (F — E) + p, _ — ' * . . .(37) 


CO 


4i7rcr 


K 


K 


or the preferable formula (28) may be used. 

Then we next compute (m and e and i from the formulm (31), (32), (33). 

The functions F and E are tabulated in Table IX of the second volume 
of Legendre’s Traits des Fonctions Elliptiques, in a table of double entry for 
sin~^ K and 7 for each degree. 

The solution of (34) by trial and error was laborious, as it was necessary 
to work with all the accuracy attainable with logarithms of seven figures. 

The method adopted was to choose an arbitrary value of 7 , and then by 
trial and error to find two values of sin“’ k one degree apsirt, one of which 
made the left-hand side of (34) positive, and the other negative. 

The smallest value of 7 is 54^^ 21' 27", but after that value integral degrees 
for 7 were always chosen. 

The solutions for 7 = 55” and 57” could not be found very exactly from 
the elliptic integrals with logarithms of only seven figures, but the solutions 
were confirmed by the approximate formuhe (29). The solution for 7 == 80” 
was confirmed by the approximate formuhe and that for 7 = 85” was only 
computed therefrom, since when 7 = 80” the approximate formula gave lusarly 
identical results with the exact one. 

The solution obtained is embodied in the table on the ntixt l)ag(\ 
first three columns give the auxiliary ;mgies 7 , sin”* k, from which the 
remaining results are computed. 


Aa stated above, some of the computations were actually made from tho formula (20). 


D. in. 


9 
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As a graphical result is much more intelligible than a numerical one, 
I have given two figures, showing the three principal sections in two cases, 
namely, where «y = 60°, and 7 = 75°. For these figures a is taken as 2 cm., so 
that the volume of fluid is f tt x 2® cubic cm. 




Fio. 1. 




It will be noticed that the longer the ellipsoid the slower it rotates. It is 
interesting to observe that while the angular velocity continually diminishes, 
the moment of momentum continually increases. The long ellipsoids are very 
nearly ellipsoids of revolution about an axis perpendicular to that of rotation. 
Thus in fig. 2 the section through h and c is not much flattened. 


9—2 
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APPROXIMATE FORMULA FOR LONG ELLIPSOIDS. [8 

The most remarkable point is that there is a maximum of kinetic energy 
when a/a is about 3, or when the length of the ellipsoid is about five times 
its diameter. However, notwithstanding this maximum of kinetic energy, 
the total energy always increases with the length of the ellipsoid. 

The kinetic energy is the product of two factors, one of which always 
increases, and the other of which always diminishes ; thus it is obvious that 
It must have a maximum. The result was, however, quite unforeseen, and it 
seems worth while to obtain simpler formula for the case of the long ellipsoids. 

This may be done by taking as the parameter a/a, or the length of the 
ellipsoid, instead of 7. 

From the table we see that in the later entries ^ is very nearly equal to 

% and that sm ^ « becomes very nearly equal to 90°. Hence we may put 
fc — 1, smd. yS = 

Thus, approximately. 


a 


(sec /9 sec 7)^' = (sec 7)^ 


and 


/a\^ 
cos 7 = - , 

\aj 


\a 


The axes of the ellipsoid are 




/a«\^ /I 

\aj V 


aj 


/O.R" treating *: as unity, vanishes and the second equation of 

(34) becomes 


CD" 


Now 

where 

Therefore 


™ =ToCOt=‘7 
To = - f + (« - ^ sin= 7) Xi 

loge cot (:^7r - 


1 . 1 +• sin 7 _ 1 


sm 7 cos 7 


sm7 


4 — = COt= 7 [(I - i Sin= y) a- f] 

_ 3 cos® 7 

~ 2lih^ O') log. cot (J^TT - 17) - sin 7] 

If we adopt a less accurate approximation the formula becomes much 
simp er. Since 7 is nearly equal to 90°, the coefficient becomes f (a/a)®, and 

log, cot (iTT - ^7) = log, = log, 2 + 1 log ^ 

Therefore writing 1 - 1 log, 2 = C, so that C = *537902, we have 
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If we put a/a = 5*04064 this formula gives = 0*012645 The full 

-7 0-01293; thus even with so short an 

ellipsoid as this the results agree within about 2 per cent. 


For the moment of momentum we have 

/^ = 5 \/3 (sec /3 sec <y)^ (1 + cos^ S) (- 7 —)^ 

\4i7rcrJ 

( 


a*/ ^ a 


5^/2 a^ 


The limit of this is infinite, when a is infinite.] 


Again 


e = V3 (4^—^ 

V^TTCT 


0 

•S-'iJ 




.‘ + S] 

Now the function - ^log^ — — has a maximum, when 


-] 


log<,- = 1 + 0 = 1*5379 

a 


that is when a/a — 4*65. It is probable that this approximation is not a very 
close one, but it shows that there is actually a maximum of kinetic energy. 

Since when a: = 1, the elliptic integral 


= logo cot (^TT - - 17 ) 


a 

’ ¥ 


we have 


log^ „ _1_ I log^ 2 


,j (cos /9 cos 7)-^ _ 


sm 7 


1 ) 

T(T 


/aV' 

\a/ 


log« ^ + I loge 2 

cl 


If we like we may express these several results in terms of the minor and 
major axes of the ellipsoid, for b = c = a-/ a- , and therefore a’ = c^a. 



Thus 
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[Postscript. — If throughout the series of Jacobian ellipsoids we keep the 
moment of momentum constant and equal, say, to h, and throw the chang'e 
on to the density cr, we have 

| 7 ra«o- = m; = A ; say 12 = ^ 

where and fl have the numerical values tabulated above. 

It is easy then to show that 



the coefficients in brackets being constants. 

The following values indicate the march of the angular velocity through- 
out the series ; — 

7 = 54'’2r27'' 60° 70° 80° 

= -0086 -0093 *0160 *0488 

Instead of diminishing throughout the series, the angular velocity always 
increases.] 
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ON FIGURES OF EQUILIBRIUM OF ROTATING MASSES 

OF FLUID. 


[Philosophical Transactions of the Royal Society , Vol. 178, A (1887), 

pp. 379—428.] 


In a previous paper* I remarked that there might be reason to suppose 
that the earliest form of a satellite might not be annular. Whether or not 
the present investigation does actually help us to understand the woi'king of 
the nebular hypothesis, the idea there alluded to was the existence of a 
dumb-bell shaped figure of equilibrium, such as is shown in the figures at 
the end of this paper. These figures were already drawn when a paper by 
M. Poincare appeared, in which, amongst other things, a similar conclusion 
was arrived at. My paper was accordingly kept back in order that an 
attempt might be made to apply the important principles enounced by him 
to this mode of treatment of the problem. The results of that attempt are, 
for reasons explained below, given in the Appendix f. 

The subject of figures of equilibrium of rotating masses of fluid is here 
considered from a point of view so wholly different from that of M. .Pomcar6 
that, notwithstanding his priority and the greater completeness of his work, 
it still appears worth while to present this paper. 

The method of treatment here employed is simple of conception ; but it 
is unfortunate that, to carry out the idea, a very formidable array of analysis 
is necessary. 

In the last section a summary will be found of the principal conclusions, 
in which analysis is avoided. 


* PJdl. Trans., Part IL, 1881, p. 534 [Vol. ii., p. 457, footnote], 
t [The attempt failed, and the greater part of the Appendix is omitted.] 
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TRANSFERENCE OF ORIGIN FOR ZONAL HARMONICS. 




X 


§ 1. FormulcB of Spherical Harmonic Analysis. 

Let there be two sets of rectangular axes, as shown in fig. 1 ; and let z be 
measured from o to 0, whilst Z is measured from 0 to o ; let r'-* = 

+ Y'^ + Z^; and let c = oO. 

• Then x + X =0, y-\-Y=0, z-t-Z=c .(1) 

Let Wi, Wi, denote the solid zonal harmonics of degree i of the coordinates 
y> and X, Y, Z, respectively. 

Now we shall require to express the solid zonal and certain tessta'al 
harmonics of negative degrees with respect to 
the origin 0 as solid zonal and tesseral harmonics 
of positive degrees with respect to the origin o, 
and vice versd] moreover, the results will have to 
be applied to a sphere of radius a with centre o, 
and to a sphere of radius A with centre 0. This 
last clause is introduced in order to explain the 
introduction of the symbols a, A, in this place. 

The formula required will be called “ trans- 
ference formulae/’ because they are to be used in 
shifting the origin from one point to the other. 

The ohvious symmetry of our axes is such that every transference feniniln 

from U to 0 has its exact counterpart for transference from o to O ; thus a 

second sytnmetrioal formula with capital and small letters interohanmul will 

generally be left unwritten. ^When necess^rv f) A\ nn'ii i, i* 

V r , necobsaiy, tf, will bo wnttoii lor 

co-latitude and togitude with regard to y, r; and 0. <[>, for the Man..- 

With respect to X, Y, Z. 

Then, since 22 = = - 2ro cos ^ 

we have the usual expansion in zonal harmonics 



c 

11 


= Wjc 


k^i) 0 


.k 


■( 2 ) 


degr^et^- +“/frtrr/^ ts'^ Immionic of negative 


(-y 

fl dZ '^R 


w. 




Hence, on differentiating (2) i times with respect to 
thing, with respect to - r, we have, from (3), 


or 


m 

whicli i.s tliC! saint* 


W, 


But 


(F 

dz^ 


i 1 


1 /c = oo 

2 




df Wk 
dz^ c^ 




h 


- 
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Hence = i ^ • "^k— j 

c *=() ^ ^ ^ 

In interpreting this formula, it will be noted that, if i is less than h, the 
term vanishes : hence the summation runs from 7 c == oo to k = i\ it is there- 
fore better to write 7c + i for 7r, and we thus obtain 

^Wi _ 1 Jc + i\ fa\^ Wk 

Okto ^lh\ W 

This is the first transference formula by which the solid zonal harmonic 
of degree —% —1 with respect to O is expressed as a series of solid harmonics 
of positive degree with respect to o. The formula ( 4 ) includes ( 2 ) as the 
particular case where i = 0. The right-hand side of ( 4 ) is convergent for r 
less than a. A similar formula, convergent for r greater than a, is easily 
obtainable, but with this we shall not concern ourselves. 

It remains to find the transference formula for certain tesseral harmonies. 

If we put p = .1 (a;*-* + 2 , 2 ) 

the general expression for the zonal harmonic is 


• I 

Wi = S (-)* - — ph 

/c ^ — 27c ! ^ 

where the summation extends from 7 ; = 0 to k = or (i — 1 ). 
From ( 6 ) we have 


dwi 


(-r 




dp ^ kVKi-27cr^ ^ 

Now, since + 4 ,,^ ^e have 


,.2 ^ I 


dp 


{k + 1) 


L/c + 1 ^ — 2 Av* — 2 ! ^ i — 2A7 ! 

= %(-■* i\ + !)-(»- 2 *) (i - 2 * - 1 )] , 

(* + l);Fp:i-2/c! ^ 

2 (2i + 1) = S (-)‘ i 1 


47c 


Also 


^k 


pk 


Subtracting (9) from ( 8 ), and simplifying the difterence, we have 


.2 

dp 


.( 6 ) 


0) 


.( 8 ) 

,(9) 


2 {2i -H 1) Wi = 2 (-)*+i 

= 2 (— )^-+i i±AL //^.i 1\ _A;+l-i 

7c+ 4.2-27C-2 ! ^ ^ ^ 


A 

dp 


'to 


,(10) 


the last transformation being derived from ( 7 ) with ^ + 2 in place of i, and 
a; + 1 in place of k. 
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Differentiate (10) with respect to p, and notice that dr’^jdp — 4, and 
we have 

ctp® ^ ^ dp dp^ 


Then, with ^ + 2 in place of i. 


d^m. 


i+2 


2(2^ + 3) 


dw< 


t+2 


d^Wi. 


iH-4 


Now 


dp^ 

A. — 1 f 2 

dp ~ 


dp dp^ 

- 2 (2i + 1) Wi] 


.( 11 ) 


1 dwi+^ 


r- 


2'i-f3 


Differentiating again, 

d^ Wi 


dp 


by (10) 




\r^ 


d^Wi 




dp^ 


2(22 + 3) 


dwi. 


1+2 ( 


dp 


or 


1 

dp"- 

1 


^2i+5 ‘^t+4 (^ 1 ) 


d^ Wi. 


i.2'i+l 


dp^ dp^ 


3 


.( 12 ) 


But since p — \{x^ + y~), it follows that, in operating on a function involving 
X and y only in the form x^ + y^, 


Al. 

dx 


^x 


d 


d 


d 


'-v VV I vv 


and (e^-y^=\(aP~y‘^)^ 


Also 
so that 

Now let us put 
Then 


AL 

dx^ 


^ AL 

"dp * dp^ ’ dy^ 

AL — AL:^1(t^^ 

daP dy^ ^ 


dy 

= 1 A + 1^* 

* dp dp<‘ 


dp 


y^) 


AL 

dp^ 




d^ 


dx!^ dy'^ 


.(13) 


S2 = J {ap - y^) 


d- 

dp~ 


and therefore (12) may be written 

1 


r 


.2i+i 


= B' 


.. W,-_2 


r 


.2t~- 3 


.( 14 ) 


These expressions in (14) are obviously solid tesseral harmonics. 
The transference formula required is for . 

By the formula (4) we have 

£— 2"j; 

-^_s 


d ^Wi-,2 __ 1 f — 2 ! wjn 

~ C fc=o f 


2 ! ^ ! c* 
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Operating on both sides by and applying (14), we have 


rti— 2 






1%^ k + z- 2 I 


o Az=o — 2 \ Jc \ 


.(15) 


Now the general formula (6) for the zonal harmonic shows us that (Pwkjdp- 
is zero when A; = 0, 1, 2, 3, and hence vanishes for the same values of k. 
Thus the summation in (15) is from /c = oo to A? = 4, or, if we write k + 2 for k, 
from oo to 2. Hence (15) gives 


Jtgat+i 




h^oc 

% 

A=2 


k + i\ /a\^ 


i~2\k+ 2 I 


(SJ 




.(16) 


This is the second transference formula required. 

We observe that the transference of a negative zonal harmonic gives us 
positive zonals, and that tesseral harmonics of the type give us 

harmonics of the type 


§ 2. The Mutual Influence of two Spheres of Fluid without Rotation. 


Imagine two approximately spherical masses of fluid of unit density, with 
their centres at the origins o and 0 respectively, and with mean radii a and 
A respectively.- 

We shall find that each exercises on the other certain forces, one part of 
which has as potential a solid zonal harmonic of the first degree. This part 
of the force must remain essentially unbalanced in the supposed system, but 
we shall see hereafter that it is balanced by the rotation to be afterwards 
imposed on the system. 


Meanwhile it will be supposed that it is annulled in some way, and we 
shall content ourselves with finding the mutual influence of the spheroids, 
and the outstanding term of the first degree of harmonics. 


liet us assume that the equations, referred to our two origins, of the 
surfaces of the two spheroids, when they mutually perturb one another, are 


r 

1 -f- 1 


_ — 


a 


V. 

11 

R 

1 + 1 

^a\'^ 

A ~ 

j) 








.(17) 


The h 8 and JT’s are unknown coefficients, to be determined. 


We have now to find the potential at any point in space. 

The mass of the spheroid o is f Tra*, and its potential is -^Tra^/r. 

The potential due to the departure from sphericity, represented by the 
term in hi in the first of (17), is 


47r43 /aYYaY'+^ Wi 

3c 2i — 2\cJ \r/ 


(18) 



the mutual influence op two spheroids. [Q> § 2 

This is written in a form convenient for passing to the. case of r = a. It 
may also be written in the form 


^ \cj 2^ — 2r2^+i 


.(19) 

when It is in a suitable form for application of the transference formula (4). 
^SVe shall now introduce two new symbols, namely. 


7 = 


'=(fy 


Then (19) may be written 

^ \oJ 2^ -2 

and, of course, the similar potential with the other origin is 


.( 20 ) 


c^W, 


f (-) 


.( 21 ) 


2^’ — 2 jR2i+i 

The whole potential at any point of space consists of the potentials of the 

two spheres and of the inequalities on each. The potential of the inequalities 

7 ° I*® written in the form (18), and of sphere 0 in the 

form (21). ^ 

Thus the whole potential is 

faYfa\^+^Wk 

5 [cj ir) -f' <22-i.) 

-I- /'■^Y %“ c'^Wi 

^ 3 \c / a _2 2i — 2 (22— ii.) 

1 “> O, and to this 

latter half the transference formula (4) must he applied. 

Now apply (2) to the first term of the second line, and (4) to one terra of 
the series in the second term, and we have 


4.ar«2 “ j_ 


47rJ.® 


and 


3c S 3c 


47r^3 *;^CO 


X ~ 

/e=0 \C 


a* 


r 47ra^ 

fAy SH{T^~^~. 

c-Tfi 

47ru4“ /( 


/{j *4” ?y 1 / Cl,\ 

L ' 

[cJ 21 - 2 ] 

Jga-i+i 

3c~l( 

to 

1 ■ 

k ! i ] \c / 


a* 




e)‘s] ■..(»«!.) 


Thus the second line of (22) when transferred is 

Sc \c; a* ^[cj 1^2 A=o /dHt—l 

Then (22-i.) and (22-ii.) together constitute the potential now entirely 
reierred to origin o. ^ 

We want to choose the /I’s and Wb so that each spheroid may be a level 
surface, save as to the outstanding term of the first degree. 
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In order that (17) may be a level surface, when we substitute for r its 
value (17) in (22), the whole potential must be constant. In effecting this 
substitution, we may put r = a in the small terms, but in ^Tra^lr we must 
give it the full value (17). 

The constancy of the potential is secured by making the coefficient of 
each harmonic term vanish separately — excepting the first harmonic, which 
remains outstanding by supposition. 

We may consider each harmonic term by itself. 


As far as concerns the term involving 'Wk, we have, from (22-i.) and 
(22-ii.), as the value of the potential, 

3hk /a-")* w* 


. ..a 47rA.'* 

wircb^ — I ^ — 

^ r 8c 


/ay /a\*+^ ^ /ay Wk 
\c ) \r) \c) a* 

3 /ay /cty Wk k + i\ 

^ Vc/ \c / c* .;-2 k\i \ i — 1 


and the value of r which must make this constant is 

/A\“ 2k + 1 , Wk 




r 

a 




\a J 2A; — 2 V.C 


hk 




but in the small terms inside [ ] we may put r == a simply. 


Make, therefore, the substitution, and equate the coefficient of w* to zero. 
On dividing that coefficient by . f “ j , we find 


2k - 2 

Therefore 

and, by symmetry. 


2/^+1 /._, Ih... + I 

* ^ 2k -2^ ^ \c) i-a 


aV k + i ! n- 


hk — 1 + :] 


; k\i ! ^-1 


Hi = 0 


ay k + i ! ^ 

oj iZ ^klJT 


.(23) 


_ ,, /A\'* r -f t! 7 * ^ , 

Hr = 1 d" o ( — ) ^ I • I ■ ~1 

" V C y r ! 'fc ! 't - 1 


.(24) 


Multiplying both sides of (24) by the coefficient of Hr in (28), we have 

'a\^ k + r ! T''"’ „ /a\'* /c + r ! F*'"* 

^c. 


k\r\ r 


^ \c / k\r\ 7' 


aY /Ay r -{■ ilr + k I y ^ ^ 


/■.\« /ci'Y /Ay 
+ ® (T') 

\C / \ C / e = 2 


,2 r ! i I k \ rl i — 1 r 

(Xt 

Performing X on both sides, and substituting from (23), 

,• = 2 


fu 


hi 


■A 


/^frY 'fZTi 


+ (!)“ 


fAy r + i ! r 4- 1 7 *"' T’;- 


)\i 


) Sz i?a rli'.Iclrl i 
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[ 9 , §2 


Now let 


(i,r) = T 

r- 2 , K Ir I r ~ 1 


[k, i, n 

And (25) may be written 


r=2 T \i \ IcIq'] r — 1 


.(26) 


- 1 + f (“) (*. r) + (f )= 0) *2 [k. i, r] ^ hi ...{ 21 ) 

By imparting' to k all integral values from 2 upwards, we get a system of 
linear equations for the determination of the h% and it will appear below 
that as many of them may be found numerically as may be desired. 

We now have to consider the series (26). 


and denote the operations 


1-y’ 


r 

i~r 


\l dr^ ^ ^ 


Consider the function . y log (1 -t- /9). 

Now log (1 + ^6) = _ log (1 - 

Therefore 


log (1 + ;6) = — log (1 — 7) = X 

r=2 ^ — 1 

^ . 7 log (1 + / 3 ) = i "r = "r ^ r: 

/c ! dy^ ^-=2 ^ — 1 r -2 k\r\ r — . 


Thus (k, y)=.-EKy log (1 + /3), (k, T) = i . T log (1 + B) (28) 

Next consider the function y~^E^E^ . y log (1 4- /3). 


As before, 


Hence 


^.vlog(l+^)=2"* + 7'^ 

t=2 ^ w ' ! T — 1 

^ log (1 + ^) = 1 ^ ’ 2 " *4^’ ^ 
K ! dy*^ r =‘2 'll r I r — 1 

i + r\ k-{-r \ y'*' 

>.=2 i \ r \ 7’ lie \ — i 


1 

[k, i, 7] = - Em . y log (1 + fi), [*, i, rj = 1, . r log (1 + 5) . . .(29) 

We must now develop the symbolical sums of the series in (28) and (29) 
The following theorems are obvious : — 


JP- 7l! 
(1 - 7)- 
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Then, by their aid, we have from Leibnitz’s theorem 

h ! 


log — 2 


dly* 


At Ak~t 


t=,it\k~t\dy^'^ dri 

h\ k + l\k-t~l\ 


t = k 

= T 




Co THc-ti ^“FTil (“i - yf-^ 
in which we interpret (— 1) 1/(1 —7)“ as log(l + 13 ). 

1 k+l[ 


Thus 


t — h 


{h, 7) = S 


^=0 ^ + 1) (^■ ~ i) i \ k — ^ ! 

with /3‘’/0 = log (1 4- /3). 

Again 

TTTx d^f S? 


0 G- 


(30) 


1 %^ k+l\k-t-l\ 7 


i ! Co t\k — t\ /r — i 4- 1 1 dy^ (1 — 7) 


/A-i-A;— <54-1 


t^k r^i 

= 72; Z 


k k — t — 1!^ + ^ — jJ-f-lli+Zc — r — t — 1! 


Hence 

7] 


^^0 j'^o ilk — t\r\i — r\ k — t+ 11 k — t — Hi + k —r — t+ 1! 

1 


l^i+k- 


-r—t 


t=sk r=i 

4 4 

Co Co (i + k — r — t + l)(i +k — o — t) 

k + l!'i“l-i!7”^"f'l! 


X 


/3 




7a - i +I ! 


* ilk — ilrli — r\ 


...(31) 


In (30) and (31) the infinite series are replaced by finite series. 

From the form of the series it is obvious that the result must be sym- 
metrical with respect to k and i, so that [/r, i, 7] = {i, k, 7], but this is not 
obvious on the fiice of the formula (31). 

We shall find, therefoi*e, the symmetrical form of (31) for the first few 
terms. 


If t — k, r — i, we obviously have 

I'irst term = ik ■+■ 1) 4- 1) log (1 4- /?) 

The second term arises from t = k, r — i— 1 , and t = k— 1, r~i. The two 
corresponding values of (31) will be found to add together, and we get 

Second term = ^- (/<; 4- 1) (i 4- 1) [2 {i 4- k) 4- ik'] S 

The third term arises from t — k,r = i— 2 ‘, t — k — l,T = i — l] t = k— 9 >, 
r = i, and we find 


=^^(fc+i)(i+i) 

IL# 4 jW 


f^(^--l)4-/fc(A;-l) 

I 2! 

ik {i + 2) {k + 2) f/r (i 4- A; 4- 1 )) 

2 r3! 2"P 


Third term 
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TABLES OF CERTAIN FUNCTIONS. 


[942 

A symmetrical form for further terms may be obtained by writing (31) 
first with i before h and then with h before i, and taking half the sum of the 
two results. In computing these coefficients it is a useful check to compute 
from both unsymmetrical forms, when the identity of results verifies the 
computation. 

The following Tables have been computed from (30) and (31). The 
numbers are the coefficients of the quantities at the heads of the columns for 
the values of k and i written in the first column. The series (Jc, y) is 
terminable with and the series [k, i, y] is terminable with 

In \k, i, y] the coefficients have only been computed as far as so that 
the last which is given completely is [2, 4, y] ; however, with such vsiliies of 
/9 as we require, the series are carried far enough to give numerical results 
with sufficient accuracy. 


Table of (k, y). 



Log (1+/3) 

+ i8 

+ /32 




h=1 

3 

3 

i 




/&=3 

4 

6 

2 

1 

I 

3 

• • • 

* « •» 


5 

10 

1 

5 

n 


• • • ’ 

k — 5 

6 

15 

10 

5 

u 

1 


Table of [k, y]. 



Log (l+iS) 


_j_ ^2 




4-/^' 


II 

II 

to 

9 

27 

18i 

8 

lir 


« » « 


h=-% 1 = 3 

12 

48 

46 

31 

12 

2 

« » # 

* * 

h~% ^=4 

15 

76 

92^ 

85 

50| 

17 

'2\ 


II 

II 

Ot 

18 

108 

163 

190 

151* 

77 v5 

23 

etc. 

^ = 3, i = 3 

16 

84 

108 

103 

63 

22 



II 

II 

20 

130 

210 

260 

219 

118 

363^ 

iSc<^ 

i=5 

24 

186 

362 

552 

594 

434 1 

200 

&c. 

II 

II 

25 

200 

400 

625 

687| 

514 

248.4 ^ 


II 

11 

30 

285 

680 

1285 

1750i 

1681 

1110 

&c. 


36 

405 

1145 

2585 

4272 

5098 1 

4345 

«Sic. 


We must now go back and determine the value of the outstanding 
potential of the first degree of harmonics, which will be annulled when 
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rotation is imposed on the system. The potential is given in (22-i.) and 
\ 11*) 3 (22— i.) contributes nothing, and (22— ii.) gives us, for ^=1, 


r® -L a i+ 11 „ ■ 

3c Ic’^^KcJ ifii i — l^^ 


a 


Thus, if we call u^, the outstanding potential of the first degree, when 
referred to the two origins respectively, we have 




u. 


4i7rA.^ 

47ra' 


3c 


h 

-[n-i( 




a Wi 

0 " a 

A W\ 
c'~A 


.(32) 


§ 3. The Potential d'us to Rotation. 

Intermediate between the two origins o and O take a third Q, and take 

the axes of f and rj parallel to those of x and y, and that of ^ identical with 
that of .sr. Let Qo =d,QO^ D. 

Then suppose that the system of the two spheroids is in uniform rotation 
about the axes of ^ with an angular velocity <*>. 


-fhe potential fl of the centrifugal force is giv#n by 


But 




^00^ (rj^ + 

(33) 

z — f 

z 

= d + i) = c^ 


y = 97 

Y 



X — ^ 

X 

— ^ \ 



Hence 

n = + ^2 _ 2zd H- do 

= l a)" [— — y^') 4- (^2 _ .1^2 — ^y'^') + (x^ ^ ^ 2 ) _ 2zd + d®] 

Then, remembering that 

w^—z^— — ^y^, Wi = A 

and if we put = x^ - Q^ = X-^- 

we have fl = — -l<a^q.j — co^dwi + (35) 

Similaily the rotation potential, when developed with reference to the 
other origin 0, is 

+ ~~ co^PWx + ..(36) 

The last terms of (35) and (36) are constants, and the term in and 
that in are symmetrical about each origin, and so the corresponding forces 
can produce no departure from sphericity in either mass ; thus these terms 

D. HI. 10 
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may be dropped. Next we have in (36) and (36) the outstanding potentials 
— m^dwx and — ay^BWx, which will be annulled by other similar terms, and so 
need not be considered now. We are left, therefore, with the terms in 
and Ws, or in Qa and W^. The q^ is a sectorial harmonic, the Wa a zonal, and 
it will be convenient to treat them separately. We shall begin with the 
zonal term. 


§ 4. Disturbance due to the Zonal Harmonic Rotational Term. 

The potential whose effects we are to consider is or according 

to the origin which we are considering. 

If an isolated spheroid of fluid of unit density be rotating with angular 
velocity co, the ellipticity of the spheroid is 15co‘-/167r; therefore we put 

150)=* 


IGtt 


.(37) 


Let us assume, for the equations to the two spheroids. 


r 

a 

R 

A 




Ay 2i + 1 ^aY +-^ , Wi ^ 

(jn 


+ (-) s 

aj 2^ 


2 Vc 




^ + U; 2i-2[c) ^^R^ 


.(38) 


where k, Li, are unknown coefficients which are to be determined. We now 
have to determine the potentials at any point of the inequalities (38) on the 
two spheroids. 

The potential of the inequality -l-ew^Jr^ in the first of (38) is 


(“Yp 


.(39) 


The similar inequality in the second of (38) gives us 


.-,.6 


Sc 


R^ 


.(40) 


The term in in the first of (38) gives us, as in | 2, 


‘3 c 27c 


henT 




.(41) 


The term in Li in the second of (38) gives us, as in § 2, 


My c‘w, 


.(42) 


\c J 2i — 2 

The potential due to rotation is or being the second term 

of (35) or (36) j this term we find it convenient to write 


1 « 9 /rV w. 

^ \aj r^ 


( 43 ) 
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The sums of the several terms (39), (40), (41), (42), and (43) are to be 
regarded as the potential of perturbing forces by which the spheroid a or the 
spheroid A is disturbed, and the arbitrary constants I and L are to be so 
chosen that each may be a figure of equilibrium. 

We may consider the spheroid a, by itself, and the solution for it will 
afford us the solution for the spheroid A by symmetry. In order to find the 
disturbance, the formulae (40) and (42) must be transferred. 

Now by (4), with -i = 2, 

4-7rJ.“ /Ayc=^W^ 47rJ.» /Ay k -h 2 I /a^ tu^ .... 
And again, by (4), 

47ra" fAy SLiV^-^ d*'Wi _4>'7 tA\ fay k+il ^ /a\* w* 

3c \cj 2z—2 ” 3c jc^o i\ h\ 1 \c/ ^ 

Then (39), (40'), the sum of (41) from /o- = co to /i;= 2, the sum of (42") from 
^ = oo to z= 2, and (43) together constitute the disturbing potential, all now 
referred to the origin o. 

In order to find the disturbance of the spheroid tt, we add the perturbing 
potential to |7ra^/r, give r its value (38) in this term, put r = «■ in the per- 
turbing potential, and make the whole potential constant by equating to zero 
the coefficient of each harmonic term. 


We will begin by putting r/(X = 1 + and considering only the 

perturbing potentials (39) and (43). We have then, for the coefficient 
of w^jr^, 

— ^ira/ . 1-6 

Now, with the value of e in (37), 

— -^‘Tra®, = — y^( 0 “Cb“ and — •!— ^ — 1~ 0 

.Hence the coefficient of vanishes, and the term in e in (38) has been 

properly chosen to satisfy the perturbing potentials (39) and (43), 

Following the similar process with the remaining terms of (38), and 
equating to zero the coefficient of 2 ^*, wo have from (40'), (41), and (42^), 


27c -l~ 1 

27c~2 


h + 


27c - 2 



/c + 2l 
k\2\ 



Jc -h i ! 
lc\i\ 



= 0 


whence 


Ijc — 


fA\f /r + 2 ! 

V c/ 7^72!' 




/c -f i ! 
fc\i\ i — 1 


..(44) 


By symmetry, the condition that the spheroid A may be a le vel surface is 


Lr 




ay r-h 2 \ 

r ! 2! 




y- 

2 r ! 2 ! i — 


cJ " 


I,: 


.(45) 


10- -2 
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Multiply both sides of (45) hy f portorm _ 

the whole, and substitute from (44) ; and we have 




on 


+(i)* 


8 r=oo 7 * 4- 2 ! r +• /<; ! ^ 

C/ r=2 

a\3 /AY 


, _,w4Y^’ = 4e(5Y4f?l S 
oj *!2! ^ Vc 


TriTT~-f'=\nl ^\iJ %\r\r\k\ r-l 


„ = “ r + i ! r + /c 1 7’' ^ 4 

i Z __ 


c / i =2 r =2 r\i\r\k\ f -- 1 r - 1 
Introducing the notation (26) for the series involved in (46), wc hiivi 

(4)' I* (* + 1) (J; + 2) + f (1)’ (j) 2> r] } 






s ih f, r] 7 , 4- (^*7) 


GJ \CJ ' ~ i-1 


Each value of k gives a similar equation, and there is n similar sci’ies of 
equations "vvith small and large letters interchanged. 

Now put h — tV^ (^ + 1) {k + 2) X& 




Li = -^er] (k-hl){k + 2)Aj, 


and (47) becomes 

Xfc = 1 + 


av fciY 


ik + 1) (¥+ 2) VM) Vc ' ^ ^ 

+ (I). i«-y (»■ + 1) (*' + 2) 




V JVk ?■ n X- 

ifs (k + 1) (k + 2) ^ ' *’ O i _ I 


We attribute to k in (49) all values from oo to 2, and thus find a soih's ol* 
equations for the X’s. A similar series of equations holds for the A s. 

We must now find the outstanding potential of the fir.st (legrtu* of 
harmonics. No such term exists in (39), (41), (43), but it a.riH(‘.s entirely 
out of (40') and (42'). If we write Vi for the outstanding potential, \v(* l:iav<; 
clearly 


whence 


47rA® ( /Ay- 3! a ,, /a\“ 'i +■ 1 ! F’""* . a ?e,) 

^ y d7j 2 ! 1 ! ? • u + ■* y) 3. in ! ; - 1 o a 1 

4V 4_ 'T |v:-i A .1 


3c 



and, by symmetry, 


tt 47^® . /A 




i -2 


c ■ A 
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§ 5. DisturhaucB due to the SectonoZ UaTmoTviG JEtotational Tevm. 
In (35) and (36) we have found this term to be or 


d^ 


We have already observed that, if the operation ~ ^ or be per- 

formed on Wi, the result vanishes when i = 1, 2, 3. 

Now, by (6), w ;4 = 2 (-)^ r — - 

Co ’ k\^4>-2k\ P 


= z^ 


4! , 4! , 


Hence Id^wjdp^ = 3, and, since ^ d^w^fdp% it follows that 

= and Q, = ^3^11^4 (52) 

Hence the sectorial rotational term is — B^w^ or — 3 ^ 

potential is of the second order of sectorial harmonics. 

Now, with e as defined in (37), let us assume as the equations to the two 
surfaces, 


T T , B^Wi 

- = 1 — 4e — •— 
a '* 




li 

A 




a) i.^2. 2f— 2Vc 
faV *•=«> 2i+ 1 /J.y+1 _ B^Wf. 

VaJ 3. '2i- 2[T) 


f2 


.(53) 


We have now to determine the potentials of the inequalities on the two 
spheroids expressed by (53). 

The potential of the inequality -^^^eB'^wJr"- in the first of (63) is 

/ay 3 ^w4 


- f7ra“ .AKle ( ^) 


\r J 

The potential of the similar inequality in the second of (53) is 

47r-d'‘ f.d.y c'*3‘^TF4 


.(54) 


3c ' icy 


1(T' 




.(55) 


The term in in the first of (53) gives us 

47rJ.-‘* Smjfc /a\*+^ ^"'^*±2 

3 c 2 / 7- 2 Uy l^y T-"' 

The term in Mi in the second of (53) gives us 

47rJ.Va\« 3ilf:: c’^-3^Tf:;+, 


.(56) 


Sc \c ) 2^ — 2 

Lastly, the sectorial term itself is 




.(57) 


1 2 '■>('^y ^^^4 

rt-vta-^a-^ — 1 i 

Vt 


ay 


.(58) 
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The sums of the several terms (54), (55), (56), (57), and (58) are to be 
regarded as the potential of perturbing forces by which the spheroid a, or the 
spheroid A, is disturbed, and the arbitrary constants m, M, arc to be so 
chosen that they may each be figures of equilibrium. We may consider the 
spheroid a by itself, and the solution for it will afford the solution for the 
spheroid A by symmetry. In order to find the disturbance, the formidiB (55) 
and (57) must be transferred. For this purpose we require the second trans- 
ference formulae. 


By (16), with i = 2, we have for (55) 

My _i p 1 ^ + 2 ! fa\^ 

Sc Sc 0!¥+2!U/ a* 

And by (16) we have for (57) 

_ MY 

Sc \cy 2^~ 2 


.(560 


4i'irA^ . 

o 


Sc ^ 


* 2 ” ^+^'' EYl M. 

\fi / A=2 f — 2 ! /c -f- 2 ! — 1 ^ \c / a* 


.(570 


Then (54), (550, the sum of (56) from k = oo to Z) = 2, the sum of (670 

from ^== CO to f = 2, and (58) together constitute the disturbing potential, all 
now referred to the origin 0 . 

In order to find the distuibanee of the spheroid a, we add the ])erturbing 
potential to fTraVr, give r its value (5S) in this terra, put r=^a in thi* 
perturbing potential, and make the whole potential constant by e(puiting to 
zero the coefficients of each harmonic term. 


We will begin by putting r/a= 1 - and considering only the 

perturbing potentials (54) and (58). We have then, for the coeflu.icmt of 
b^w^jr", 

^ ~ H - tV 

Now, with the value of e in (37), 

i'7raKfre = ^co^a\ and _ 1 . _ = 0 

Hence the coefficient of S^-Wi/r^ vanishes, and the terra e in (.53) lias been 
properly chosen to satisfy the perturbing potentials (54) and (58). Following 

process with the remaining terms of (63). and e.,„ating t,., zero 
the coefficient of we have, from (55'), (56), (57'), 


2k +1 


3m* 




AV 


_ 3 
2 


V S i=^oo 

X 

i=i2 


k + i ! 

~2T¥+X' i - i 


AI; == 0 


or 


mj, 


To ^ 


Ay 


cj 


+ 


[cJ ^ — 


k + i ! 


v<- 


i=2 i — 2 !/(?-}- 2 ! i — i 


,■ M, 




By symmetry the condition that the spheroid A may be a level surface is 


M,. = 


ay^ /Ay r + ii y-1 


+ 3 


) ^^2 i — 2 ! 'r -f- 2 ! % 1 
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T=oo 


Multiply both sides of (60) by f 


k + 7' \ 


rr-i 


r - 2 ! * +^! 

S on the whole, and substitute from (59), and we have 




“A, - *€ (I) - (2) I (^2) 


k + r I 


+ (I)'-* 


Now let us write 


ay /Ay »•= 



OO %=iCC 


2 S ^ 


2 7 ' — 2 ! /(? + 2 ! r — 1 
r + i\ k + r ! 


^=2 i - 2 ! r + 2 ! r - 2 lyc + 2 ! r - 1 i - 1 


^ — - nii (61) 


(/'■ PI = ^ s” k + T' I 

r=2 r “ 1 ! /■; + 2 ! 


r 


00 

2 


r -{■ i\k + r\ 


rZi 2 : — 1 ! r + 2 ! r - 1 ! /ff + 2 ! 
so that (61) may be written 


pr— 1 


.(62) 


mfc 



i = 2 


k, i, r 




(63) 

Next put m* = fXk, -M* == (“)" • -(64) 

and (63) becomes 


= 1 + f 



j {/c, P} + (ff ( - 



k, l''~| rf ^ fJLi ... (65) 


We attribute to k in (65) all values from 00 to 2, and thus find a series of 
equations for the ya’s. A similar series of equations holds for the M’s. 

We now have to sum the series (62), 

Consider the function 


— rs /^-*-2 


1 


1 ] 


h 2 
1 


Ic + 2 ]c Hh 2 , A; -{* 3 ^ 

-jJ- 7 + 2 l '^■ + 

>°° h + T ! 




Hence 

Next 


{h 7 } 


2 

( 

1 


/c + r ! 


7c + 2 ^=2 ^- + 1 ! ^ - 1 ! ' rS 7c + 2l r~-l\y ' 


[(l+y9)^'->-“-l] 




(7; + 2) • i-li dy 


k + 2 

—a [(1 + - 1]} 

1 


.( 66 ) 


J'^OO yT^. ^ ^ J 


rf .i—ll dy^~^ ^=2 7c + 2 ! r — 1 ! 


1 5 ^:= 00 


k + r\i + r\ 


y rZ^ ^ - 1 ! /c + 2 ! r - 1 ! r + 2 ! 


,i+r 


.r4-2 
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Hence 


i, <y 


1 






C9,§ 


.(67) 


(& 4- 2) 7® ■ i — 1 ! 

The differential in (67) must now be evaluated. We have, by Leibnitz’ 
theorem, 

[(1 + )S)*+® - 1]} 

i+i , ’■"4"^ i-2! d'y‘*'‘ df-^‘ , . 


dy'^~^ 
i+ll 

-~sr^ 


r=o r\i~r—2\ d^ 

,3 ^ ^’ -2! ^ + 1 ! ij^k-r-l\ 7^“^+» 

^=0 r ! i - r - 2 ! ^ - r + 1 1 Z: + iT (1 — tyf+k-i 


z+ II 


7® + 


v /3 r = ^-2 


.3 ! - (1 - 7)-^+^ ,f', 

Substituting in (67), we have 


2 . . , y3i-r-2 


hAijyA = 

% *4^ i^r*” ^ 


r=2—2 


"2^* 2 ! t -f* A? — 7"* — X ! 


r - 2 I i - r f] 






y fo Uowing Tables, computed from (66) and (68), give the valnea of 
[k, 7} and \ lc~i, y \ as far as Z? = 5, and k = 5,i= 5, 


Table of [k, 7}. 

{2>r}=i[(l+/3)4-l] 
{3, ■y}=l.[(H-^)6_lJ 
7}=i[(l+/3)°-l] 
{5, 7}=j[(l+y3)7_ij 


Tcdjle of k, i, 7 j , 


Z: = 2, i=2i i[(l+/3)4_i] 
k = 2, i=3; i[(l+/3)5_l] 
k=2, 2=4; t [(1 4/3)0 -1] 
k = 2, z = 5; il(l+^)7~l2 


^=3, 4=2; i[(l+^)5-l] 

>&=3,^ = 3; |[(l+^)5(l+|.^)_lj 
Z: = 3, ^ = 4; i[(l+^)0(H-p)_lj 
Z^ = 3, 7 = 5/ [( 1 4/3)7 (l + |-^)-lj 


i[(l4i3)"-I] 

^[(l4/3)«(l4 g^)-_ IJ 

'§• [( 1 4 /3)<> ( 1 4 3^ 4 1 - 1 ] 

i [( 1 + / 3)7 ( 1 4 L't/ya) - 1 ] 

7 [(^+/3y — 1] 
ir(l+/3)yi4|/3)-lj 
[( 1 + /3)7 ( 1 4 + y/3“) - 1 ] 

7 [Cl 4/3)7 (1 4 ^ j .j 
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§ 6. Determination of the Angular Velocity of the System. 

The angular velocity of the system must now be determined in such a 
way as to annul the outstanding potential of the first degree of harmonics. 

Refciring to origin o, we have from (35) — directly from the rotation 

po ential , the remaining terms are + Vi , since the sectorial harmonic term 
does not contribute anything. 

Thus, taking from (32), and Vi from (50), we get for the potential 




4<7rA‘‘^ Wi 

"~3^ T 


1+1 


*=2 t — 1 




+ 

Equating this to zero, 


r 6 fiY + 3 ^2° (i, + lY + 2) -1 1 


3co“c“ 

47r 


d^A^]l+^ ft) 2 


“f" 


•ST 


fay 'i + I , rr 


0 J = 2 ^ 


6 + 1 f?)' + ■ 

\a) ^\cj ^-l 


And, by symmetry, 

t i , 

\ 


V 

I 


...( 69 ) 




i-% 


f-^hi 


+ (i)’ [6 (i±yM±^> 


A 


^ 


i-l 


'X/ 


,..( 70 ) 


Add (70) to (69), note that d +D = c, and = Sct)^/ 327 r, and solve for t»“, 
and we have 


3^ 

47r 



X 


1 - 






a 


lA 


Ay fay (^• + 1)=^ (^• + 2) 


*=2 


(7r'‘--^A,-+r7'‘-iA,) 

al) 


Now let 1 + K denote the factor by which (A/cy + (a/cy is multiplied in 
(71). Then, if the two masses were particles, K would be zero, and (71) 
would simply be the usual formula connecting masses, mean motion, and 
mean distance in a circular orbit. Hence 1 + AT is an augmenting factor by 
which the value of the square of the angular velocity must be multiplied if 
it be derived from the law of the periodic time of two particles revolving 
about one another. AT, in fact, gives the correction to Kepler’s law for the 
non -sphericity of the masses. 




154 


THE SOLUTION OF THE PROBLEM. 


[ 9 > § ^ 


This completes the solution of the problem, for we have determined the 
angular velocity in such a way as to justify the neglect of the harmonic terms 
of the first degree in §§ 2 and 4. 


§ 7. Solution of the Problem. 

We may now collect from the preceding paragraphs the complete solution 
of the problem. 

In (38) and (53) we have found that there are terms in rja as follows: — 




Now == ^2 _ 1^2 _ _ 3 ^^.2 _ 

hence — ^ S^u;^ =z’^ — 2as^ + 

and these terms are therefore equal to e{^~x^lr‘^). 

We note that e = YbcePjlQir =-|<D^/^7r, and that coYf tt is the ratio generally 
written m in works on the figure of the Earth. Then, from (17), (38), (53), 
the equations to the two surfaces are 


--l+ef^- — -J + 


a 

R 

A 




a 


r, 2 i - 2 [oj r‘ ” ‘ 


= 1 + e (4 — 


R^ 


ay »=” 2^ + l 


+ <jJ .5 27^2 V7 


S’ 

! 


■(72) 


From (27), (49), (65), we see that A,, /i, ... 7,^ ..., x, ... X; ..., 

Mi - are to be found by solving the equations resulting from all valiuis of k 
fi?om 2 to infinity in the following : — 


a 


7,,_i = 3/ ) (k,r) + (^y 


ay ^ Ay . f~i 


1 = 


fay fay 


{k + 1)(A;4-2) Vc y vZy ^ 


+ 




1=1 


{k + 1) {k + 2) 
'ay fa^^ 


(-1)^ 


a\^ fA^^ *="= 


OJ \Cj 


- 2 


[*, i, F] + 3> &.+ ?)y-, X, 


.c) \A 


[k, r ] + ( 1)2 


3 / yij \3 ^ = 00 

2 I *, i, r 1 7 ‘-v,- 

^-2 


J 

\ 


and symmetrical systems of equations for obtaining the H% A’s, and M ’s 

With the values found by the solution of these equations we then evaluate 
JC by formula (71) ; and we have 




3®^ 

47r 


AV 


+ 


a 


(1 + K) 


.(74) 
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We are now enabled to find the I's and m’s by the formulae (48) and 
(64), viz., 


h = T\e{k-hl){k-h2) 


A 




.(75) 


and the symmetrical forms give us the X’s and Jf ’s. 

Having thus evaluated all the auxiliary constants, (72) gives the solution 
of the problem. 

It is well known that f x 3 ft)Y 4 ' 7 r is the ellipticity of a single homogeneous 
mass of fluid rotating with angular velocity co. Hence the first terms of (72) 
simply denote the ellipticity due to rotation in each of the masses, as if the 
other did not. exist. Now the rigorous solution for the form of equilibrium of 
a rotating mass of fluid is an ellipsoid of revolution with eccentricity sin g, 
the value of g being given by the solution of 

— = cot^ g [(3 + tan“ g) g — 3 tan g] * (76) 

JtTT 


Hence it will undoubtedly be more correct to construct the surface, of which 
the equation is (72), by regarding the part of r under the symbol 2 as the 
correction to the radius- vector of an ellipsoid of revolution with eccentricity 
determined by (76), where is found from (74). 


§ 8 , Eooamples of the Solution. 

The principal object of the preceding investigation is to trace the forms 
of the two masses when they approach to close proximity ; we shall thus be 
able to determine the forms when they are on the point of coalescing into a 
single mass, and shall finally obtain at least an approximate figure of the 
single mass. For this purpose we require to push the approximation by 
spherical harmonic analysis as far as it will bear. We shall below endeavour 
to estimate the degree of departure from correctness involved by the use of 
this analysis. The results will, therefore, be worked out numerically for such 
values of cja as bring the two masses close together, and it will appear that 
the largest value of cja assumed for numerical solution is such that the 
surfaces cross ; in this case the reality will be a single mass of a shape which 
it will be possible to draw with tolerable accuracy. 

The computations are facilitated il‘ instead of assuming c to be an exact 
multiple of a, we take c“ a multiple of that is to say, we shall take I /7 as 
an integer, and therefore 1//3 also an integer. 

We shall in the first instance suppose the two masses to be equal. In the 
following examples, then, we have A = a, F = 7 , jB = /9, and the two masses 
assume the same shape. 

' * See, for example, Thomson and Tait’s Natural PJdlosophy (3), § 771, with /= tan g. 
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The computations will be carried through in detail in two cases, viz., 
when = and when ^ — The results will also be given for /3 = ^. 

When /3 = -f , y — cja — 2 ' 8284 !, and when j3 y = c/ct = 2 * 449 . 
Thus the distances of the centres apart are 2^ and 2 § of the mean radius 
respectively. The numerical details of the two computations may be stated 
pari pass'd, and the numbers applying to /3 ^ will be distinguished by being 

printed in small type. 

In the case of /3 = ^, we have y = Y> c/a = 2*6458 ; but only the final 
result is given, without intermediate details. 

The first step is to compute the values of the several series by means of 
the Tables in §§ 2 and 5. 

The numerical results are as follows. 


Table of (^, 7). Table of { h , 7]. 



/3=^ 

= i 






2 

■839 

1-167 


k = 2 

■177 

-268 

k= 

3 

1-433 

2-012 


^ =s 3 

■190 

■298 


4 

2*204 

3-125 


k—4: 

•205 

•331 


5 

3-163 

4-536 


k=5 

•221 

•369 


Table of [Ic, i, 

7]- 

Table 

of [h, i, 

7 ]- 


/3=^ 

^=1 



/3= f 

/3 = .J- 

II 

i=2 

5*460 

7-847 


k==2, 2 = 2 

•177 

-268 

k — % 


9*494 

13-895 


k = 2, 2=3 

•475 

•744 

II 

^==:4 

14-876 

22-201 


Jc = 2tj ?» = 4: 

1-024 

1-655 

11 


21-780 

.33-190 


i:=2j ^=5 

1-933 

3-229 

11 

2=2 

9-494 

13-895 


^ = 3, 2'=2 

•190 

-298 

>&=3, 

«:=3 

16-667 

24-969 


k=3, 2 = 3 

-519 

-844 

11 

2 = 4 

26-384 

40-517 


II 

1! 

1-1.37 

1-921 

k=Z, 

2 = 5 

39-047 

61-574 


^.=3, 2 = 5 

2-183 

3-837 

11 

2 = 2 

14-875 

22-201 


k — 4:, 2'=2 

•205 

•331 

k = 4:, 

2 = 3 

26-384 

40-517 


k^4, 2 = 3 

•569 

•961 

^•^4, 

2 = 4 

42 ’^1 4: 

66-840 


II 

li 

1-266 

2-2.38 

II 

i = 5 

63-183 

103-372 


k=4, 2 = 5 

2-471 

4-578 

k = 5, 

2 = 2 

21-780 

33-190 


k = 5, i — 2 

•221 

•369 

k=5, 

2 = 3 

39-047 

61-574 


^ = 5, 2'=3 

•624 

1-096 

k = d. 

2=4 

63-183 

103-372 


= ^ = 4 

1-412 

2-616 

^• = 5, 

2'= 5 

95-690 

162-831 


z=: i ==: 5 

2-803 

5-479 
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With these values for the series, we have to compute the coefficients of 
the systems of simultaneous equations (73). The equations lend themselves 
more readily to solution if we consider hi — 1, — 1, — 1, as the unknowns 

instead of hi, Xi, jMi. The results are given in the following equations. 

The upper coefficients correspond to the case of /S = ; the lower ones, 

printed in small type, to the case of 0 


7^2- 1 = -05902 -4- -00300 { h ^- 

-1) + -00033 { K - 

-1) + -00004 (/i4- 

1)+-00001 { h ,~ 

-1) + ... 

•13516 -01362 

•00201 

•00036 

•00007 


As-l =-10086 + *00522 

+-00057 

+ -00008 

+ -00001 

+ . • . 

•23385 -02412 

•00361 

•00065 

•00012 


;i4-l=-15529+-00817 

+ -00091 

+ -0001 2 

+ *00002 

+ ... 

•36467 -03854 

•00586 

•00108 

•00021 


/iB-l=-22321 + -01196 

+-00134 

+ -00018 

+ -00003 

+ ... 

-53150 -05762 

•00891 

•00165 

•00033 


= -06400+ -00300 (Xo- 

-1)+ -00054 (X3- 

-1)+-00011(X4- 

-1) + -00002 (Xs 

+ 

th" 

1 

•16158 -01362 

•00335 

•00089 

•00023 


X3-1=-06677 + -00313 

+ -00057 

+ -00011 

+ -00002 

+ . . • 

-16114 -01447 

0 

0 

•00098 

•00026 


X,-l=-06976+-00327 

+ -00060 

+ -00012 

+ -00002 

+ . • • 

•17174 -01642 

•00391 

•00108 

•00029 


X,-l= -07297 + -00342 

+ -00064 

+ -00013 

+ -00003 

+ • . • 

•18352 -01646 

-00424 

•00118 

•00033 


/i,-l=-01184+-00010(/a,- 

-1)+ -00003 (/a..r 

-1) + -00001 (ya4- 

-1) + -00000 (yU, 

— 1 ) + . • . 

•02818 -00047 

•00022 

•00008 

•00003 


/ia-l =-01274 + -00010 

+ -00004 

+ -00001 

+ -00000 

• 

•03127 -00052 

-00024 

•00009 

•00003 


u,-l = -01 374+ -00011 

+ -00004 

+ -00001 

+ -00000 

+ ... 

o 

o 

9 

X 

CO 

o 

•00028 

•00011 

•00004 


yU5-l = -01482 +-00012 

+ -00004 

+ -00001 

+ -00000 

+ - . . 

•03871) -00064 

•00032 

•00013 

■00004 



The solutions of these equations are obviously found by an easy approxi- 
mation ; they are 


//,.,= 1-0593 

X3= 1-0642 

yL6a= 1-0118 

1-1377 

1-1544 

1-0282 

//.3= 1-1012 

X3= 1-0670 

ya3= 1-0127 

1-2382 

1-1642 

1-0313 

/)4= 1-1559 

X4 = 1-0700 

yu,4= 1-0137 

1-3719 

1-1760 

1-0348 

1-2241 

Xo = 1-0732 

1-0148 

1-5424 

1-1870 

1-0388 


the small figures corresponding, as before, to the case of = 



158 


NUMERICAL RESULTS. 


[ 9 , §8 


With these values of the ^-’s and Vs, I find 
22 hi = -8718 ; 22 = 1‘3949 ; 

^ - 1 1-3005 ^ - 1 2-8542 

the summations, of course, stopping with i = 5. 

Applying these in (71), we have, when 


-1 

U/ 


’) ='00829 

•01701 



^ 1 +‘02891 

/3 7, 1 + K i_.0Q3gQ 

= 1-0380 

or, when 

S — 1 1 1 JT — ^ '0664 _ 

: 1-0877 

whence 

^e=~ = *08839 x 1-0380 = 

-13608 X 1-0877 

: *09175 


•1481 

Thus the 

angular velocity of the system has been found. 


Next we have 


1 6 (-y= -001434 


TW 


-00309 


Introducing this into (48) and (64) with the previously found values of the 
Vs and ya’s, 

f 1 - 077 6 

1-18()(> 


4 = *0183, 

-0428 


4 = *0306, mg 

-0720 


+ 4 = 1-1318 

j , j 1-3100 

and hence ■< 

' K + 4 = 1*2019 

1-4808 

h, + 4 = 1-2887 
I'OOOS 


•00145 

•0032 

•00145 

-0032 

4 = *0460, m4 = -00145 

•1089 -0032 

4 = *0646, TOg = *00145 

•1541 <0032 } 

By taking the differences of + 4 we may conclude that 

h^ ”1“ 4 = 1*39 

1-96 

and this sixth harmonic term will now be included. 

It appears from the values of the m’s that the harmonics of th<! type 
are practically negligible, excepting the term and that in that wo 
may neglect the part depending on mg. 

Now, if r denotes the radius- vector due to the rotation, and hr the increase 
of radius-vector due to the mutual influence of the two masses, we have 


Sr 


— = <1191 + <0309 — ® + *0100 4- •003'=; 4- -nm ^ _f 

“ -2003 ^ -0637 X ■ 

due to^rotetira ™ *’'® radius- vector of the ellipsoid. 




..(77) 
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We might compute from the spherical harmonic formula 


r 

— = 1 4 - € 
a 



The results so computed will be compared with the others computed as 
shown below. 


The following Table of the angular velocity and corresponding eccentricity 
e of the equilibrium ellipsoid of revolution is extracted from Thomson and 
Tait’s Natural Philosophy, § 772 : — 


e 

a>^ 

•3 

•0243 

*4 

-0436 

•5 

•0690 

*6 

•1007 

•7 

•1387 

-8 

•1816 


From this we find by interpolation that, when Zco^j^Tr — -09175, e = *472 ; and, 
when == -1481, e = -594. 


These, then, are the eccentricities of the ellipsoids whose radius-vector is 
r in the two cases ^ ^ 

The equations to the generating ellipses are 


for 8-^ 

h ~ r- •22^ cos" ^ 


and 


r ^ 1 - -1363 ^ 

a ~ T- -MM 00^ 0 ^ 


The following are the computed values of rja for each 15° of 6, the latitude, 
the small figures written below appertaining to the case of /3 = |. 


e = 

0° 

15° 

0 

o 

CO 

45° 

60° 

75° 

90° 

II 

II 

03. 

1-0429, 

1-0330, 

1-0074, 

•9753, 

•9461, 

•9264, 

•9194 

^ = i : 

1-075, 

1-056, 

1-009, 

•963, 

•906, 

•876, 

•865 


Computing from the spherical harmonic formula, I find 

/3 = |; - = 1-0382, 1-0306, 1-0096, *9809, *9522, *9312, *9235 

a 

jS = ^; 1-0616, 1-0490, 1-0154, -9692, -9230, -8892, -8768 

The greatest discrepancy occurs when (3 — ^ and 6 = 90°, and the difference 
between the two results is of either. It follows, therefore, that in drawing 
the figures it is not of much importance which results we take. But, as above 
remarked, the radius- vectors computed from the true ellipsoidal figure are the 
more correct. 
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The formula (77) for Br consists of a series of zonal harmonics. The pole 
of symmetry of these harmonics lies in the equator of the ellipsoid of revolution 
defined by r, and is that point of each mass which lies nearest to the other. 
Then, denoting by 0 co-latitude estimated from this pole, I find that the 


numerical values of Br for each 15“ 

of 6 are 

as follows 

. — 


0“ 15° 

30“ 

45° 

o 

o 

75“ 

0 

O 

/3 = 4:-=+-165 -1-T41 

^ a 

^ : 4“ *280 4' '257 

-|-•084 

-1--019 

-031 

- -055 

- -056 

-f- 142 

4-" *024: 

-•060 

- -094 

- -092 

105" 

120° 

135° 

150° 

165“ 

180“ 

-•037 

-•004 

+ •032 

+ •065 

+ •088 

+ -096 

-•059 

-•002 

+ •056 

+ ■106 

+ -143 

+ -160 


These have to be combined with r, so as to give the radius-vectors of the 
mass of fluid along two sections, one perpendicular to the axis of rotation 
(which may be called the equatorial section), the other through the axis and 
the two centres (which may be called the section through the prime meridian). 
Taking the case of /9 = ^, we add the successive values of Br to the equatorial 
value of r, viz., 1-043, and thus find the equally-spaced radius-vectors along 
the equatorial section. Next we add the successive values of B‘r to the cor- 
responding values of r, and thus find the equally-spaced radius- vectors along 
the prime meridian. The results are as follows : — 


^ = 

0“ 

15“ 

30“ 

45“ 

60“ 

75° 

90“ 

r + Sr 

= + Equator, ^ = 

1-208 

1-184 

1-126 

1-062 

1-012 

•988 

•987 

Pr. Merid. = 

1-208 

1-174 

1-091 

*994 

•915 

•871 

•863 



105° 

120“ 

135“ 

150° 

165“ 

180“ 



1-006 

1-039 

1-075 

1-108 

1-131 : 

1-139 



•889 

-942 

1-008 

1-072 

1-121 

1-139 

These results apply to the case of /3 

= those for /5 

= ■}; are 

found i; 

n the 


same way, and are given in the figures referred to below. 

When ^ = Y distance between the centres is given by c/a- =2*828. 
I have also worked out the case of although none of the numerical 

details are given here. 

In figs. 2, 3, 4, and 5 are exhibited the figures which result from some of 
these computations. 

Figs. 2 and 3 refer to /3 =}, 4 and 5 to that of /3 = -/j-, and the numerical 
values for /9 = f , given above, make it easy to draw a figure for = | . 

Since in these cases the masses are equal, the two halves of the figure are 
the images of one another. The numerical value of each radius-vector is 
entered on the figures ; and other numerical data and explanations are given. 



FIGUBES ILLUSTBATING THE BESULTS. 



Fig. 2. Dumb-bell figure of equilibrium. Section perpendicular to axis of rotation 
[^ = a; 2-449; 7=n-; w2/47r = -0494 ; momentum = 7/' x -482.] 



Ja^obuxjTL. elUpsai^,' 





Fig. 3. Dumb-bell figure of equilibrium. Section through, axis of rotation. 
[J.=a; c/g = 2-449; ^ = i ; 7 = -(t; co'^/47r = -0494; momentum = (f7r)- ?/' x -482.] 




Fig. 4. Equal masses nearly in contact. Section perpendicular to axis of rotation 
[A=a; cla^2-64i6; /3=;^-; 7 =f; w^/47r=-03B; momentum = 7/» x -472.] 



Fig, 5. Equal masses nearly in contact. Section through axis of rotation. 
[A— a; c/g-=:2-646; = 7=f? w^/47r=*038; momentum = (;|7r)^ X *472.] 


u. in. 


11 
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Figs. 2 and 3 correspond to /S =|-, and here the figures as computed cross 
one another. The reality must, therefore, be two bulbs joined by a stalk, 
like a dumb-bell. The dotted lines have been filled in conj ecturally, and 
must show pretty closely what that single figure, formed by the coalescence 
of the two masses, must be. 

Figs. 4 and 5 show in a similar manner the case of and here the 

two masses are separate, although nearly in contact. When ^ the shapes 
present similar characters, but are wider apart. 


I 9. On the Use of Spherical Harmonic Analysis as a 
Method of Approximation. 

Spherical harmonic analysis gives less accuracy as the bodies considered 
depart more and more from spheres. How far, then, do our results present 
an approach to accuracy ? To answer this question, we have to find how 
nearly the potentials at the surfaces of these figures may be computed from 
the spherical harmonic formulae. 

It would be laborious to make an accurate computation of the potential, 
and it fortunately appears to be unnecessary to do so, since a sufficient 
answer may be obtained in another way. 

The potential of an ellipsoid of revolution may be computed either 
rigorously or by harmonic analysis. With a certain degree of eccentricity 
the approximate result will agree badly with the rigorous one. 

If the ellipsoid consists of a fluid of unit density, there is a certain angular 
velocity which makes it a level surface. If co be that angular velocity, then 
we know that the spherical harmonic solution would give 1 — ISco^/W'tt as the 
ratio of the minor to the major axis. If then c, a, are the rigorous values of 
the minor and major semi-axes, the harmonic approximation is good if c/a 
does not differ much from 1 — IBco^/lBir. 

If we denote by 1 — /i, the factor by which the approximate value of the 
ratio of the axes is to be multiplied in order to obtain the rigorous value, we 
have 

> c/a 

and fx may be regarded as a measure of inaccuracy. 

A table of the values of corresponding to various eccentricities 

e = a/{1 — (c/a)^}, is computed from the transcendental equation in Thomson 
and Tait s HAtuval Philosophy, § 772. From these I compute as follows : — 
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c 

a 

ISu^ 

^ IGtt 

Difference 

1 

T 

•9949 

■9949 

•0000 

Large 

■2 

■9798 

-9799 

•0001 

9799 

•3 

-9539 

•9544 

•0005 

1909 

•4 

•9165 

•9182 

•0017 

540 

•5 

•8660 

•8705 

•0045 

193 

•6 

•8000 

•8111 

■0111 

73 

•7 

•7141 

•7399 

■0258 

29 

•8 

•6000 

•6595 

•0595 

111 

■9 

■4359 

•5869 

-1510 

3-9 


The measures of inaccuracy corresponding to the values of e in the first 
column, or the values of oja in the second, are the reciprocals of the numbers 
in the last column. We thus see that there is still a considerable degree of 
approximation when e = ‘8, or when the ratio of the axes is 3 to 5, for the 
measure of inaccuracy is ; but for e = ‘9 the approximation is bad. 

Now the shapes of certain egg-like bodies have been computed by the 
spherical harmonic method, and it seems safe to assume that the approximation 
has given about the same degree of accuracy as would hold in the case of an 
ellipsoid of revolution whose minor axis bears to its major axis the same ratio 
as the shorter axis of the egg to the longer. 

Turning now to our computation, and considering only the more elongated 
or meridional sections, we see that, when /3 = ^, the longer axis is 1*355 -f- 1*230 
or 2*585, while the shorter is 2 (1 — *227) or 1*546. The ratio 1*546 : 2*585 is *6, 
which corresponds to the measure of inaccuracy 1/11*1. It might, however, be 
more legitimate to adopt two different measures, and at the pointed end of the 
egg to take the ratio *773 : 1*355 = *57, which will correspond to a measure of 
inaccuracy about ; and at the blunt end to take the ratio *773 : 1*230 = *63, 
which would correspond to a measure of inaccuracy or 

In the case of /3 = -I the two masses cross one another, and the result has 
been used to give an approximate picture of the dumb-bell figure of equilibrium. 
We now see that even in this case there is a sufficient degree of approximation 
to give a very good idea of the accurate result. 

In the case of the meridional section, where we have for the ratio 

of axes at the pointed end of the egg 

1 - *1717 _ *8283 _ 

1*2712 ~ 1-2712 

and measure of inaccuracy about ; and at the blunt end 

1-*1717_ *8283 
1*1746 ”iT746 

and measure of inaccuracy •gVy. 


U— 2 
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In the case of /3 = -f the similar figures are, for the pointed end, 

I-'ISI -863 _ 

— — -TO 

1-208 1-208 

and measure of inaccuracy about ; and for the blunt end 

1~-137 -863 ^ 

1-139 “1-139“'^" 

and measure of inaccuracy perhaps about 

It thus appears that as the bodies recede the accuracy increases with 
great rapidity, and in the two cases considered last it is hardly necessary, 
from a physical point of view, to consider greater accuracy than that attained. 

It must be remarked, however, that this way of estimating the degree of 
inaccuracy must necessarily give much too unfavourable a view. 

If we have a single mass of fluid departing considerably from the spherical 
form, it is clear that the potential computed on the hypothesis of a layer of 
surface density on the true sphere will come to depart largely from the 
potential at the surface of the fluid. If, however, we compute the potential 
of such a mass at points a little remote jfrom the surface, the approximation 
will be much closer. Now, where there are two masses, as in our problem, 
the potential at the surface of either mass consists of two parts, one due to 
the mass itself, the other due to the other mass. As regards the first of these 
two parts, the above criterion is applicable, but as regards the second part it 
gives too unfavourable a view. 

Now in the case of the single mass the deformative forces due to centri- 
fugal force are considerably vitiated by computation at the spherical surface 
instead of the true surface, whilst in the case of the two masses the tide- 
generating forces are computed with greater accuracy than is shown by the 
criterion. 

Under these circumstances it has appeared worth while to give another 

figure below, which, judged by the criterion, would be no approximation 
at all. 

The reasons for giving this figure will be stated hereafter. 
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§ 10. To find the Moment of Momentum of the System. 

Rotating figures of equilibrium are classified according to the amount of 
moment of momentum with which they are endued. It is, therefore, 
interesting to determine the moment of momentum of the systems now- 
under consideration. 


We must begin by finding the moments of inertia of the two masses. 
Let hi, hi, denote the moments of inertia of the shells of zero mass lying on 
the mean spheres of radii A, a. 

Then hi = JJ (y*-* + (r — a) 

where d!ra- = sin dd0d<p, and where the integral is taken throughout angular 
space. 

Now ^ 1 ~ 



and r — a is the sum of a series of harmonics. Then, in consequence of the 
properties of harmonic functions, we need only consider the harmonics of the 
second degree in ^ — a, and 


hi = 






Uh + 1,) 




+ 2m, 




d'OT 


5co'^ 
~ la^TT 


and the moment of inertia of the mean sphere is f-gTra^ ; hence, if we write 

f— [4' + 4) + Sma] 


F: 


Stt 

5a>‘^ 

Stt 


/a 


\c 




the moments of inertia, i and I, are given by 

t=T\7ra'’(l+/) 

I — r^^rA^ (1 + F) 


We already have in (71) 


47r 


Ay 


+ 


a 


(l+K) 


Hence the sum of the rotational momenta of the two masses is 


{i + I) CO = ^ (f7r)2 [»'■' (1 +/) -f (1 + i^)] 


a 


+ 


A 


(1 + K)i 



166 


THE MOMENT OF MOMENTUM OF THE SYSTEM. 


[0, I lO 


The whole system revolves orbitally about the centre of inertia with an 
angular velocity co : hence the orbital momentum is 

^TT \a^a}(P H- 


But 


d 


A^c 


a? + A^ ’ 

Hence the orbital momentum is 

^TrA^a^ 
A^ + a? 

,3 d^A^c^ 


JD = 


a?c 

o? + 3=* 


030 “ 


and this is equal to 


f-TT 




(1 


(A^ + a^)^ 

It will be convenient to refer the mass to the radius of a sphere of the 
same mass as the sum of the two. 

Let b be the radius of such a sphere ; then 

6® = A’^ + a® 

Thus the whole moment of momentum is 


(f ,r)t 6* 


I 


a 


a+/)+(j)(i+r) 






• + 


a 




(I + Ky 


We shall therefore compute the coefficient of 6®. 

Computing from this formula, I find the following values of tluj moment 
of momentum in the case where the masses are eqxial, wh(3n 

/3=4, . (|7r)^3)® X -468 

/S = i> „ X -472 

^ — >, X '482 

Now I find by a numerical investigation* that, if wc imagine a mass of 
fluid equal to |■7^6® rotating in the form of a Jacobian ellipsoid of threts 

unequal axes, then, when the momentum is (|-7r)^ 6'"' x -392, the axes of th(i 

ellipsoid are 1-898&, 0*81 13&, 0-6496; and when the momentum is (i7r)«6® x -044 
the axes are 3-1366, 0-5866, 0-5456. 

It seems probable, then, that the Jacobian ellipsoid of mass vf7r6-'* becomes 
unstable, at least as soon as when the moment of momentum is somewhere 
about 6® X ■5f. 

It may be worth mentioning that the greatest moment of momentum for 
which the ellipsoid (of mass |7r6®) is stable, when it is a figure of revolution, 
is (f 7r)2 6® X -30375. 

Roj/. Soc. Proe., Vol. xli., 1887, p. 319. 

I [In § 7 of Paper 12 the factor here conjectured to be -5 is proved to bo -389570.] 
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§ 11. On the Conditions under which the two Masses may 

be close to one another. 


If at any point on the surface of either mass the sum of the tide-generating 
and centrifugal forces is greater than gravity, it is obvious that equilibrium • 
cannot subsist. It is also clear that, if this condition is to be found anywhere, 
it will be at that point of the smaller mass which lies nearest to the larger 
mass. Hence, in order that the system may he a possible one, we must satisfy 
ourselves that at that point the gravity of the body itself exceeds the sum of 
the tide-generating and centrifugal forces. 

To determine the limitations of size and proximity of the smaller of the 
two masses to a high degree of approximation would be very laborious, and 
we shall, therefore, content ourselves with a rough investigation, to be 
explained below. 

We shall now find approximations for the shapes of the two masses and 
for their potentials. 

The radius-vector of either mass and the potential may be expanded in 
powers of a/c and Afc, and a term involving in the denominator will be 
referred to as being of the -nth order. 

Now the term of the highest order which can be included without the 
introduction of great complication is the 7th, and we shall content ourselves 
with that term. 

The expressions for the various parts of the potential have been developed 
above, but it may be observed that the terms involving the first order of 
harmonics may be omitted, since they are subsequently annulled by a proper 
choice of the angular velocity. 


From (22-i.) we have 


47ra^ a , ^ 

“ 8 “ ?+ “ 3 ?"^ 


Ju 


c 






ay 


-p 




The last term in the development to the 7th order is that involving . 
Then it is clear that we require correct to the 4ith order, ha to the 3rd, and 
so on. But (25) shows us that the A’s are equal to unity to the 4th order 
inclusive. Hence, in the above, all the Kb may be treated as unity. 


Again (22-ii.) when written in reference to the origin o affords other 
terms, in which all those included under are of the 8th and higher orders, 
and negligible ; and the rest (with omission of the first harmonic term) gives 


47rA® r /ay 



Thus this first part of the potential is, 

47ra^ a 47rA.® /ay f 
~S~'r^ 3c /c=AcJ 1 


to the 7th order inclusive, 
2 (/c —l)[rj ^ W 3 
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Next, from the expression for in § 3, we have a term in the potential 
due to rotation + The remaining terms due to rotation will be taken 

up later. 

From (71) we see that, to the 7th order inclusive, 


Hence co^ and e are of the 3rd order; and from (48) and (64) it follows 
that the factors by which the Ts and m’s are derived from the A’s and fxB are 
of the 5th order. And, since the X’s and [jus only differ from unity in terms 
of the 6th order, it follows that the and m’s are of the 5th order. Then 
(41) and (56) show us that all the terms in I and m are negligible. 

The first set of terms due to rotation and to the corresponding deformation 
are given in (39) and (43), and together contribute 

*"■[*(*)■*©■]?• 

The second set of terms due to rotation, and to the corresponding defor- 
mation, are given in (54) and (58), and together contribute 






a) ^ 


Hence, to the 7th order inclusive, we have 
4‘7ra“ a 47rA‘* f a\* ( 3 

^ ifsW t 27 *^T)Vd 


+ ^co^aP 






,..(78) 


Now the expression (72) for the radius- vector of the mass a to the same 
order of approximation gives us 


167r 




/Ay *=« 2 k + 1 /a 
V c / jc=% ^k — 2 \0 


and a similar expression for R/A. 

To determine the inward force at the pole of the mass a, where it is 
nearest to the mass A, we must evaluate —dVjdr,aud in the first term 
substitute the above expression for r, and in the remaining terms put r — a; 
also at this pole w^/r^— 1, and 8 ^W 4 , = 0. 

Then, differentiating (78), 


d V __ 47ra aP 
dr 3 


4-7ra /AV"* ra 

“3 U j 


3 {k 4- 1) 
2 {k - 1) 




3.3 


...( 79 ) 
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But at the pole 

47ra a? _ 4s7ra 

3 3 


f co^a 


47ra /AY 2k + 1 
;cZ 2 Ic - 1 


3 I 


Substituting this for the first term of (79), we have 
dr 

But 


dV 47ra /7 


hence 

dV _ 47ra 
dr 3 


4i7ra 


1 :i 

TY 


aPa 


AY 
- + 


47ra 

’3“ 


A 


+ 


a''® 
c 


cj 


a 




a 


' ) if + I ^ + f 


43^® + 13a® /AY 


12c® 


a 


oj 


4- f’ 
-t" W 


a 


a 


+-y^(^) +--V 


IB 


+ 


a 


+ m 


a 


Thus the criterion of the possibility of equilibrium is that 


0 = 1 


43 J.® + 13a® 
12^ 


c 


7^.9 




should be positive. 

But the radius-vectors of the poles are 


r 

a 


= 1-4- f,- 


AV 


+ 


and, similarly, 


E 


— 1 _i_ fi 

— J- -r T-?r 


Therefore 


c; 




a 




a 


+ 


-f 




5 . 7 ' 


-f t 


a 


+ 44- 


a 




tr ( - ) 
\o/ j 


-Y r«+4 

oj p + * 


f) 


l+il 


A\- . _ M N® . , „ 


-I- JgL 


+ TiT ( 


- 


\c/ 


K 7 

7'’-hjR = <Z + j4. 4r (X + ./I® + (ci + 7.^ ) C6‘*] + -4 " t// (jdL H- ct>) 

O "II "I €> 

4l®a® 4- A®a® {a + A) + J.®a® (a® -h A®) 

c® 80® lOc*^ 

Now the interval between the two masses is c — ■ {r + E); hence, if the two 
masses are just in contact, 

c = (i-\- A -4 ^2^) H" jd) A^ -h (a -j- 7^1) a®] 4- jd,®a® (^A -4- a) 


4c^ ' 


q 1 1 TO 

+ -5 4l®a® (a -f J.) + + ^“) (81) 

In order, then, to test whether equilibrium is still possible when the two 
masses are just in contact, it is necessary to determine c from (81); and then, 
substituting in (80), find whether 0 is positive or not. 
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^Text, from the expression for O in § 3, we have a term in the potential 
due to rotation + The remaining terms due to rotation will be taken 

up later. 

From (71) we see that, to the 7th order inclusive, 

3 q )^ /Ay-^ . 


Hence and e are of the 3rd order; and from (48) and (64) it follows 
that the factors by which the Z’s and m’s are derived from the A’s and /j.’s are 
of the 5th order. And, since the X,’s and /x’s only differ from unity in terms 
of the 5th order, it follows that the I's and m’s are of the 6th order. Then 
(41) and (56) show us that all the terms in I and m are negligible. 

The first set of terms due to rotation and to the corresponding deformation 
are given in (39) and (43), and together contribute 


r 


o /'ay 

W 


ryl 


The second set of terms due to rotation, and to the corresponding defor- 
mation, are given in (54) and (58), and together contribute 






®"1 

■2- ~2~ 


Hence, to the 7th order inclusive, we have 

y — ^ f 3 

3 T 3c fc=:2 \C/ (2 (/c — i) \r/ 




-f- -^co^cc^ 


r\2) /W2 — 


...(78) 


(W2 


Idw 




Now the expression (72) for the radius- vector of the mass a to the same 
order of approximation gives us 

- = 1 + + 1 / a \*-2 Wfc 

a. ie-n-V C^^lk-lKc) ^ 

and a similar expression for Rj A. 

To determine the inward force at the pole of the mass a, where it is 
nearest to the mass A, we must evaluate ~ dV/dr, and in the first term 
substitute the above expression for r, and in the remaining terms put r == a • 
also at this pole w 2 /r^= 1, and = 0. 

Then, differentiating (78), 


dV 4i7ra 

dr 3 r‘^ 


47ra /Ay 

3 \C j \C 


3{k + l) 
2 {k - 1) 




3.8 


...( 79 ) 
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47ra 2k + 1 


But at the pole 

47ra. a" _ 47ra 

-3 - ~2-~^ 

Substituting this for the first term of (79), we have 




* - 1 


dV _ 47ra 
dr 3 




^(”TA(A; + 4)(“') 


But 

hence 

_^_47ra 
dr 3 


47ra. 


(o^a 


4sTra 




/c = 2 

ay 


, k—ss 


c/ 




1 ;t 

TY 


Ay 


+ 


a 


1 - 


43 + 13a* 


t-T 

c 


a 


f + 




a 


c ^\oJ 


ay 


+ 11. [Z 
<0 


4, 13 


' ^ ^ Vc / 


a 


+ 1A Z 


ay 


cj 


Thus the criterion of the possibility of equilibrium is that 
43J.* + 13a» MV {.a . „ fay .. ( 


a=i 


7« . 


12c* \ c 

should be positive. 

But the radius-vectors of the poles are 


'a 


\c 


4 . J jI 


/ (y\ 

•■•(80) 


r 

a 


1 + tV 


4- 


a 


+ 




and, similarly, 

-K I 

2 — 1 + tV 
Therefore 


4Y‘+ (2^ 

c ) \cj 


-'IT 


5 4-7 
'll “t- 4 : 




+ 1 


A 


+ -(4 


A)'* |.ji { df,)* 


0) 


oJ 


r-t-i2 = a + -4H- [(7te + A) A (a + 7 A) C6'‘] H- ™ A^A^ (A + a) 

+ 1 + U (ct + 4 (“' + 4=) 

Now the interval between the two masses is c — (r + li)', hence, if the two 
masses are just in contact, 

5 7 

c — a + A [(7a"t*4).d .*-|- (a + 'J Ay a*] -J- A^a? (^A -P a) 


4c* 


O 1 1 TO 

+ ^ ^’0? + ^ (a + 4) + A-a> (a» -f A<^) (SI) 

In order, then, to test whether equilibrium is still possible when the two 
masses are just in contact, it is necessary to determine c from (81); and then, 
substituting in (80), find whether G is positive or not. 
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The solution of such an equation as 


and the determination of 


<y S e 2" 
c = a4-— „+ — -f — I i-A 


0 = 1 - 


B r A E z 


can only he performed hy trial and error. 

Now suppose that the solution is Co + Sc, where Sc is small ; and that 


/9 ry 

Oo Oq 


Then it is obvious that 


a = i 


^0^ ^0^ 


^ _ A "* 7 ” * • 


SB 4r \ 8c 

_ -I- C=Oi+SO 

0 ^0 / Co 


It is not hard to find an approximate solution Cq by trial and error, and 
the correct results may then be found thus. 

Consider the case where the two bodies are equal to one another, and put 
a = A=l. The equations then become 

c- .J 4-3^5 + - 4 - - 4 - g- 


0=1 


M__7 ^_11 3B 

3c=‘ 2c* 2c® 20 ® 2c’’ 


By trial and error we find c = 2'535, 0= + '557. 

From this we conclude that equilibrium still subsists when the two masses 
are in contact. 


When a== A = 1, c — 2'535, we have 


ry = (a/cy 


6-43 


, and /3 = 7/(1 — 7) 


1 

5-43 


Our figures showed that when /3 = ^ the two masses were nearly in contact 
and when ^ ^ they crossed. 

This result is, therefore, in accordance with the figures. 

Next pass to the case of an infinitesimal satellite, and suppose a infinitely 
small compared with A and c, and that 4 I = 1. The equations are 


c — 1 4“ 


12c® 


0 = 1 - 


12c® 
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The solution of the first equation is c = 1'226, and this value of c makes 
C — ~ '94. Hence we conclude that an infinitesimal fluid satellite cannot 
revolve with its surface in contact with its planet. 

G vanishes when c = (f f )'^ = 1*89. Hence it appears that the nearest 
approach of the infinitesimal satellite to the planet is 1‘89 mean radii of the 
planet. The nature of the approximation adopted is, however, such that in 
reality the satellite must lie further from the planet than this, perhaps at two 
radii distance*'. The satellite and planet of which we here speak are, of 
course, supposed to revolve as parts of a rigid body. Now, if for equal masses 
equilibrium still subsists when the two masses are in contact, whilst for 
infinitesimal mass of one equilibrium is impossible with the masses in contact, 
it follows that for some ratio of masses equilibrium can just subsist when they 
are in contact. 

The question, therefore, remains to determine this limiting ratio of 
masses. 

I find, then, that when a- = 1, A = 3*4, we have 

c = 4-4 4- [2-25684] c"® -h [1-94945] + [2*07156] c-« 

+ [2-37619] [2-80737] c"' 

a = 1 - [2-15205] c-« - [2-13850] - [2-24765] c-« 

- [2-33480] - [2-40735] 

the numbers in [ ] being the logarithms of the coefficients. 

The solution of this is c= 5'57, which makes O — — '006, 

Again, when a=l, A =3 3, we have 

c = 4*3 H- [2-21656] c-« + [1-91353] + [2'03266] c"® 

+ [2-32731] c-« + [2-74467] 0“^ 

(7=1- [2-11347] c-« - [2-09961] c-* - [2-20876] c"® 

- [2-29591] c-« - [2-36846] 

the solution of which is c = 6-45, which makes (7=4- -010. Since (3-4y = 39-3, 
and (3-3)* =35-9, it follows that the ratio of the masses in the first case is 
1 : 39 - 3 , and in the second 1 : 35-9. 

From this it appears that when the ratio of the masses is about 1 to 38 
equilibrium is still just possible when the two masses touch. 

It must be borne in mind, however, that the nature of the approximations 
adopted in this investigation is such that the results in this limiting case 
are only given very roughly, and it is certain that actually the limiting size 
of the smaller of the two masses must be greater than as thus computed. 

* See RocliB, JMContpelliev A-cad. Sci. Vol. i., 1847—1850, p. 243. [Tlie accurate result 

is proved in Paper 16 to be 2*4553.] 
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We can only conclude that the limiting case occurs when the ratio of the 
masses is about 1 to 30, or the ratio of the radii about 1 to 3. 

There is one other case which it is interesting to consider, namely, to find 
the limiting proximity of the Moon to the Earth, both bodies being treated 
as homogeneous fluids of the same density, revolving as a rigid body. 

The case of Moon and Earth is well represented by a — 1, A= 4‘333 ; 
for this gives 1 to 81*35 as the ratio of the masses. With these values I find 

O = 1 ~ [2*46626] c-« - [2*45443] - [2*56358] c-= 

- [2*66073] c-« - [2*72328] c"^ 

and 

r + ii = 5*333 + [2*59898] c-^ + [2*24358] c-" + [2*38748] 0“® 

+ [2*77563] c-« + [3*32042] 

Now c = 7*0 will be found to make G vanish, and, with this value of c, 
G — (r + JR) — *414. 

If A be 4000 miles, c = 6500 miles, and c ~ (r + R) = 380 miles. 

Thus, as far as this investigation goes, it appears that when the fluid 
Moon is on the point of breaking up from stress of tidal and centrifugal 
forces the distance between the centres of Moon and Earth is 6500 miles, 
and the shortest distance between the two surfaces is 380 miles. 

This result must, however, from the nature of the approximation, be an 
underestimate of the distances. 

The whole of the present section has been suggested by a pamphlet by 
Mr James Nolan* in which he criticises some of my previous papers. I have 
commented elsewhere on his criticisms -f-. 


§ 12. On the Case where the two Masses are unequal. 

The results of the previous section point to a very remarkable limitation 
to the possibility of approach of two masses of unequal size. It has, therefore, 
seemed worth while to consider this case numerically, and a case is therefore 
chosen which shall approach near to that which we know is the limit of 
possibility. I choose, therefore, a = 1, .4 = 3, which makes the ratio of the 
masses 1 to 27, and c=5*3, which brings the protuberances into close 
proximity. 

The numerical details are omitted, but figs. 6 and 7 give the results, the 
numerical values of the radius-vectors being, as before, entered on the figure. 

* Darwin’s Theory of the Genesis of the Moon. Robertson : Melbourne, Sydney, Adelaide, and 
Brisbane, 1885. 

t Nature, February 18 and July 29, 1886. 
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Fig. 6. Unequal masses. Section perpendicular to axis of rotation. 
[A/a = 3; (A/«,)3=27; ct/c = -189; A/c = -566; 'y=-036; r = *321; w2/4ir=-066; 

momentum = { t 7 r)t' ?/> x *29.] 



[A]a~‘d; {Alay^ = 27; a/c = ‘189; A/c = '566; ■y=-036; r = -321; w2/47r = *066; 

momentum = (I-tt) ^ x *29.] 

The elongation of the smaller mass is so extreme that it is obvious that, 
strictly speaking, the spherical harmonic ax^proximation must be considered 
to break down. Nevertheless, I conceive that these curious figures may be 
held to indicate the general nature of the true result. 

It is remarkable that the smaller mass exhibits a marked furrowing round 
the middle. This seems to indicate that such a system tends to break uj) by 
the separation of the smaller mass into two parts. 

§ 13. Summary. 

The intention of this paper is, first, to investigate the forms which two 
masses of fluid assume when they revolve in close proximity about one 
another, without relative motion of their parts ; and, secondly, to obtain a 
representation of the single form of equilibrium which must exist when 
the two masses approach so near to one another as just to coalesce into a 
single mass. 
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When the two masses are far apart the solution of the problem is simply 
that of the equilibrium theory of the tides. Each mass may, as far as its 
action on the other is concerned, be treated as spherical, and the tide- 
generating potential is given with sufficient accuracy by a single term of 
the second order of harmonics. As the masses are brought nearer to one 
another, this approximation ceases to be sufficient, terms of higher orders of 
harmonics become necessary to represent the potential adequately, and the 
departure from sphericity of each mass begins to exercise a sensible deforming 
influence on the other. 

When the departure from sphericity of one body produces a sensible 
deformation in the other, that deformation in its turn reacts on the first, and 
thus the actual figure assumed by either mass may be regarded as a 
deformation due to the primitive influence of the other mass, on which is 
superposed the sum of an infinite series of reflected deformations. 

But each mass is deformed, not only by the tidal action of the other, 
but also by its own rotation about an axis perpendicular to its orbit. The 
departure from sphericity of either body due to rotation also exercises an 
influence on the other, and thus there arises another infinite series of reflected 
deformations. It is shown in this paper how the summations of these two 
kinds of reflections are to be made by means of the solution of three sets of 
linear equations for the determination of three sets of coefficients. 

The first set of coefficients are augmenting factors, by which the tides of 
each order of harmonics are to be raised above the value which they would 
have if the perturbing mass were spherical. It appears that, the higher the 
order of harmonics, the more do these factors exceed unity. 

The second set of coefficients correspond to one part of the rotational 
effects. They appertain to terms of exactly the same form as the tidal terms, 
and in the final result the terms to which they apply become fused with the 
tidal terms. These terms are the zonal harmonics of the several orders with 
respect to the axis joining the centres of the two masses. 

The third set of coefficients correspond to the remainder of the rotational 
effect, and they appertain to a different kind of deformation. These defor- 
mations are represented by sectorial harmonics involving cos 2<f>, where <f> is 
azimuth measured from the plane passing through the axis of rotation of the 
system and the centres of the two masses. That term of this set which is of 
the second order of harmonics, and which represents the ellipticity of either 
mass augmented by mutual influence, is the only term which is considerable, 
even when the two masses are very close together ; but the existence of the 
other harmonic deformations of this class is interesting. We may say, then, 
that all the tides of either mass are augmented above the values which they 
would have if the other mass were spherical ; that the ellipticity corresponding 
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to . rotation is augmented ; and that the deformation due to rotation is no 
longer exactly elliptic-spheroidal. 

The angular velocity of the system is found by the consideration that the 
repulsion due to centrifugal force between the two masses shall exactly 
balance the resultant attraction between them. If the masses were spherical, 
the s'quare of the orbital angular velocity, multiplied by the cube of the 
distance between the centres, would be equal to the sum of the masses. 
When the masses are deformed, however, this law is no longer true, and the 
angular velocity has to be augmented by a factor a little greater than unity, 
which depends on the amounts of the deformations. 

The theory here sketched is applied above numerically to several cases, 
and the results will be found in the preceding paragraphs. We shall first 
consider the cases where the two masses are equal to one another. 

In the first example (y9 = f) solved numerically, the distance between the 
centres of the two masses is 2*83 times the mean radius of either of them. 
The two bodies are found to be elongated until they approach near to one 
another; but, as the character of the distortion is better illustrated in a 
subsequent case, the result is not given graphically. All the data, however 
are found which will enable the reader to draw the figure if he should wish 
to do so. 

In the next example (/3==^), with the masses still equal, the distance 
between the centres is reduced to 2'646 of the mean radius of either. The 
result of the solution is illustrated by two figures. In fig. 4, the section of 
the masses by a plane perpendicular to the axis of rotation is shown, and in 
fig. 5 we have the section by a plane passing through the axis and the centres 
of the two masses. On both figures are inscribed the values of the radii for 
each 15° of latitude in terms of the mean radius as unity, and the mean sphere, 
from which the distortion is computed, is marked by a short line on each 
radius. The elongation of the masses is, of course, considerably greater in 
the section through the axis than in the other section. Each mass is shaped 
somewhat like an egg, and the small ends face one another and come very 
nearly into contact. 

In the headings to the figures, amongst other numerical data, are given 
the square of the angular velocity and the angular momentum of the system. 
The density of the fluid being unity, the angular velocity co is given by the 
value of (o^J 4 s 7 r ; this is the function of angular velocity which is usually given 
when reference is made to figures of equilibrium of rotating fluid, such as the 
revolutional or Jacobian ellipsoids of equilibrium. The moment of momentum 
of the system is given by reference to the angular velocity of a sphere, of the 
same mass as the sum of our two masses, rotating so as to have the same 
momentum. If, in fact, b be such a length that a sphere of fluid of that 
radius has the same mass as our system (so that b‘* = -j- then the 
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moment of momentum is given by a number yu- in the expression (f b® x fM, 
By this notation the angular velocity and moment of momentum are made 
comparable with the results given in a previous paper* on the Jacobian 
ellipsoid of equilibrium. 

In figs. 4 and 5, is '038, and the momentum fx, is *472. On com- 

parison with the Table of Jacobi’s ellipsoids, we see that this corresponds 
with a considerably slower rotation than the 6th solution, and nearly the 
same moment of momentum. 

In the next case the two masses are still closer (yS = I), the distance 
between the centres being only 2*449 times either mean radius. The result 
is illustrated in figs. 2 and 3 ; the explanation of figs. 4 and 5 serves, mutatis 
mutandis, for these two figures also. 

This case is interesting because the masses have approached so near to 
one another that they partially overlap. Two portions of matter cannot, of 
course, occupy the same space, and the continuity of figures of equilibrium 
leads us to believe that the reality must consist of a single mass of fluid. In 
figs. 2 and 3 conjectural dotted lines are drawn to show how it is probable 
that the overlapping of the two masses is replaced by a neck of fluid joining 
them. The figures as thus amended serve to give a good representation of 
the single dumb-bell shaped figure of equilibrium. 

The angular velocity is here given by ct)®/47r = *049, and the moment of 
momentum by *482. In the sixth entry of the Table of Solutions of Jacobi’s 
problem we find = ‘0536, and the moment of momentum fju = *481. 

This ellipsoid has, then, the same moment of momentum, and only about 
4 per cent, more angular velocity, than our dumb-bell. It has seemed, there- 
fore, worth while to mark (in chain-dot) on figs. 2 and 3 the outline of this 
Jacobian ellipsoid of the same mass as the dumb-bell. The actual vertex of 
the ellipsoid just falls outside the limits to which it was possible to extend 
the figure. 

In the paper above referred to it is shown how the energy of the Jacobian 
ellipsoid is to be computed. If we denote the kinetic energy by (f 7 r)°b'’ x e, 
and the intrinsic energy by (■| 7 r)^b® x {%— I)-}*, then it appears that in the 
case of the ellipsoid drawn in these figures e = *0964, ^ = '4808, and the total 
energy E ~e + i=- *5772. 

Now in the case of our dumb-bell figure it appears, from calculations 
which are not reproduced, that e = *0925, i — *4873, and E = *5798. Hence in 
the dumb-bell figure the kinetic energy is less, but the intrinsic energy is so 
much greater that the total energy is about a half per cent, greater. These 

* Boy. 8oc. Proc., Vol. xli., 1887, p. 319. [Paper 8, p. 119.] 

t The intrinsic energy being negative, it is more convenient to tabulate i a positive quantity. 
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numbers are, of course, computed from the approximate formulae, and must 
not be taken as rigorously correct for the dumb-bell figure of equilibrium. 

With reference to a figure of transition from the Jacobian ellipsoid, 
Sir William Thomson has remarked*: — 

“We have a most interesting gap between the unstable Jacobian ellipsoid, 
when too slender for stability, and the case of smallest moment of momentum 
consistent with stability in two equal detached portions. The consideration 
of how to fill up this gap with intermediate figures is a most attractive 
question, towards answering which we at present offer no contribution ■]*.’' 

Figs. 2 and 3 are intended to form such a contribution, but it is certain 
that the matter is far from being probed to the bottom, 

M. Poincard has made an admirable investigation of the forms of equi- 
librium of a single rotating mass of fluid, and has especially considered the 
stability of Jacobi’s ellipsoid He has shown, by a difficult analytical 
process, that when the ellipsoid is moderately elongated (he has not arrived 
at a numerical result §) instability sets in by a furrowing of the ellipsoid 
along a line which lies in a plane perpendicular to the longest axis. It is, 
however, extremely remarkable that the furrow is not symmetrical with 
respect to the two ends, and thus there appears to be a tendency to form a 
dumb-bell with unequal bulbs. 

If M. Poincare’s result shall appear to be not only true, but to contain 
the whole truth concerning the mode in which instability of the ellipsoid 
supervenes, then there must be some other transitional form between the un- 
symraetrically furrowed Jacobian ellipsoid and the dumb-bell; except, perhaps, 
in the case where the two bulbs pass on to two masses of a definite ratio. 

M. Poincard’s work seemed so important that this paper was kept back 
for a year, whilst I endeavoured to apply the principles, which he has pointed 
out, to the discussion of the stability of the two masses. The attempt, which 
[was originally] given in the Appendix, [was erroneous, and is now omitted.] 

* Thomson and Tait’a Natural PhilosopliT/ , 1883, § 778" (i). 

t In 778" (g) he remarks that deviation from the ellipsoidal figure in the way of thinning 
it in the middle and thickening it towards th© end would, with the same moment of momentum, 
give less energy.” I conceive that the energy referred to throughout this paragraph is kinetic 
only, and we have seen that the kinetic energy is less for the dumh-hell than for the ellipsoid. 

If we write U for a quantity proportional to the excess of kinetic above intrinsic energy, so 
that U = €-}-(l~7), then figures of equilibrium are to be determined by making U stationary for 
variations of the parameters involved in it. This course is actually pursued in the Appendix 
below, the function (viii.) being, in fact, this U; and the variations of it, being made stationary, 
afford a controlling solution of the problem of this paper. The similar method may easily be 
applied to the case of Jacobi’s ellipsoids. From this point of view the interesting function to 
tabulate is and we observe that in the case of the Jacobian ellipsoid referred to 

on p. 130 it is *6052, and for the dumb-bell it is *6156. Is not the energy referred to by 
Sir W. Thomson this function U? 

X Acta Mathematical vir., 3 and 4, 1885. 

§ [The numerical result will be given in Paper 12 below.] 
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We must, therefore, leave this complex question in abeyance"^. 

Allusion has just been made to the imperfection of spherical harmonic 
analysis, and this brings us naturally to face the question whether that 
analysis may not have been pushed altogether too far in the computation of 
the figures of equilibrium under discussion. This question is considered in 
§ 9, and a rough criterion of the limits of applicability of this analysis is 
there found. From this it appears that even in the cases of figs. 2 and 3 
the result must present a fair approximation to correctness. The criterion, 
indeed, appears to be such as necessarily to give too unfavourable a view of 
the correctness of the result. 

The rigorous method of discussing the stability of the system having 
failed, certain considerations are adduced in § 11 which bear on the con- 
ditions under which there is a form of equilibrium consisting of two fluid 
masses in close proximity. It appears that there cannot be such a form with 
the two masses just in contact, unless the smaller of the two masses exceeds 
in mass about one-thirtieth of the larger. 

If we take into consideration the fact that the criterion of the applicability 
of harmonic analysis is too severe, it appears to be worth while to find to what 
results the analysis leads when two masses, one 27 times as great as the other, 
are brought close together. The numerical work of the calculation is omitted, 
since the numbers can only represent the true conclusion very roughly ; but 
the result is illustrated graphically in figs. 6 and 7. These figures can only 
serve to give a general idea of the truth, but the form into which the smaller 
mass is thrown is so remarkable as to be worthy of attention. The deep 
furrow round the smaller mass, lying in a plane parallel to the axis of rotation, 
cannot be due merely to the imperfection of the solution ; and it appears to 
point to the conclusion that there is a tendency for the smaller body to 
separate into two, just as we have seen the Jacobian ellipsoid become dumb- 
bell shaped and separate into two parts. 

In this paper, indeed, we have sought to trace the process in the opposite 
direction, and to observe the coalescence of two masses into one. The 
investigation is complementary to, but far less perfect than, that of 
M. Poincard, who describes the series of changes which he has been tracing 
in the following words : — 

“Considdrons une masse fluide homogene animde originairement d’un 
mouvement de rotation ; imaginons que cette masse se contracte en se 
refroidissant lentement, mais de fa 9 on h rester toujours homogene. Supposons 
que le refroidissement soit assez lent et le frottement interieur du fluide assez 
fort pour que le mouvement de rotation reste le m^me dans les diverses 
portions du fluide. Dans ces conditions le fluide tendra toujours a prendre 


[See Paper 15.] 
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une figure d’4quilibre s^culairement stable. Le moment de la quantity de 
mouvement restera d’ailleurs constant. 

“Au d4but, la density 4tant tres faible, la figure de la masse est un 
ellipsoide de rdvolution tres peu different d’une sphere. Le refroidissement 
aura d’abord pour effet d’augmenter I’aplatissement de Fellipsoide, qui restera 
cependant de revolution. Quand I’aplatissement sera devenu ^ peu prbs 4gal 
^ f, rellipsoide cessera d’etre de revolution et deviendra un ellipsoide de 
Jacobi. Le refroidissement continuant, la masse cessera d’etre ellipsoidale ; 
elle deviendra dissyrndtrique par rapport au plan des yz^ et elle affectera la 
forme repi-esentee dans la figure, p. 347*. 

“ Comme nous I’avons fait observer k propos de cette figure, Fellipsoide 
semble se creuser legerement dans sa partie moyenne, mais plus prfes de Fun 
des deux sommets du grand axe ; la plus grande partie de la matifere tend 
k se rapprocher de la forme sphdrique, pendant que la plus petite partie sort 
de Fellipsoide par un des sommets du grand axe, comme si elle cherchait k 
se detacher de la masse principale. 

“II est difficile d’annoncer avec certitude ce qui arrivera ensuite si le 
refroidissement continue, mais il est permis de supposer que la masse ira en 
se creusant de plus en plus, puis en s’4tranglant dans la partie moyenne, et 
finira par se partager en deux corps isolds. 

“ On pourrait dtre tentd de chercher dans ces considerations une con- 
firmation ou une refutation de Fhypotli4se de Laplace, mais on ne doit pas 
oublier que les conditions sont ici tr4s diff4rentes, car notre masse est 
homogene, tandis que la n4buleuse de Laplace devait dtre tres fortement 
condens4e vers le centre f.” 

It was in the hope that the investigation might throw some light on the 
nebular hypothesis of Laplace and Kant that I first undertook the work. It 
must be admitted, however, that we do not obtain much help from the results. 
It is justly remarked by M. Poincard that the conditions for the separation of 
a satellite from a nebula differ from those of his problem in the great con- 
centration of density in the central body. But both his investigation and 
the considerations adduced here seem to show that, when a portion of the 
central body becomes detached through increasing angular velocity, the 
portion should bear a far larger ratio to the remainder than is observed in 
the satellites of our system as compared with their planets ; and it is hardly 
probable that the heterogeneity of the central body can make so great a 
difference in the result as would be necessary if we are to make an application 
of these ideas. It appears then at present necessary to suppose that after the 
birth of a satellite, if it takes place at all in this way, a series of changes 
occur which are quite unknown. 

* The furrowed ellipsoid of Jacobi, 
t Poinoar6, Acta Matliematica, vii., 1885, p. 379. 
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Appendix. 


On the Energy and Stability of the System. 

M. Poincar6 has shown in his admirable memoir, referred to in the 
Summary, how the djmamical stability of a rotating fluid system in relative 
equilibrium depends on the energy. Certain coefficients in the expression for 
the energy, which he calls coefficients of stability, are there proved to afford 
the required criterion. 

[An attempt was made in this Appendix to determine these coefficients 
of stability, but a mistake of principle was made and the attempt failed. 
The subject is treated in Paper 15 in this volume, and it will appear that all 
these fiigures of equilibrium are unstable. The instability arises from tidal 
friction, and as this cause is very slow in its operation, it seems possible that 
the figures drawn in the present paper might subsist for a considerable time. 

My attempt to discuss this problem in this Appendix throws an interesting 
light on the methods by which the equations of the two masses were deter- 
mined, and therefore a portion of the Appendix is now reproduced.] 

The task before us is to determine the “ exhaustion of potential energy ” 
of the two masses in presence of one another as due to the deformation of 
each from the spherical figure by yielding to gravitation and to centrifugal 
force. 


The work will be rendered simpler by the introduction of a new notation. 
Let us write, then, as the equations to two shapes, which are not necessarily 
together a figure of equilibrium : — 


r _ 2k + 1 

2k- 2 

Ii_ 2A: + 1 

A ^j£^2k-2 



■:p^-Pk 


r 



c 




(i-) 


It will be observed that these equations have the same form as (72), but 
that the constants introduced are different from the h, I, m, e, which were 
determined, so that the figures might be figures of equilibrium. At present 
we do not assume that (i.) do represent figures of equilibrium. 

The energy lost may be divided into several parts : — 


01 , the energy lost by the mass a yielding from its spherical figure to the 
gravitation of the mean sphere a. 


^ 2 , the exhaustion of mutual energy of that layer of matter on the mass a 
which constitutes its departure from sphericity. 

03 , the loss of energy due to the deformation of the mass a in presence of 
the mean sphere A. 

E-i, E^, Es, the similar quantities for the mass A. 
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(^Ee)i, the loss of mutual energy of the two layers in presence of one 
another. 


eg, the loss of energy due to the deformation of the mass a in the presence 
of centrifugal force due to rotation 

Es, the similar loss for A. 


1 st. 01 is equal and opposite to the work required to raise each element 
of the layer on a through half its ow:n height against the gravity due to the 
mean sphere a. This gravity is l-Tra. Co-latitude and longitude being 
denoted by 0, <p, let — sin 0dOd4>, an element of solid angle. In effecting 
the integrations, the properties of spherical harmonic functions are used 
without comment, viz.; — 



d'CT '■ 


4i'7r 

2F+ 1 ’ 



4i7r Z? -p 2 ! 

^^+1 27 k -21 


= 0 , jjwi'Wjcd-oT = 0 , J = 0 

Then, taking only a typical term of the first of (i.), 




TTU® . ^ . 


2k -f - 1 /AV f 
2 \ c / \c / 1 




27c- 

2k + I 

{2k - 2y 




,y»rt 


d'or 


AV 




+ 


Ic+2\ 
2 . 7c'^2 ! 


Pk^ 


whence, with all the terms, and remembering that {afcY = 7 , {A joy — T, 


ei 


(1^)' 


A^a? 


^ M Y ^ J" 2 /c + 1 7 *'-^ 


7c 4- 2 > 




.(ii.) 


KcJ ftfa 2Jc-2k-l 
The formula for Ei may be written down by symmetry. 

2 nd. 02 , the exhaustion of mutual energy of the layer on itself, is half the 
potential of the layer at any element, multiplied by the mass of the element, 
and integrated over the whole sphere. 

The potential of the layer is 


4s7rA^ ! 

kio ^ 


2 Vc. 


*4-1 


.V, 


pk 


B^w 




Then, at an element of the layer r ==a, and taking a typical term only, we 
have 


^ 4i7rA^ S {2k + l) /Ay <,[[7 . 

i [0) (t) “ ii h (^) + 


whence 

_ . r . A^an „ /Ay 




'fc-l-a 


2k 




ny -h 


k + 2\ 
2.“7c-2'! 


py 


dvr 


...(iii.) 


The formula for E^ may be written down by symmetry. 
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The addition of e^ to and of to simplifies these expressions by 
cutting’ out the factor immediately following the X in either, and replacing it 
by unity. 

3rd. 63 is the loss of energy due to raising the layer on a in presence of 
the mean sphere A.. We multiply the potential of the sphere A by the mass 
of the element on a, and integrate throughout angular space. 

The potential of the sphere A, when transferred to the origin 0, is 

47rjl® ^ 

Sc kio \o) W 


Then, at an element of the layer r= a and taking a typical term, 


‘^ttA^ '2ih 4- 1 

63 = -^ 2 A;- '2 



whence 


= (f^) (1 •) 


The expression for E3 may be written down by symmetry. On collecting 
results from (ii.), (iii.), and (iv.), we have 

A^o? 


+ 62 ”1“ 0s ' 


- 3 ” • t (“■ j A;-ll * ^ * 4.-fc-2!^* j 


and a similar expression for Ej, + E^ + Es. 

4th. (Ee)4, is the loss of energy of one layer in the presence of the other. 
We take the potential of the layer on A, multiply it by the mass of an 
element on a, and integrate. 

The potential of the layer on A when transferred to the origin 0, as in 
(22-ii.), is 


4i7rA' 


a\ 

c) 


3 f/c=:00i=00 


k + i\ /ah* /rh* Wk 


E- 

kill i~l '■ 
Jc 't ! 




- 


aj r* 


r*- 


Pi 


a\* /r\* h'^Wk+.‘i 


- 


a) r* 


Introducing this into the integral, only taking a typical term, and neglecting 
those terms in the integral which must vanish, we get 


{Ee\ 


4i7rA^ 

“ 3 c“ 


a 


2k +1 f Ay /a\2*-2 


2k-2\c 


0) 








lU 


k + i\ 


2 \ k 2 

Effecting the integrations, and putting in the X2, we get 


j PiPk 




(Ee)4. = (fTT)' 


A^a^ /aW-dV 


.(f)^ 


c) Vc 


{k^i\ 




A=2 « = 2 % — ^ k 

_r A? 2 ! 

N •I'Ytk "1“ 


k + i\ 


k\i\ ' 2. A;-2! f-2!^+2! 

\ 

This involves the two figures S3mmetrically. 
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5th. Bs is the loss of energy in the yielding of the figure a to centrifugal 
force. To find it, we multiply the potential due to rotation by the mass of 
each element of the layer a, and integrate. 

By (35) and (52) we know that the rotation potential is 

As this only involves harmonics of the second order, we may neglect in 
the layer a all terms except those of the second order. Thus we get 

= + ip, 

"^'^•*“’“”(7) 2 . 2 ! 0 ! *’4 

= (-) («»+ (vu.) 

The expression for A'5 may be written down by symmetry. Collecting 
results from (v.), (vi.), and (vii.), we get, for the whole exhaustion of energy, 

• (4’-) — = n^j FTi - 4 


A + 2! 


(Sf 


/ A \ ^ /n\^ 00 €=: 00 "pi — l 

+ (f)M“) (“) 2 S ~ 5 ^ 

\cj \cj *=2 »=a 'I— l/<;— 1 


Z" -p “i ! 


klil 


fi + 


;i7H-2! 




2 . k - 2'! 


(f) (^) 

The expression is found without any assumption that the two masses are 
bounded by level surfaces, and therefore in equilibrium. But the condition 
for equilibrium is that the differential coefficients of E with respect to any 
one and all of the parameters n, p, W, P, shall vanish. If we equate to zero 
dVjdnji, we get 


\C/ ^ — 1 /c! ^! 

If, however, k = 2, there is on the left-hand side an additional term 

Sco^/ay„/Ayy <0^ f cy . fey 
IGtt \c) ■ ^ \ c/ 1 ” Stt (a) 

The equation of dV/dNi to zero gives a similar equation. 
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If we equate to zero dVjdp^;, we get 




Cb 


k+ii 


'i-'li — 2 1 k + 21 


Pi^O 


If, however, k — 2, there is on the left-hand side an additional term 


Sco^ 

IStt 


6(^r-p4 


■^V 7 4 J 


co^ 

Stt 


6 


AJ 4.3 




a) 


1 2 ! 0 ! 

The equation of dY/dPf to zero gives a similar equation. 

Now, if we put A* -t- for except when k= 2, and then put 

^2 + l2 + -^e (c/Ay =712 

and similarly introduce the S’s and i’s ; and if we put p, = m,, except when 
2, and then put pa = -f- {cjAf, and similarly introduce the M's it is 

easy to see that the equations (i.) to the two surfaces become the same as 
{Jl), and the equations of condition between n and JST, and between p and P 
become exactly those which we found by a different method above in (23)’ 

(44), and (59). The only difference is that the equations for A and I are fused 
together. 

This, therefore, forms a valuable confirmation of the correctness of the 
long analysis employed for the determination of the forms of equilibrium. 

The formula (viii.) also enables us to obtain the intrinsic energy of the 
system, that is to say, the exhaustion of energy of the concentration of the 

^tnged^'''''^ ^ dispersion to its actual shape, with its sign 

The last line of (viii.) depends on the yielding of the fluid to centrifugal 
force, and must be omitted from the exhaustion of energy. 

Besides the rest of (viii.), we have in the exhaustion of energy of the 
system, the exhaustion of the two spheres and their mutual exhaustion. 

exhaustion of energy of the system, apart from 
that due to centrifugal force, is ^ 

(f 7r)^ I (a-* -f ^«) + (|7r)2 


A 3^3 /ci= 00 

+ (|w>>_ 2 

0 *=2 




'^\3 


k 


+ |(- 


r*-i 




A 3 ^3 Jc^Qo i=zoo 
2-0. U- ^ 

■V 

3 




A -f- 2 ! 


— Pi} 
2 ! * 


+ (#-)= ^ ”2 

C *=2 *=2 \C J \ 

^ +27* 


4. A 

P'-i 
c 


7 


Jc-l 


1 A-1 


■2!i-2!^"-^Y 
[This is the function called in § 2 of Paper 15 below. 


.(ix.) 
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In order to apply the methods indicated in that paper we require the 
moment of inertia I. 


Now 


-r = « {a‘+A‘) + + («, + 6p,) + A’ (N, 


D M 


The parameters which define the system are c, n^, pk, N'k, Ph- 

The attempt to form the determinants, indicated in § 2 of Paper 15, leads 
to formulae of inextricable complication, and thus the hope of obtaining' the 
coefficients of stability must be abandoned. However the investigations of 
Paper 15 show how instability must first arise and prove the instability of 
these figures, as I have already said. 

The remainder of this Appendix is omitted on account of the mistakes 
involved in it.] 



10 . 


ELLIPSOIDAL HAEMONIC ANALYSIS. 


[Philosophical Transactions of the Royal Society, Vol. 197, A (1901), 

pp. 461—557.] 


TABLE OF CONTENTS. 

PAOE 

Introduction 187 


Paet I. Formation of the Functions. 


§ 1 - 
§ 2 . 
§ 3, 
§ 4. 
§ 5. 
§ 6. 
§ 7. 
§ 8- 
§ 9- 


§ 10 . 
Part II. 


The principles of ellipsoidal harmonic analysis 

Notation; limits of j3 so as to represent all ellipsoids 

The differential equations 

The forms of the functions 

Preparation for determination of the functions 

Determination of the coefficients in the functions .... 
Eigorous determination of the functions of the second order . 

Approximate form of the functions 

Factors of transformation between the two forms of P-function and 

of 0- or S-function 

The functions of the second kind 

Application of Ellipsoidal Harmonic Analysis. 


11 . 

12 . 

13. 


§ 14. 
§ 15. 
§ 16 . 
§ 17 . 
§ 18. 

§ 19 . 

§ 20 . 
§ 21 . 
§ 22 . 

Part III. 


The potential of an harmonic deformation of an ellipsoid 

The potential of a homogeneous solid ellipsoid 

Preparation for the integration of the square of a surface harmonic 

over the ellipsoid 

Integration in the general case 

Integration in the case of s=2 

Portion of the integration in the case of a=l 

Portion of the integration in the case of s=0 

Preparation for the integrations when 5=1 and 0 . . . . 

Evaluation of the integrals and j cos^^^Atfd 

Reduction of preceding integrals ; disappearance of logarithmic terms 
Integrals of the squares of harmonics when 5=1 and 5=0 
Table of integrals of squares of harmonics 

Summary 


Appendix 1. Table of functions 

Appendix 2. On the symmetry of the cosine and sine-functions with the 
P-functions 


188 

189 

192 

194 

198 

203 

216 

218 

221 

225 


233 

236 

242 

244 

251 

254 

267 

258 

261 

266 

269 

275 

277 

282 

286 



1901] 


INTEODUCTION. 


187 


Introduction. 

LamiS’s functions or ellipsoidal harmonics have been successfully used in 
many investigations, but the form in which they have been presented has 
always been such as to render numerical calculation so difficult as to be 
practically impossible. The object of the present investigation is to remove 
this imperfection in the method. I believe that I have now reduced these 
functions to such a form that numerical results will be accessible, although 
by the nature of the case the arithmetic will necessarily remain tedious. 

Throughout my work on ellipsoidal harmonics I have enjoyed the immense 
advantage of frequent discussions with Mr E. W. Hobson. He has helped me 
freely from his great store of knowledge, and beginning, as I did, in almost 
complete ignorance of the subject, I could hardly have brought my attempt 
to a successful issue without his advice. In many cases the help derived 
from him has been of immense value, even where it is not possible to indicate 
a specific point as due to him. In other cases he has put me in the way of 
giving succinct proofs of propositions which I had only proved by clumsy and 
tedious methods, or where I merely felt sure of the truth of a result without 
rigorous proof. In particular, I should have been quite unable to carry out 
the investigation of § 19, unless he had shown me how the needed series were 
to be determined. 

My original object in attacking this problem was the hope of being 
thereby enabled to obtain exact numerical results with respect to M. Poincare’s 
pear-shaped figure of equilibrium of a mass of liquid in rotation. But I soon 
found that a partial investigation with one particular point in view was 
impracticable, and I was thus led on little by little to cover the whole field, 
in as far as it was necessary to do so for the purpose of practical application. 
This paper had then grown to such considerable dimensions that it seemed 
best that it should stand by itself, and that the discussion of the specific 
problem should be deferred. 

A paper of this kind is hardly read even by the mathematician, unless he 
happens to be working at a cognate subject. It appears therefoi’e to be 
useful to present a summary, which shall render it possible for the mathe- 
matical reader to understand the nature of the method and results, without 
having to pick it out from a long and complex train of analysis. Such a 
summary is given in Part III. 
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PART I. 

Formation of the Functions. 

§ 1. The Principles of Ellipsoidal Harmonic Analysis. 

The "basis of this method of analysis is expounded in various works on the 
subject. I begin with a statement of results in my own notation. 

If vf, u^, denote the three roots of the cubic 

a® + b'^ -\-u^ 

it may be proved that 

9 _ + Ux^) (a^ + (a.° 4- u-/) 

^ (b^ — a^) (c® — a“) 

and y^, may be written down by cyclical changes. 

If for brevity we write 

Ef- = Cn“ = uf 4- c'^ {n = 1, 2, 3) 

Laplace’s equation becomes 

+ (aac,^Jv. = o 

The solution is Vi = UiU2U3 

where Ui, Us, U3 are functions of 'Mj, respectively, and satisfy 

^AjEi Oi 111 = ('^*4- 1 ) 111 

and two other equations with suffixes 2 and 3, involving the same x, a 
constant, and the same i, a positive integer. 

If a, 6, c are in ascending order of magnitude we may suppose u-c to lie 
between - a? and 00 , ui between - and — and between - 6“ and — a?. 

If Sx, ^2, ^8 denote the three orthogonal arcs formed by the intersections of 
the three orthogonal quadrics, 

/ dsx Y _ {uj — uf) { vf — u-^) 

\uxdux) Aj^^Bi^Ci" 

and two other equations found by cyclical changes of suffixes. 
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§ 2. Notation; limits of ^ so as to represent all Ellipsoids. 
I now change the notation, and let the three roots be defined thus :■ 

= 1c‘fJb^ 

2- ;^1-/5cos2<^ 

u,-k 

where v ranges from co to 0, ^ between + 1, between 0 and 2w. 

Let the axes of the fundamental ellipsoid of reference be 

n ,2 7-.2 ^ "h 


1-/3 


h^= — ]{? 


^ ^ 

The ellipsoid defined by v has its three axes a, h, c given by 

“'“■''’(’''‘-iil). = (a<6<o) 

This mode of defining the axis is such as to indicate the relationship to 
the prolate ellipsoid a = 6 < c. But another hypothesis may be made which 
will bring the axes into' relationship with those of the oblate ellipsoid 
a-b>c) for if we take a new k, numerically equal to the old one but 
imaginary, and replace by - we have 

+ 1 ±1^ ^ j2 7^2 (^2 + 1 ), = 7.2^2^ (a>h>c) 

If /9 be made to range from 0 to 00 , all possible ellipsoids are comprised 
m either of these types. It will, however, now be shown that, by a proper 
choice of type, all ellipsoids may be included with the range of /3 from 0 to J . 

Let us suppose the axes to be expressed in three forms, as follows : 

(1) (2) (3) 






■■ kJ ( 


l+zSi 

1 -/ 3 , 


c® == 7 c2j,2 


Then we have 


= (&» + j-^^) = kj- W - 1 ) 

6 »-a’=?^= fe* 


C2 - = /t 


1 -^- 

1 - A “ 1 -A 
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Therefore 


And 


2c2 


6^- 


2/9 

i-A 

1 + /Ss 


b^" 

“1-/3 

2/S. 

2A 



l + y9 

1 + A 

1-/3= 



"l-y9 

m . 

2y9a 

- 


/Q 

1 /3i 

1 + /92 

— 


- p 

“1-4-3^“ 

i - 3^ . 


Now let /3 increase from 0 to oo . 

As y3 passes from 0 to form (1) is appropriate. 

As /3 passes from ^ to 1, A decreases from to 0, so that form (2) is 
appropriate. 

Lastly, as passes from 1 to oo , /Sa increases from 0 to 4-, so that form (3) 
is appropriate. 

But we might equally well have written forms (1) and (3) so as to involve 
and form (2) so as to involve v, and it follows that all possible ellipsoids are 
comprised in the range of /3 from 0 to provided that the type be appro- 
priately chosen. 

The developments in this paper are made in powers of yQ. It will, 
therefore, be well to show that there is a class of ellipsoids, analogous to 
ellipsoids of revolution, which might form the basis of developments similar 
to those carried out below. 


Ellipsoids of revolution are defined by the condition 

a® — or a^= ¥ 

In the class to which I refer 

0,2 — c2 = — b^, or = |- (a- -4- b^) 

Ellipsoids of this kind are given by /3 = /3i = — /Sa = ^ ; for in this case 
= \ {a? -4- c^). They are also given by 

yS = 00 , — = /Ja = I ; for then ^ (a- -f- 6") 

Hence if we only allow yS to range from 0 to ^ = 0 corresponds with 
ellipsoids of revolution, to which spheroidal harmonic analysis is applicable ; 
and corresponds with this new class for which the corresponding analysis 

has not yet been worked out. 

We shall see below that the solid harmonic for this case where | will 
be of the form B(r) B(/x) E (</>), where B and E satisfy the equations 

(^2 + 1 ) ( 1,2 _ 1 ) ^ - i (i + 1 ) p‘B 4 - s^B = 0 

cos 2<^ ^ - sin 2<^ ^ -4- ^ (i + 1) E cos 2<^ - s^E == 0 
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I am not clear whether or not it would be advisable to proceed ah initio 
from these equations, but at any rate I shall show hereafter how the B- and 
E-functions may be determined from the analysis of the present paper with 
any degree of accuracy desirable. 

If it were proposed to use the functions corresponding to /Q = |^ as a basis 
for the development of general ellipsoidal harmonics, we should have to 
assume 

or else == k'^ + 1 )3 H~ j - 

The developments would then proceed by powers of tj. 

In order to discover what is the greatest value of tj which must be used 
so as to comprise all ellipsoids, when we proceed from both bases of develop- 
ment, a comparison must be made between this assumption and the previous 
one. Suppose in fact that 


a.-* 


k^ 


1+/3 

1-/3 


= k^ k'^ -f. 1) 


q 2 __ 7 . 2^2 — 75' 


■'2 ^ ^'2 _ j _ 




Then 


and therefore 


6 “ — a 


2 


1-/3' 

2/S 


7^'2 • 
1 


1+27 
i — 77 


77 


l-^”l + 77’ 1 -f-/3 

When 77 and /9 are both equally great, they must each equal the positive 


3/S 


root of /S = 
will be 


3/S 


i -+/3 ■ 


This root is — 2 or *236. Thus the greatest values 


/S=77 


V5-f2 4-236 


In this case 77 ® = yS^= yV very nearly, whereas when /S = /3“ = I-. Thus 

if the developments were to stop with /3^ we should double the accuracy of 
the result. However, I do not at present propose to carry out the process 
suggested. 
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3. The Differential Equations, 


We now put = — 




1 — yS cos 2 < 5 t> 


a‘‘ 


■ 


1-/3^ 

and find from the formulae of § 1, 


1-/S 
62 = — k"^, c" = 0 


O}^ 

k? 

ti- 


IeJ 

1+^ 


_ 1_±^' ) ^ 


1-/9 


1-/3 


.s 


= _ (i ,2 _ 1 ) (^3 _ 1 ) 0 

j 1 — yS COS 2<f) 


y 


— s= U? 

k^ ^ 1 + yS 


.( 1 ) 


It will be observed that y is independent of and that it has the same 
form as in spheroidal harmonic analysis when /3 vanishes. Since is less 

1 + 

than 1 and greater than , x and y are real. 

In all the earlier portion of this paper I always write y? — \ and not 
1 — y?, so as to maintain perfect symmetry with respect to v and ya. 

We now have 


AjS = ^3 ( i;2 _ 


=.]<?[ y? 


1 + yd 

l-'^ 
1 4- yS 


, B,2 = A;=*(ya2-l), Qi=h^y? 




- 2 A; 2 / 3 co 32 0 ;„l~/3cos2<^ 

^ _ O > J33 — - , Og- = ^ ^ r 


i-yS ' ^ 

Let us denote the differential operators involved in our equations, thus 

Di = (1 - /3)^ ^ ^ Dg == (1 - yS)^ ^ 

aJ'Ui Cl&'Ux ^ 


Dg = - V- 1 . (1 - /3)^ 9^9^ ^ 


Then 


3Dx - (1 - /3)i (v^ - ~~y - 1)^ 

D, = (1 - 0)i - [±|)* i)i 

Dg = (1 — jQ COS ~ 


A 

dv 

d 

dyu 


•(2) 
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Uidiii ( 1 -/ 8 )' 


A,B,C, 


Uzdu^ 


A,BaC, 


d 




sj- 1 


/t’Ba 


(l-ye)"^ 


Hence our differential equations are 


Dx“Ux 

i — /3 

a similar equation with suffix 2, and 

- mu 


(i + 1 ) + 77, 

fC*" 


u. 


/3 


, , . _ . 1 — 8 cos 2rf> k 


u« 


so that* 


Let us replace k^ by another constant such that 

t(^+l)v“+|^ (1 -/3) = ^(^•+l)[z^■'^(l-/3)-l] + 5‘^-cr 

i (i + 1 ) — 4- cr 

In this formula s is a constant integer and cr a constant to be determined. 
Our equations are now 

- i {% + 1) (1 - /3) - 1] - 6'“ + a-] Ux = 0 

a similar equation for fju j" (^) 

and [Da® — l)/3 cos2^ + 6‘“— cr]U3 = 0 

Laplace’s equation is 


/z® - ^ Dx® H- 


v® Da® 


1—8 cos 2<^ 



- (z.® - Da® 


UxUaUa-0 


.(4) 


Laplace’s operator V® is equal to the differential operator in (4), divided by 


Jc‘i ^ 3 j ,2 _ ^2^ iv‘^ — 


1 — 8 cos 2<)!>\ /I — 8 c os 


/5 


8 


yU.' 


It is well known that in spheroidal harmonic analysis there are two kinds 
of functions of v and (jl which satisfy the differential equation, and they are 
usually denoted P/, Q/. The Q-functions of the variable have no signifi- 
cance, so that virtually there are P- and Q-functions of v, but only P- functions 
of /jb. The like is true in the present case, however, with the additional 
complication that each of the functions may assume one of two alternative 
forms. I adopt a parallel notation and write for Uj and U^ either 
or P/, Q/, as the case may be. Since v and yu. enter in the first two equations 


^ The quantity which is here denoted by cr was written as in the original paper. 


13 


Ur XII* 
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in exactly the same way, we need only consider one of them, and we may 
usually write simply (for example) where the full notation would he 
{v or yLfc). In the early part of the investigation I shall only refer to 
the P-functions, and the Q-functions will he considered later. 

In spheroidal harmonic analysis the third function is a cosine or sine of 
s<p. So here also we find functions of two kinds associated with cosines and 
sines, which I shall denote (JC/, C/, S/, the variable ^ being understood. 

Throughout the greater part of this paper the functions will be of degree 
denoted by i, and it seems useless to print the subscript i hundreds of times. 
I shall accordingly drop the subscript i except where it shall be necessary or 
advisable to retain it ; for example, will be the abridged notation for 


The operators involved in the differential equations (3) will occur so 
frequently that an abridged notation seems justifiable. I therefore write 

i -p 1 ) _ 1 ] _ ^ 

Xs — ^3 — i {i + 1) yS cos s"^ — a 

\h ^ 


where 


D, = (1 - (v'- - - 1)^ 

D, = (l-^cos2#^ 

The equations are then 

'^s or P*) = 0 
Xa or or C*’ or S'*) = 0 


dv 


.(5) 


.(5) 


§ 4. The Forms of the Functions. 

It is well known that the function is a linear function of Ui of degree i 
made up in one of the eight following ways : — 

1. When i is even, a linear function of of degree ^i. 

2, 3, 4. When % is odd, a linear function of of degree {i — 1), multi- 

plied by Ai, or Bj, or Cj. 

5, 6, 7. When i is even, a linear function of of degree — 2), 
multiplied by BjCi, or CiAj, or AiEj. 

8. When i is odd, a linear function of of degree ^ (^ — 3), multiplied 
by AxBiC,. 

These eight classes might be conveniently specified by the initials O, A, B 
C, BC, CA, AB, ABC, but it is better to rearrange them according as they 
are associated with the evenness or oddness of i and s, and with the cosine or 
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sine functions. This new grouping may be defined by a shorthand notation 
involving the initials E, O and C or S, which shall denote successively the 
evenness or oddness of ^ and s, and cosine or sine. 

We shall see below that this arrangement is as follows : — 

O or EEC ; i even, s even, cosine. 

AB or EES ; i even, s even, sine. 

A or OOC ; i odd, s odd, cosine. 

B or OOS ; i odd, 5 odd, sine. 

C or OEC ; i odd, s even, cosine. 

ABC or OES ; i odd, s even, sine. 

CA or EOC ; i even, s odd, cosine. 

CB or EOS ; ^ even, s odd, sine. 

Since the several functions are linear in Ux^, they are in the new notation 
functions of or or of — 1 and fjt? — 1. 

Hence {v) and P® (y) involve linear functions of —1 of various 

degrees multiplied by various factors ; and the same is true of the func- 
tions of ^6. 

In the case of the third root the linear function of powers of cos 2<3b may 
be replaced by a series of cosines of even multiples of <56. Further, in forming 
the (B, 3>, C, S functions we may regard A3 as being cos </>, B., fis sin and 

Cs as (1 — /3 cos 2<f))^, since this only amounts to dropping constant factors 
which may be deemed to be included in the, as yet, undetermined coefficients 
of the several series. 

I will now consider in detail the forms of the sevei’al P-functions of v 
(those for /x following by symmetry), and at the same time indicate more 
precisely the nature of the notation adopted. 

In the following series, indicated by 2), the variable t is supposed to 
proceed from the lower to the upper limit hy 2 at a time. The reader will be 
able to perceive the manner of the formation of the functions when he bears 
in mind that 

Ai = k Bx = k(v^-1 Cx = /rv 

Type O or EEC ; = 2 «« - 1)^^ 

0 

Type AB or EES ; P® = Xa* 

Type A or OOC; P® = Sa* - 1)^ ^ 
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Type B or OOS ; = S (v^ - 1)^^ 

Type 0 or OEO ; = 2a*i. (z/^ - 1)^ 

1 


Type ABC or OES ; P»= 2a,r(r*-l)i<‘-®> 

3 

TypeCAorEOC; ^ Xatv (v^ 

2 

Type CB or EOS ; ^s= 

2 


\ "i" 

Observe that P is always associated with — f"4) , and that, each 


form being repeated twice, there are two forms of function of each kind. 
Moreover, a cosine and a sine function are always associated with different 
kinds. It is obvious that the ^-functions are expressible in terms of the 
ordinary P-functions of spherical harmonic analysis, and that if we take out 

^ ' the P-functions are similarly expressible. This factor 


the factor ^ 

will occur so frequently that I write 

jQ, (i/) = 




ij±\i 
L- i ) 
-1 / 


and as elsewhere commonly put fl to denote O (v). 


We assume then the following forms for the functions: — 

For EEC, OEC, OOS, EOS 

4- -H Xj3^^q,+^n'P^+^ ^ 

For EES, OES, OOC, EOC I (6) 

P = a ) 

In these series n proceeds by intervals of one at a time, beginning from 
a lower limit of unity. In both forms the upper limit of the first X is -^5 or 
^(.9 — 1) according as s is even or odd ; and the upper limit of the second 2 
is ^(i—s) or |-(i— 5 — 1) according as i and s agree or do not agree in 
evenness or in oddness. 


The factor £l contains — 1)"^ in the denominator, but P* does not 

become infinite when v = + X, because when s is not zero P* is divisible by 
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{v^ ~ 1 )^ and we shall see that g'o is zero*. When s is zero there is no function 
of the P type. 

It may be noted that the limits of the series are such that neither q nor 
q' can ever have a negative suffix. 

We shall ultimately make qg and q'g equal to unity, and this will be 
justifiable because there must he one arbitrary constant. 

We have now to consider the forms of the cosine and sine functions. 
They may be derived at once from the preceding results, for we have only to 

read Goa t<j> where t is even; (i'- — 1)'^' as sin <; 6 , 

cos <p, and as (1 — yS cos 

The factor (1 — /3 cos 2 ^)^ will occur frequently, and I write 

<D(<^) = ( 1-/9 cos 2 <^)^ 

and as elsewhere I commonly write to denote ( 96 ). 

The following are the results : — 

Type O or EEC ; (JD® — 2 74 cos t<f> 

0 

Type AB or EES ; S® = 274 sin tch 

2 

It is clear that we may equally well regard the lower limit in the latter 
as zero. 

Type A, or OOC ; each term is of type 

cos — cos <p or cos (t — 2) <p + cos tip 

i 

Hence GP® = 2 74 cos 

1 

Type B, or OOS ; since we now have cos — sin <j 6 ., 

% 

= 5)74 sin 
1 

Type C, or OEC ; C® = <I> 2 7 * cos (i - 1) 

Type ABC, or OES ; each term is of type d? cos (i — 1 ) </> sin cp cos <p, which 
gives [sin (^ + 1) ^ — sin {t — 3) <f>] <I>. Hence 

% 

S® = <E> 2 74 sin 
3 

* This also follows from the fact that the series for P" begins with Qta‘z {v‘^ — 1) in the case of 
EES, and with Oagt' - 1) in the case of OES. Thus in the former case there is no term fiao 
and in the latter no term Qa^v. 
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It is clear that we may equally well regard the lower limit as unity. 

Type CA, or EOC ; each term is of type <I> cos {t—2)cf> cos <p. Hence 

C® = 2 7 t cos 

2 

Type CB, or EOS; each term is of type <1> cos (t — 2) (p sin*<jE>. Hence 

S® = ^ 2 sin (t — 

2 

When i and s agree as to evenness or oddness we have the forms inde- 
pendent of 0, when they differ in this respect the factor <3? occurs. 


Therefore (in alternative form) for EEC, EES, OOC, OOS 

{f ' -2n)^ + (6- + 2«) 4. 

and for OEC, OES, EOC, EOS 

“+”■ |shi '^] 

(7) 

In these series n proceeds by intervals of one at a time, beginning with 
unity. In both forms the upper limit of the first 2 is ^6' or ^ (.v — ■ I ) according 
as s is even or odd. In the first form the upper limit of the Ht'cond 2 is 
^ (i~s), and in the second form it is ^ (j, — ,s — 1). 



A\e shall ultimately put ps and p's, which may be regarded as arbitrary 
constants, equal to unity. 


§ 5. Pr'eparation for determination of the Ftinctions. 

In order to determine the coefficients g, ff', p, p' and < 7 , we have to snbsti- 
tute these assumed forms in the differential equations. 

r , * as factors, the forms already given 

01 the differential equations are perhaps the most convenient, Init in the 

otxier cases a reduction seems desirable* 


By considering the forms of D, and D. in (3) it is easy to show that 






1 ) 


d/ 

dv 


- i (i + 1) (i/2 - 1) _ 


0 


o ^ 

d<p^ + 


y - 1) (r» + 1) ^ + 2n» I- - i (i + !)„=_ 1 ] . ..(8) 

cos sin 24 ^ + i (f + 1) OOS 2^ + IJ . . .(9) 
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By making /3 vanish we reduce these operators to the forms appro- 
priate to spheroidal harmonic analysis. By making /3 infinite we obtain 
the differential equations specified in § 2 as appropriate to ellipsoids of 
the class ^ -1- &“)• 

It is now necessary to perform the operation t/ts on typical terms P* and 

nPl and '^g on typical terms -I t(f> and t<p. 

/ sm ism 


(a) To find ^|rs (P^). 

The form (8) for \fr8 is here convenient. 
It is clear that 


(^-1) 


d' 

dv 


i (t + 1) iv^ - 1) - P‘ = - 8^) P* 


because P* is the solution of the differential equation found by erasing the 
term — s^P* from each side. 


Again we have from the same differential equation 

- 1) I” = - 2-” ^ + 1) P‘ + 




p« 


~ dv ' ^ ' V^-1 

It may be noted in passing that this is equally true when the subject of 
operation is Q*, the function of the other form. 

Therefore 




^2 


d_ 

dv 


i (i ■+• 1 ) — 


[■ 


/3. 


P* 


d 

dv 




Hence 


■f. (P) = - s') F _ ^ 2^ I; + i (i + 1) + r] - 


V® -+- 1 cr 


p‘ 


2*2 I 1 

We have now to eliminate v -j— and - P'. 

dv — 1 


It is known that 


P = 


1 /' d V'‘ 

2^ . ^ ! \dv) 


and 




(v^-iy 

p 


The differential equation satisfied by P* involves t in the form Hence 


(y 2 _ q) it p fj-om P‘ by a constant factor. In order to 

find that factor suppose v to be infinitely large ; 

2i ! .. 


P = 


2^ ifi !)' 


V" 


then 
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Also /'A')“'p = „-i „i+t _ 

\dv) 2^ {% !)^ % + t\ 2'H' ! i + t\ 

Therefore the factor is , and 


p. = _ i)i< {£j p = („» _ 1 ) -4. p 

It will be convenient to pause here and obtain the corresponding formulfB 
for the Q-functions. Various writers have adopted various conventions as to 
the factors involved in these functions. I write 


Q =p r ^ 


and ■ = 

As in the case of we may change the sign of t, if we introduce a con- 
s ant actor, and this may be found by making v infinitely great. In that 
case it is easy to show that 

2i + 1 ! ‘ 

By performing (|.)‘ and (A)"‘ on Q it follotvs that the constant factor 
samt^Xr^^ alternative forms for Q‘ are exactly the 

appit^^ttthrQ^r 

If we differentiate P* in its two forms we find 

1 r f / /J \ ^ 1 . A I , 


dv 

And 


= _ i)i « - 2) f Ay p + , Ay-"' p A_. p, , 

\dvJ 1,2 _ 1 / , 




^ “ r^il - 1) “ ^ (I;) ‘ p + (r» - 1) - (j-)"'*'"” 

= _ pi 'i'+t\ i- II pi-1 

^ - 1 i-t\ ^ i - 1 1 
I now write 

It is clear that 

= [i, t .+ 1}, and [i, 0} = {i, 1 } = i (i + 
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^ jf. ■l\ ^ ^ W 


ISTow since ^ ^ "=~ru — Tl “ ^1’ ^7 the sum and difference of the 

^ ’D \ % -j- X I 


two forms of -y- , we have 
dv 


— == ^ - T + [i, t] P*-^] 

dv 2{v^~l)^ 

- -y = ^ - 1 P«+l + till P«-ll j 

(y^ — 1)- L ^ t J / 


.( 10 ) 


% — 

It is easy to verify, by means of the relationship P~*' = ^ P^ that these 

equations are true when t is negative. They are also true -when i = 0, although 
the second equation then becomes nugatory. 

Multiply the first of (10) by v and the second by ^ — i, and apply 

{v^ — 1)^ 

them a second time. 


Then since 


(i, ^ + 1} 2^(^ + l) 

i-\-l t- 1 “ 1 


{b ^ + 1} {b 

7(^ +1 t (t - 1) 


, '' f _ O r __ 

~ J. -1 \ “1 '** 


i (^ 4- 1) 


v^ + 1 _ 2v^ 

— 1 — 1 


1 r - p^ 4- 

1_ t+ 1 p - 1 ^ 


{i {b t — 1] 

i -T 


1 p* _ L r L) p* 4 _ ^ pi-2 

+ i~-i ^(^-1) 


...( 11 ) 


These equations are always true although for t== ±1 and 0 they become 
nugatory. 

Then 

_ 2^ ^ 4-1 P‘ = 4 [P‘+’ + <1 {». * - 1} P'”"] - i (i + 1) P 

dv v^ —1 


Plence 






3 pi + pi+2 _ 2 ~ P* + {b t] (b 35-1} P*”"" . - .(12) 


(/9) To find -x/rg (X2P*). 

It is now best to use yn in the form (5), where Di is defined by (2). 

TTN 1 fr/ o T\ /T a\ o /OT . 2^Z/ .p.) 


Now D, (np.) = — ^ |[(^ - 1) (1 - - 2^] ^ + -,£--5 F 
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Di" (np<) = (i.* - 1) n |[(„* - 1) (1 - - 2.8] 


dv^ 


/3 ^2^c^F 2ySPV^“+ :i 


+ ^ + 1^) - dv ^ 

The latter terms of ^fTs contribute 




Therefore 


XI I- i (»• + 1 ) [(,.= - 1 ) (1 - 8 ) - ^] P* - - 0 -) F) 


n/r, (XiP') = XI - 1 ) [(,.« _ 1 ) (1 _ 8 ) _ 28 ] 


d“P‘ 

dv^ 




+ K*'"- l)a - ^) + ^] ^ (^ 4 . 1 ) (1 _ y 3 ) (^2 _ 1 ) p 

- 5 ^?*+ (i + 1 ) P« 4 . o-P« _ 2 / 3 P« ^ l 

Ij 


But 




dF* 




dv 


v ^-1 


P* 


and we find on reduction that 
(XIP^) = XIP* (f - 52) _ 


dV^ 




On substituting for and P« their yalues. we have 


ir, (XIP*) = _ J^Xl 


P t P 


+ 


t -2 


K {i, t - 1 } 


...( 13 ) 


(7) . 

^^^In this case the most convenient form for x. is that in ( 9 ), and we easily 

Xs f t<p) = ~-is r - J_ f • * T 1 (cos . 

Usin 2P L ^ — |sin^‘ 5 ^+ + 

^ 8 |sin *) & (* - 2 ) ^1 . . ,(14) 
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(B) To find 

I now use the form. Xs defined in (5), where D3 is given in (2), so that 
We have 


(sm 


(■*’ £ ^ t ± i'* {cl“ ^ 

d 

( * E =*[-*' {Z t<i>+mt+mt+2) 1“^ H- 2) 


The latter terms of Xs contribute 

fcos 






cos 


cos 




sin 


sm 


Therefore 
fcos 


%s 


'ch 

(sin 


t<l> 




(cos 


cos 


jsin ^ ^ (sin (^ + 2) 


+ + [^, i - 1} -I (t — 2 )<j> 


(sm 


cos 


sm 


.(16) 


§ 6. Lete^'mination of the Goefiicients in the Functions. 


In this section I use successively the four results (12) (13) (14) (15) 
obtained in the last section under the headings (a), (/S), (7), (S). 

(a) H- 


The limits of the first % are 1 to ^s or -1(5— 1), and of the second 
1 to I- (^ —s) or ^(i — s — 1). 

2 

Applying the operation to and equating — ^ i/rg (^*) to zero, we 
have 


'ZSn (s — n) /3”“^5'8_2nP*““”' — X^n(s + n) /3"“^gg^.2„P®+^”' 


+ qs 


ps+3 _ 2 ^ ps -p I'i, 5} [i^ s — 



+ g'g_2,i 


ps-2n+2 _ 2 ^ ps-m + s _ 2 n} {i s - 2n ~ 1} P»- 2 »- 2 j 

ps+2n,+2 — 2 ^ ps+2» _J_ g ^ 2a} [i, S -f- 272- — 1} ps+^w-al = 0 



deteemination of the coefficients. [10, § 6 

The coefficients of the P’s must vanish separately. This gives from the 
coefficients of and the following 

2 [4n (s-n)~ a-] qs_^ + 4 - s - 2n + 2} [i, s - 2w + 1} = 0 

2 [4n (s + ? 2 ) + or] qgj^^ + ^ s + 2w + 2} [i, s + 2« + 1 } ^fs+sn+a = 0 

These equations may be written in the form 

^gs-gn _ - [i, ^ - 2n + 2} \i g - 2% + 11 

- n) - cr + 

\ 2^5— 2?Z J 


H 


5+271 


) (16) 


4n (5 +n) + 0 - - [i, s + ’ln+2\\i, s-^2n + l] 

\ ^8+271 J } 

Whence by continued application, the continued fractions 


^S— 271+2 




Kijlj?MLgl ^>-g^ + li i/S» {i, s - 2n] \i, ^ - 2 « _ It 

... ^ ~ 4- 2 } {t, g — 2 n. — 2 y + 1 } 

4 (n 4- r) (s - ?i - r) + ”~;27^2r—2^ 

\ $5— 271— 2r ' 

[i g 4- 2w 4 - 2 1 {i, s + 2n 4 1} 


(,-7 I I ^ J o -r zj/c "T 

qs+m -2 4n(s + n) + or- ^{n + 1) (s + n+ 1) + a- ~ 

- i/ 3 ^ K g + 2 /^ 4 2 r} ft, ,9 4 2 'n + 2 r - 1 ] 


4 (n+r) (s+ n 4r) - 5 4 2n 4 2^42} 54 2w 4 2r4 1} [?i*+!!L+??:±?^ 


^S+27l+2r J 

(16) 

We must now consider what I may call the middle of the series, which 
corresponds with n = 0 . In this cane each of the 2’s contributes one term 

81 IIQ tne tGrin gives cinother. The result is 


berg's 4 /3^qs_2 + j3^qs+2 {i, s 4 2} [i, s 4 1] = 0 
or ^ = j;S«(?fc2)+i,3Mi,s + 2Hi,s+l)(?|H2) 

Since and 2q^lq, are expressible as continued fractions, we have 

an equation for or, if the continued fractions terminate. 

We shall now consider those terminations. 

First, suppose that s is even, corresponding to types EEC, OEC. 

The first continued fraction depends only on the first S. The condition 
to be satisiied is 
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(»-2)y^p + 2 (s» - 4) + . .. 

+ /S4% ps_2|p+K0)fi.-l}P- 
+ iS4(®~^)j,rp<-2|P» + {i,21 (i, IJP 
+ /3i fps + 2 I P* + [i, 4} {i, 3} P 


"4“ t • . =’ 0 


Since {i, 0} (^, —1} P“2=P2, we have, bj equating to zero the coefficients 
of P and P^, results which may be written 

{^‘i 1} ^2 ~ {b 

V(?2 

Hence the q's disappear from the first continued fraction, which terminates 
with 

K2} Ki} 

S^ — <r 

In this last term the which prevails elsewhere is replaced by •1-^“. 

Observe that when s~2 the first continued fraction is replaced by a 
simple fraction, so that the equation for <r becomes 

^ K 11 + {i, 4) |i, 3j 

Secondly, suppose that s is odd, corresponding to the types OOS, EOS. 

The condition to he satisfied is now 


P«-2^P^ + {f, 1} 0}P"-i 


2 (s" - 1) /3^ qr P^ + 2 - 9) q, P» +- . . 

^ P« - 2 ^ P=* -h [i 3] {f. 2} F 

+ 5| p 




q- ... =0 


i -4- 1 ' 

Now ji, 1} {i, 0} P~^ = i (i + 1) y-j P~^ = i (i H- 1) Ph and if we equate to 
zero the coefficients of P’ and P® we obtain results which may be written 

- {i B } K 2} 

^3 i — CT + 1) 

2i/3 - [i, 5] [i, 4] 

9« s._9-,r+i;S-'(|‘) 
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Thus the g'’a again disappear, and the first continued fraction ends with 

— [i, 3} {i, 2} 

s® — 1 — cr + (i + 1) 

Observe that when s = 3, the continued fraction reduces to a simple 
fraction, and the equation for <r becomes 

The case of s = 1 must be considered separately. 

We have next to consider the termination of the second fraction, which 
depends only on the second %. 

First, when i and s are either both even or both odd, the types are EEC 
and OOS, and the limits are ^ (i — s) to 1. The condition to be satisfied is 

- 2 (i» - s=) ^ ^ - 2) J.p; _ 2 [(, _ 2)» - «=] /Si <*' p«-» _ . . . 


+ 


q. pi+, _ 2 ^ pi + ,•} [,•_ ,• _ pi-s 


+ ^ [p - 2 1 P*-“ + {i, i - 2} [i, »• - 3) p- 


+ 0k<.{-s-4)q^ 


p-i _ 2 I F-* + {i, i _ 4} ji_ i _ 6} p.--o 




Now P ^+2 is 2 ero, and equating the coefficients of and P’--^ to zero we 
obtain results which may be written 

2^4 _ 1 


^ 4—2 1 )^ 5^ + C 

2^4-2 


(i _ 2)< - (i, i) {,• i _ 1, 

Jdence this continued fraction ends with 

~ {h '^] f — 1} 

+ o- 

^ *o evenness or oddness, the types are 
OEC and EOS and the limits are i (i - s - 1) to 1. The same investigation 
applies agam when i is changed into i — 1. 

Hence the continued fraction ends with 

(-2,* — J ^2 — ^2 ^ 

The cases of s — 0, s = 1 must be considered by themselves. 
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When s = 0, the types are EEC and OEO. The “ middle ” of the series 
is now also an end, and the condition is 


8^, 




+ 


I3q^ '■ 


P*-2 5P^ + 

P 


[i 2} {i, 1} P 


+ P «-2~ P ^+{^, 4}{ i 3} P ^ +...=0 


Writing P^ for 0} — 1} P““ and equating the coefficients of P and P“ 

to zero, we have 


o-= ij 2} 


qo 


qi = 

go 


4 + cr 


i/3» {i, 3) {i, 4} 


Therefore cr 
ending with 
and with 


^ 1} [i, 2} {i, 3} 4} ~ 

4 . 1® + cr — 4 . 2^ H- cr — 4 . 3‘^ •+ cr — . . . 


— LI for EEC 


or 


^Ife — 2] ^ 

(l-iy + a- 


Next when s = 1 the types are OOS, EOS ; the “ middle ” is again an end, 
and the condition is 

-8.1.2s,P>- 8.2.3^2.P"-... +<?. P»-2|P‘ + {», 1] (i, 0) P-l 

+ 0g, P' - 2 1 P> + [i, 3} {i, 2) P‘J 

+ /S»2. P - 2 1 P' + {i, 5} (i, 4} P 

Writing ^(^ + 1) for [i, 1} {^, 0} P-^ and equating to zero the coefficients 
of P^ and P®, we have 


+ . 


0 


cr 


Therefore 


+ = 3) (i 2} 

1 

* 4.1.2 + o--i/S»(i.5}K4}(^”) 


cr-4/Siri + n = Mlli^lJiAI l^- 51 4} {», 7] {i, 61 

^ 4.1*2 + <3r' — 4.2,3 + <j — 4.3.4 + <t — **, 
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for OOS 

^- + or 


[ 1 . 0 , § 6 


- {i, - Ij K i — 2] 

(i — 1)^ + <T 


for EOS 


(/S) We have next to consider the other form of P-function for ty|)OB 
EES, OES, OOC, EOC, namely, 

P^= a [g'/P® 4- Vm 


where 




Let us write q'B^2n = (s ± 2n) The q’a are not now the actual 

coefficients of any P-function, but we shall see that they are determinable 
by almost the same relationships as those already found, and therefore the 
notation is convenient. 

We now have 

P* = n [ 9 ,sP» + (s-2n) P-*» + 2/9»g,+„ (s + 2 h) P“+»] 

Applying the operation f-, to P« and equating 

we have 

X 8 n (s -n)(s- 2n) g,_2„P«-^«:S8n (s -K (s -f- 2 n) 


+ qs 


(.9 + 2) P*+2 _ 2 ^ .sP^‘ -1- s} s - 1] (5 _ 2) P«-2 


+ 'X^^qs- 


'27V 




{s- 2 n + 2) P*-2n+2 ^ 2 ~ (5 - 2n) 

+ {f, s — 27 i] {i, s ~ 2 n-~l]{s — 2 n-~ 2 ) p8-2»-2 

(s + 2 n+ 2) ps+2n+2 _ 2 ~ (s + 2n) P^+sii 

+ {i, s -f- 2 n} (t, s + 2 n — 1 } (s + 2 n — 2) 


0 


This is the same equation as before, if we renlace fP^ bv P« a 
Z:*:“:® ottrl of ooeffioicnts of p.), we ouIiV'th^ 

We previously wrote 

P= for {i 0} {i, - IJ P-S and i (i + 1) p. for {*_ jj q] p-i 
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But the corresponding terms will now be 

K0}K-1}(-2)P-^ and {i 1} {i 0} (- 1) P-> 
and these are equal to — (2P^) and — (1 . P^). 

Hence it follows that when s is even (EES, OES) 

2g2 ^ — {i, 2} [i, 1} ^ — {i, 4} {i, 3 } 

g'o .§2 — <r ’ ^4 — 4 cr 

The qa term has disappeared from the latter of these, and thus the 
continued fraction is independent of q^. This is correct, since whatever value 
(short of infinity) <2'o may have q^^', being equal to Og-o, vanishes, Plence the 
continued fraction is docked of one term and ends with 

- {i 4} {i, 3} 

^2 4, Qf. 

It is important to note the deficiency of one term in the fraction, since it 
indicates that when .§ = 2 the first continued fraction entirely disappears. 

When .<i = 0 there is no function of the P form, so the question of inter- 
pretation does not arise. 

When ,9 is odd (OOO, EOO) the only change is that ?' (i -|- 1 ) enters with 
the opposite sign, so that the first fraction ends with 

3} K 2] 

.9^ - i -cr- pz (i+I) 

When ,9 — 1, we have <r (i + 1) equal to the same fraction as before. 

When the r/’s are determined we have q/ = tqt.- But it is desired that in 
the case (a) </,^ should he unity, and that in the case (^) q/ should be unity. 
This condition will be satisfied in the present case if we determine all the q’s, 
put equ,al to unity, and finally take 

, _ s ± 2»?. 

q sdfc 2 'n — ^ 

Thus in both (ot) and (/3) we put q^ equal to unity, and in (/S) determine 
the ^"s by the above equation. 

(y) We now have to consider the cosine and sine functions. 

For EEC, EES, OOC, OOS 

|f» = {sin ^ {sto (■’ + ^ 

The first 2 has limits 1.9 or ^ (.9 — 1) to 1, the second -J- {% — s) to 1. 


p. III. 


14 
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Apply the operation and equate to zero; then 

— 28n (s — n) -j (s — 2n) tp + 'Z8n (s + n) {s 4- 2??.) ^ 

V. (Sin 


+ P8 


K « +• 1} 1“^ (s + 2) ^ + 2 1 s4> + {i, s} (s - 2) 0 


+ S/S*'’P5_2 


{i, s 2n + 1} (s — 27i+ 2) <p + 2^ (5 ~ 2n) p 

+ s - 2n] (s ~ 2n - 2) 

+ 2^' W [{i, s + 2,1 + 1} 1““ (s + 2«, + 2) 0 + 2 1 1““ (s + 2,1) 0 


+ [i, s + 2,i} |®°® (s + 2m - 2) 0 

If we equate to zero the coefficients of {s + 27 i) p, we find 


0 


2^^ — o. 


■2n 


{i, ^ — 2^ + 2[ 


4r (5 - Ti) - <r — -i-yQa s-2n~l] 

\ Ps—zn / 

^Ps+m _ — [i, g.+ 2n — 1} 

Pa+zn-z (s + n)-h a- + (t, .9 -{_ 2 ^^ + 2 } 

V Pa+sn J 

These will, as before, lead to continued fractions, and by elimination of 
the ps to an equation for o-. The equation will agree with our former 
lesult, for It can of course make no difference from which equation we deter- 
mine a- . It follows then by comparison with the previous result (16) that 

1 


Ps—m> 


/s— 2 n 


P^- 2 n+z {% s ~ 2n + 1] 




— [i, s + 2 i 7 - - 1 } 




Hence when the g's are found, the p’s follow at once. 
(3) For OEC, OES, EOC, EOS 


IS* 


= <I) 


( COS f 

isin »y._„ (s _ 2 m) 0 + 2/3»pV» (s + 2n) 0 J 

where <I> = (1 - /3 cos 2p)^. 

The limits of the first S are or (s - 1) to 1, of the second ^(i-s-1) 


to 1. 


* I have of course verified that this 


IS so. 
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Proceeding exactly as before we find 

{i,s- 2n + l} 


p',<,-2n+2 ^ ^ _ 2n} 

- {i s + 2??,| 

p\+m-, ^ ) ^ .1^2 + 1} 

\ ,VH-27fc / 

By comparison with (16) we see that 

s — an 1 Qs—zth 

P' 8-271+2 ~ {i S — 271 + 2} g8~27l+2 

^.P^+SL = _ (i, s + 2«} -25±S- 

P S+3M— 2 Q's+aw—a 

Therefore when the q’& are found, the p"b follow at once. 

Wo may now summarise our results, as follows : — 

In the general case where s is neither 0 nor 1, cr is the root which ne.arly 
vanishes of the equation 

= - {^7 {i g - 1} [i, 5 — 2} {%, s - 3} 

^ 4 . 1 (.9 — i ) — cr — 4 . 2 (.9 ~ 2) — or — . . . 

{i, s + 1] [i, s + 2} {i, s + 3] [i, g + 4} 

4.1 (.9 H-i)q“Or— 4.2 (<9 + 2) -|- (T — ... 

The continued fractions terminate variously for the various typos of 
function. The end of the first continued fraction is as follows : — 

For EEC ; and when .9 = 2 this is the whole fraction. 


. 9 “ — cr 


For EES - ; and when .9 = 2 the fraction di8ai:)poars. 

For OOC “MMh 3] v^hole fraction. 

_ 1 _ or — + 1 ) ■ 

For OOS — b ?1 and when 5=3 this is the whole fraction. 

,9‘-* — 1 — or + ^j8t ('i + 1 ) 

For OEC lii ; and when 5=2 this is the whole fraction. 


— cr 


For OES - ; and when .9 = 2 the fraction disappears. 

— 4 — cr 

For EOC — . ; and when s = 3 this is the whole fraction. 

5^ — 1 — cr — 4•/9^ (^ + 1) 

For EOS ~ — . ■ and when s = 3 this is the whole fraction. 

s'-^-l-cr + l/S^X^'+l) 


14— -2 
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For the first four of these types, viz., EEC, EES, OOC, OOS, the second 
continued fraction ends -with 


- 1'^’ 1 • and when 

or 


= i the second fraction disappears. 
For the last four, viz., OEC, OES, EOG, EOS, it ends with 
'3^ ~ • and when s — i — 1 the second fraction disappears 

_ ip _ o2 _i_ ^ 




i/3» \i, 31 [i, 4) 

4 . 2« + <T - ... 


^ cr 

When s = 0, the equation becomes 

4.1"+ tr- 
ending when i is even (EEC) with 

— {i, {b i } 

+ cr 

and when i is odd (OEC) with 

- i/3" {^,^•-l} 

(i — 1 )" + cr 

When 5=1 the equation has two forms, which may, however, he written 
together. If the upper sign refers to cosines (OOC, EOC) and the lower to 
sines (OOS, EOS), the equations are : — 

i-yQ" {i 2} {-i, 3} 4] 5} 

4 . 2 . 3 + or — 


± (i + 1) = 


2} 


4 . 1 . 2 + cr — 

ending when i is even (EOG, EOS) with 

{i, i -1] {i, i 

(^■ — 1)"— i+cr 

and when i is odd (OOC, OOS) with 

— 4-/3" i\ [i,i-'L] 

It might appear at fii’st sight that a difficulty will arise in the intei'pre- 
tation of these results when i is small, for the numbers in the denominators 
of the fractions increase, and yet it is possible that the number at the end 
should be smaller- than that at the beginning ; thus apparently the fraction 
ends before it begins. But this difficulty does not really arise, because in 
such cases the numerator will always be found to vanish, and thus the whole 
fraction disappears. For example, in the last case specified, if s = 1, i = 2 the 
denominators, according to the formula, begin with 8 + cr and end with 0 + o- ; 
but the fraction has for numerator {2, 2} {2, 3}, which vanishes. 


[There was a mis-statement about the two cases, s=^i or z — 1, in the original pajier. ] 
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Reviewing these statements we see that, without attributing to % any 
specific value, there are sixteen cases in which one of the two continued 
fractions disappears, and sixteen other cases in which one of them is reduced 
to a simple fraction. 

[In order to distinguish the values of o- corresponding to any harmonic 
we may append to that symbol the affixes .s-, i as in the case of harmonic 
functions, and write it as cr,;'’. It will not however be necessary to adopt a 
distinctive symbol to distinguish between the cosine and sine functions, not 
because that distincti<,)n is immaterial, but because the two kinds of functions 
may be considered jxpart. 

Suppose in the first instance that vve are considering the cosine functions 
of even rank, so that the types are lililG, OEO. The equation for af is, as 
above, — 

- 1/3“ \i, .v} {'i, .s - 1] 


cr.if 


4.1 (&■ — I) — cr.f — ... 

+ [l, S + l.| {’i, 6* •+- 2} 

4 . 1 (.9 + i ) + cr.f — ... 

Put a-f — X — (s 4- 2)“ 4- = a; — 4 (.s* 4- I). The successive denominatoi*s of 

the first continued fraction are 4/x {s — 7i) — cr/, and of the second 4in (6* 4- n} 4- cr/, 
with n = 1, 2, 3 &c. On effecting the transformation those become re- 
spectively 4 (n H- 1) (*• — 4- 1) - «-■ and 4 (a — 1) (.s‘ 4- 4- 1) + Hence the 
equation becomes 

X — 4 (^s -1- 1) — 

t/ 3‘’ {'i, s] {i 6- - 1} -|/3“ {^, s — 2} .9 — 3} [?;, .9 — 4] — 5} 

4, _ 4 _ 2) _ ^ . 


4 . 26 * — X 


+ 


-1/3“ K 64 -l} (ig + 2} 1-^3“ 6 4- 3} + 4} ;|/S“ 6 + 4] {i 6 + 5} 


X 


4 . 1 (^s 4 “ 3^ X — 4 . 2 ^6 -f 4 ) x — ... 

Denote the first of these continued fractions by A, and that portion of 
the second continued fraction, which is found by omitting its first term, by 
B ; then this equation may be written 

- 4 (6 -t- 1) = Ai -b 

' ^ ry* /< 


X 


.(a) 


X “b B 

whence [x — 4 (.s* -b 1) — dL] [x 4- H] = |/3“ {i, 6 4-1} {*, s 4- 2] 

Now from the genei*al formula the equation for cr/+“ is 

£T..s+“ = ~ fb ^ d- 2} [i, 6 4-1} _ 

'' 4.1(6 4-l)-o-d+^-b.d 

Therefore 

[0-/+2 - 4 (5 4- 1) - dL] [o-/+“ 4- 13] = 1/3“ li 6 4-1] {i, s + 2} (b) 

On comparing (a) and (b) we see that x = 0-/+“. Hence it follows that two 
of the roots of the s equation for cr are o-/ and 0-/+“ — (6 -b 2)“ 4- 6“. Extending 
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the same argument from the s + 2 equation to the s + 4 equation, and thence 
to the s + 6 equation and so on, we see that the required roots of all these 
successive equations may he determined from the s equation and may be 
written 

O-/, - (5 + 2)2 + S^, Cr/+* -(S+ 4)2 4- 0-/+6 -(s+ 6)2 + §2 

If we have begun this operation with the equation for 5 = 0, we see that all 
the roots of the equation for 5 = 0 are 

o"?:, — 22, cr/ — 42, cr/ — 02, ... 

When i is even the largest even value of s is i, and when i is odd it is i ~ 1. 
It follows that when ^ is even the equation for cr for 5 = 0 is of order + 1, 
and when i is odd it is of order (^ 4-1), and in both cases all the roots are 
real. The roots are approximately 0, — 22, — 42 ... — or — {i — 1)2 and the 
corrections to these roots are respectively cr^, cr/, cr/ ... , 

Hence we can find all the values of cr from the equation for 5 = 0 corre- 
sponding to cosine functions of even rank. 


There is nothing in this argument, excepting in the last stage, which 
compels us to apply it only to cosine functions of even rank. It is equally 
applicable to all the others, let us consider therefore the sine functions of even 
rank EES, OES. These are distinguished from the cosine functions by the 
fact that there is no function corresponding to s = 0, but they begin with 
5 = 2. Hence we see that the roots of the equation, corresponding to 5 = 2, 

o- = 5| 

4.1.34-0' — 4.2.44-cr — ... 

are a-/, erf - 42 4- 22, cr/ — 6^ + 2% (r/ -82-1-22 

When i is even there are such roots, and when i is odd {i — 1). This 
equation is of one degree lower order than the corresponding equation 
for the cosine-harmonics. These cosine and sine functions of even rank 
together account for -t- 1 -|- or ^ -f- 1 functions when i is even ; and for 
(^ -H 1) 4 (^ — 1) or ^ functions when i is odd. 

The remaining functions may be considered all together, and we see that 
the roots of the equation corresponding to « = 1, namely 


+ 'Bid I n 2} (i. 3} [i. 4} [i, 61 


are 


O'/, 


22 4 12, cr/ — 42 4- 12, cr/ - 62 + 12 


The succession ends with o-/— ^ — (t — 2)2 -p I2 when i is even, and with 
cr/ — — 1)2 4- 12 when i is odd. 

When i is even the number of these roots is when i is odd it is 



1901] 


THE VARIOUS EQUATIONS FOR THE cr’s. 


216 


If we take the upper sign of /3 on the left the equation corresponds to 
the cosine functions EOC, OOO ; with the lower sign to the sine functions 
EOS, OOS. There are thus two equations of the same algebraic form and 
one is derived from the other by changing the sign of yQ. Together they 
account for ^ functions when i is even and for ■i + 1 functions when i is odd. 

Thus we see that in order to find all the o-’s corresponding to the 2i + 1 
functions of order it is necessary to solve four equations. 

The following schedule/ gives a list of the four equations ; — 
i even i odd 


Type of 

Order of 

Type of 

Order of 

Specification of equation 

Function 

e(iiiation 

Function 

equation 

to 1)6 solved 

EEC 

■I'i + l 

CEO 

1(2+ 1) 

5 = 0, cosine function 

e:es 

■ J i 

OES 

1(4-1) 

.s = 2, .sine function 

EOC 


OOC 

|('4 + 1) 

5 = 1, cosine function 

EOS 


OOS 

■J (V/ +1) 

5=1, sine function 


For harmonics of the third order there are one quadratic, and three equations 
of the first degree, and of the latter two have the same algebraic form. 
Hence all the harmonics of the third order are determinable algebraically. 

For harmonics of the fourth order, there are one cubic and three quadratics, 
and {dl these harmonics but three are determinable algebraically. 

I shall determine the expressions for the harmonics of the third order in 
Paper 12, and shall derive the values of o- in the way indicated. At the same 
time the corresponding equations for o- for the harmonics of the fourth order 
will be found and solved, so far as is possible.] 

When or has been determined we find the q’s by the formulai— 

_ — [i, s — 2n + 2 ] {?', s — 2n + 1 } '“’I” tJjL 

~ 4/i {s — n) ~ a— 4 (n +• 1) {s — n— V) — cr — ... 

2^/s-|-!2n ^ 4 2'/?/ +2} I'i, A* + 272 -H 1} 


4a (a‘ -1- 'a) 4- cr — 4 (vt -|- 1 ) (a -P 'a + 1 ) 4- cr — ... 

The terminations of the continued fractions are as specified 
Lation for cr 


ve m tne 


By forming continued products of ratios of successive q’s, we can find all 
the ^’s as multiples of q^, and qs~ 1. 

In the cases EEC, OEO, OOS, EOS, these are the required coefficients 
for 

O 4- 2^// 

In the cases EES, OES, OOC, EOC we put and thus 


find the coefficients for P“. 
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The coeiEcients for & in EEC, EES, OOC, OOS are determined by 

Ps—m 1 

^9s-2«+2 ~ {i, s — 2n + 1] 

-P±tEL^-.[i^s + 2n-l] 

]pS-i-2n-^2 2 

The coefficients for C, S in OEC, OES, EOC, EOS are determined by 

P s—‘2n 1 Qs—2n 


{i, s + 2n} -2^ 


p $_2nd-2 {'^3 ^ + 2] qs—2n-\-2 

P 2 

It follows that if we put = 1 and p^—J, 

P,-^ = (-)“ + 3} ... (i, « -T) 

p8+m — (— )’^ {i s + 2n — 1} [i, s + 2)-^ — 3] . s + 1} ^S+2')l 

f 1 

P 6 -- 2 H ( ) s ^ 2n 2] [i, s —2n + 4] . .. 5 } 

J>'s+ 2 u = (— )''‘ K s + 2n] {i, s + 2w — 2 j ... {t, s + 2] q^-h'^n 
When s = 0, q^/qo is equal to that which would be given by the general 

formula for when we put in it u = 1, s = 0. Hence it follows that the 

^’’s for s = 0 have double the values given by the general formula. 

If we change the sign of &*, the two continued fractions in the equation for 
cr are simply interchanged. Hence cr is unchanged when s changes sign. 
Also, since {i, i} is equal to [— ^ ~ 1, i], o- is unchanged when — t — 1 is written 
for i. A consideration of the forms of the q’s and p’s shows that 

is equal to . j < 7 s- 2 fcP*“^*’, and therefore 


p.s 


i-sl Pi- 


w „ m- 




§ T. Rigorous determination of the Functions of the second order. 

If a numerical value be attributed to yS it is obviously possible to obtain 
the rigorous expressions for the several functions. Thus, if /S were we 
could determine the harmonics of the ellipsoids of the class = t}- (a? + 

In order to show how our formulm lead to the required result I will determine 
the five functions corresponding to i = 2. The case of == 3 will be considered 
in Paper 12. 
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When 6‘ = 0 the equation for determining a is 

1/3-^ { 2, 1] {2, 2} ^ 12/3--^ 

4 + cr 4 + cr 

It appears from § 6 that the two roots of this equation are cr for s = 0, 
and o- - 2" for s = 2. 

Therefore for 6- = 0, <t = — 2 4- 2 (1 + 3/3“)-, or writing = 1 + 3/3“ for 
brevity, cr = 2 (ii — 1), and for s — % cr = — 2 (^ — 1). 

Again when 6* = 1, the equation for cr is o- + (i + 1) = 0 with the upper 
sign for the type EEC, and the lower for the type EES. Since in the present 
case '4 = 2, <r= + 3/S. Now for 6*=0, we have on putting ^(, = 1, and re- 
membering that the value of (/.j is twice that given by the general formula, 

1 _B~1 
4> + a~~W 

Therefore 

where P.^ = ^ , 1^ = 3 (^••2 - 1) 

The eoeltioient of the cosine function is given by 

{2, l}(].^ = -6q.j 




.(W) 


Therefore 


(!ts=l-^-cos2./, 


.(18) 


.s‘ = l, cosine; EOC type. 

Here cr =— 3/3. Eut the continued fraction is riot required. 



Pd = H[g/IV], and q,' = l 


Therefore 

/ ‘> 1 

p=- = Vv^p.-=34''“-bS- 

(10) 

Clearly 

C/ — cos ^ (1 — /3 cos 2<p)^ 

(20) 

6‘ = 1, sine ; EOS type. 


Here <t = 3/3. 

But the continued fraction is not required. 


Putting qi = 

1, 



W-?i'Pi' = P.‘ = 3K-'’-l)^ 

(21) 


Sd — — 13 cos 2<f>)^ 

(22) 

s = 2, cosine ; 

EEC type. 



Here o- = 2 (1 - JS). 
Putting q^ — l, 


«• « 4_o: 
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Therefore 

p, + p/ 

(23) 

where 

P 2 == ^ 


Then 

1 , 

Po — |2 ij 


and 

= "^ 3 ^- + cos 2 

(24) 


s~2, sine ; EES type. 

Both fractions dis^appear and <r vanishes, hut is not needed for determining 


the functions. Noting that g,,' = 0, and = 1, 

P,= = n = 3 {v’- - - 1)^ (25) 

5)2^ = sin 2<;^> (26) 


We can write down the functions of yu, by symmetry, and the j)roducts 
of the .three functions give rigorously the five solid harmonic solutions of 
Laplace’s equation of the second degree. 


§ 8. A^proodmate Form of the Functions. 

It is clear that the first approximation to o- is zero, and that the second 
approximation, in the general case, is 




,2 6‘} {%, S — 1] _ ^ ^2 {h s + 1] {"i, s + 2} 


s — 1 


s + 1 


[ 


36•=^-2^(^^-l) 


a + lyn 

6- - 1 “ J 


If this expression were inserted in we should obtain correct to 

/S^ But since the next approximation would only introduce /3\ it follows 
that qs^.j would be correct to inclusive. Now q^^.^ enters in the functions 
with a factor yS, and therefore this approximation would give results correct 
to inclusive. Since the similar operation could be applied with e(^ual ease 
in all the cases in which the continued fractions assume special forms, it 
follows that this degree of accuracy is very easily attainable. However, the 
forms of the coejBScients would be rather complicated, and it would render the 
subsequent algebra so tedious that I do not propose at present to carry the 
approximation beyond I3-. 

It now suffices to put cr=.0 in the denominators of all the continued 
fractions, whereby the coefficients are determined, except in the cases of 
5 = 1, .5 = 3, where we put or — ± (i + 1). 
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In the general case we have 

<Z»-4 = 

s— a ’ 

■ 

ps-^y- 
Pa—i • 

P'h-‘ 1 ■■ 
p\-i ■■ 

When s — 0, we double the results given by the general formula and find 


1 lb s} s-i} 

1 

/V — — - - 

^ s — 1 ’ 

{i, s] {t, s - 1 1 {i, s — 2} {^■, s — 3] 

*«“8(s+l) 

1 

128(&-- i) (6-- 2) 

(/s+4~^28 (5+1) (5 +2) 

s — 2 

, 6* + 2 

s 

q «+‘2 = ^ qaya 

5 — 4 

/ 5 4 ^ 

— 

([ 4 — 

o 

{f, 6-} 


8(s - 1)’ 

8 (5 4. 1 ) 

[i, s} {'i, .s- - 2| 

K 5 + 1} K &■ + 3} 

128 (6- -1) 0 -2)’ 

12«S(5+ l)(i‘+2) 

{b6--l} 

-5+2} 

8(s-l)’ 

^ 8(5 + 1) 

[i, 5—1} {%, s — 3} 

{?;, 5 + 2} K 5 + 4} 

128(5- 1) (5-2) ’ 

Pa+i 128 (5 + 1) (5 + 2) 


(27) 


= i j “ TtfH ’ P'i-~ Pi~~ikE {'b 1} {'b ^ 


rn 


e are no 


q^, <li> 


When 6‘ — 1, 


1 P'A 1 ^\} 'Pi T‘l« { 

1 


'} 

%, 2} [%, 4}J 


(?3- l y ^ [1 ± ('t + 1)] 

with upper sign for cosines (EOO, OOC) and lower sign for sines (OOS, 
EOS). 

128“ 2~8 "" 

But for OOS, EOS we use the ^ form, and for EOC, OOO tlie P form ; 

and for the latter - - = 3, - = 5. 

s s 

Therefore for OOS, EOS (sines) 

q-i— iV [1 “■ ('* 1)]’ qa = Ttl-H ' 

and for EOC, OOC (cosines) ^ (29) 

q-/=^^\ll+^,\^^i(i + l)l qn^rUj 

For OOC, OOS, with upper sign for cosine and lower sign for sine, 

Pa — — -fV 2} [1 + ('*' + 1)]> Po = vrg {'*'> 2} {i, 4} (29) 
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For EOC, EOS, with upper sign for cosine and lower sign for sine, 

■p^ = — yV {h i ('*' "f ~ '^1 (-^'d ) 

When s = 2 the coefficients may be derived from the general fornuila. 

When 5 = 3 

„ - i . (», 21 {i, 31 [1 ± + 01 

8+|-yS^(^+l) 

the upper sign applying to cosines (OOC, EOO) the lower to sines ((Jl tS, 
EOS); 

S's ~ bV ’ — "i! nffo 

But for OOS, EOS the ^ form applies, and for OOC, EOC tlu* P form 
applies. 


Also with 5 = 3, ^ — - - 1 ^ 


5 5 5 


7 

ii 


Therefore for OOS, EOS 


^1 tV 1'^’ "f ~ s's > ^Jy 


,1 . '1 

‘i 5 ( > o 


For OOC, EOO 


— — yV 2} [i, 3} [1 + yV'^^" ~~ ro'sit 

For OOC, OOS, with upper sign for cosine and lower for sine, 

Pi = tV K 3} [1 ± j\/3i (f + 1 )], p5 = - (h 

Ih — B-ntUT I'b l>i 

For EOC, EOS, with upper sign for cosine and lower for sine. 

K = tV 2} [1 ± yV^-^’ + 1 )]> Pa' = - bV (b 5] , 

P'T —"Tim fb '^1 *^1 > 


...(30) 


It will save much trouble to note that if we were to admit m^gative 
suffixes to the g’s, the general formula would give us the term P”"*, 

where 


^ K 3} {i 2} {i, 1} (i 0} 
128 .2.1 


Thus this term is (i + 1) . [% 3| [i, 2} But this is exactly that 

part of the term in (30) which arises from /Sq^lP^, but which is not included 
in the general formula. 

Similarly the general formula gives for q'-i, p—i, p'-i those j)arts of the 
terms arising from q\,pi, px which are not included in the general formula. 

It follows that in much of the subsequent work we need not devote 
special consideration to the case of 5 = 3. 
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§ 9. Factors of Ty'aQisformation between the two forms of P-function 

and of G- or S-function. 

The rigorous expressions and P® always differ from one another, but 
Approximately they are the same up to a certain power of yS, provided that 
s is greater than a certain quantity. 


Since O = — 1 ^ j = ^ 1 + — iy^l legitimate to develop 

Xi in powers of l/{v- — 1) up to a certain power, say t, jjrovided that it is to 
he multiplied by a function involving at least (jv^— 1)* as a factor; for this 
condition insures that there shall be no infinite terms wheni/=±l. At 
present, I limit the development to /3^ so that 

^ . /3 + /3‘-> 


1±'®\ 'S' 


1"^ 


Xl = 1 


v^-1 {v^~iy 


Therefore 


It is obvious on inspection that we cannot rely on this development if 
s is less than 4. 

If then .s- is equal to, or greater than 4, thi.s value of P®, when properly 
devcloi)ed, to the julopted order of approximation can only differ from ^3® by 
a constant factor, say C/® or shortly G® ; so that 

^« = G®P® (31) 

and we liave to determine the constant C®. 

We might dcwelo]) tlie above expression for P® completely and compare it 
with ^[3®, but tliis is unnecessary since the comparison of a single term 
suffices. 

1 now write — f {o^) 

s^ — i 

or shortly This notation is introduced because this function occurs very 
frequentily liereafter. 

We have seen in (11) (slightly modified) that 


«) " 'I 4i 




2 + 1) P” + 1>« 

S ( *5 X J 


We may write this 


a,.P®+‘-^+/3sP®+^+7«P®-= 


where 


4.s‘ (s -|- 1 ) 


I (S + 1), y. 


{i, s} {?;, .9-1 } 
4s (5 - 1) 
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Then 


p« 


' (a«+ 2 p*'^‘‘ -1- 4- 7 S+ 2 P*) 


(v^- iy~ 

+ /9., (afiP«+2 4- /3sP« + 7s P'*"'*) 

+ 7 s (as-aP^ + /S^-aP*-^ 4- 7 s_aP*-^) 
Therefore the coefficient of P« is a,y.+,_ + (fi,y + or 

A \ + 4 (s + 1 )* + i4?)J». *-111 

L s(s + l)-(.s+2) ^ s(s-lp(s-2) 

I now introduce a further ahridgement and write 

(^ — 1) i (i + 1 ) (i -|i 2) 


S--4 


.(S2) 


X ^ 

or shortly T. ^ 

Then, after reduction, I find 

1)2 = -h [- 4- 2^ + 4S 4- 3 + T] P« + . . . 

Accordingly the coefficient of P« in P« is 

1 + 4/3 (S + 1 ) + 4 , 3 = (2 + 1 ) - [_ S^s"- + 2 » + 42 + 8 + T] 

y Ks4-1} 54-2}' 


. 1 /P2 9 . g— 2 

L(^ -i)(^ 


1) - 2) + (s^iHsir^ 

But o = - s] K .9-1} _ 5 + 2 , , , 

85 (.9 — 1) ’ ^ «+2 — 87(7:jrx) ’ ^^St term in 

1 + -^/S (2 4- 1) 4- tV/3^ 4- 2® 4- 42 4- 3 — T) 

but the same coefficient in is unity. 

Therefore 

1 

0/“ ^ +4-/3(S4- 1)4- 2252 4-424-3 ~T) 

~ ^ 4- 1) 4- yV/3^ (— 4- 32^ 4- 42 4- 1 4- T) 

1 1 y •■•(33) 

(0/)2 ^ 4- ;9 (2 4- 1) 4- (2^5^ 4- 32^ 4- 82 4- 5 — T) 

(C/y =l ~ ,e (t +1) + (_ 2252 - 4 - 5 2 "* 4- 82 4- 3 4- T) 


they will 

We next consider the cosine and sine functions. 
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As far as /8- 


<E> = (1 - yQ cos 2cf>)^ = 1-^/3 cos 2</) - yV/3" (1 + cos 4^) 


Therefore 

s« 


[1 - cos 2cj> - (1 + cos 4^)] scf> 


cos 


+ /3 


, fcOS , I . / (cos / . jL 

lain - 2) ■#> +1> .+» (s + 2) 4 - 


[1 - J/S cos 2,#>] 


+ /3V,_. (s - 4) .^ + (s + 4) <;(. 


This expression, when developed, must lead to (E>^ or multiplied by a 
constant factor. 


Let 


Sb^ 


fC« 
T)-* ] 

^ |s« 


.(34) 

fcos 


Then IV or I>‘ may be found by considering only the coefficient of s^. 
Hence 

1 


D* 




But 

and 

Therefore 


^ - 1] 


K 5 + 2} 


_?) «_2 - g ^ A 1) ’ ^ *+“ 

Vs— 2 + p's+'i ~ +2) 

^I = l-*/S’(2 + 3)^ 


I), 


.(36) 


3^, = i-i^=(2 + s)) 

The reciprocals may clearly be written down at once. 

There are no factors by which can be converted into P‘*, P“, P^ ; 

but this is not true of the cosine and sine functions. 


In the case of .$ = 3, it will be found that the general formula holds good 
for the factor whereby QL''\ tS'' are convertible into C'‘, S**. 

When s = 2, 

{si = [1 - i/3 cos 24 , - (1 + cos 4,;.)] 1“^ 24. + 0p„' (1 - cos 24 ) {J 

+ 0p.,' ( 1 - i/3 cos 2^) {““ 4.#. + ^p.' {““ 6 4> 

Then 


C" = [1 - + -^po' + cos 2<jf> + . .. 

= [1 - + Ip/) sin 2<^ + . . . 
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Po i K IK P/~ — K ^}> P& = Tis^gB- [i, 4} [i, 6 } 

■g% + ( 52 ; 4 - 7 ) 

IPi = — (X - 5), where S = (* + 1) 

Therefore the factors are 

(cos) = 1 - gt ^/32 (522 + 7 ^ 

l\ . , h (36) 

^ (sin) = 1 + ^^2 (22 _ 5 ) 

It is easy to verify that the other coefficients of ®= and S= are in foot 

reproduced. 

here and below for distinguishing the cosine and 
ne factors IS perhaps rather clumsy, but I have not thought it worth while 

to take distmctave symbols for the factors in these oases, because they will 
not be of frequent occurrence. 

When 5 = 1 , 

|si = [1 - cos 2cf>~ (1 + cos 4 < 5 f>)] cp ^ (1 _ ^os 2^) 30 

= [1 + JiS-i/3« (ft' + i)] 

This must be equal to ~ 

1 ),: 


I yO‘> / { (w- . 

. 50 

(sin ^ 


1 fOD^ 


Now, with upper sign for cosine and lower for sine, 

± (^‘ + 1)]. Pr,' = {K 3} [i 5] 

Substituting for ji)./ its values, we find with the upper sign 




(cos) = 1 


And with the lower sign 


-i /3 1 / 5 “ (p./ + J.) = 1 _ .1/9 q_ [-./ (^; 4. __ ] 


OJ) 


I 


35^. (sin) = 1 + - 1 , 3 . (p/ + .j) 1 + , + 1 ) _ j 03 

It follows that 

D,:' (cos) = 1 + [i (i + 1 ) _ 14 ] 3 

Bd (sin) = 1 _ iys _ ^^ 0 .. p p + 1 ] _ j 4 ] 

■ 1 (cos) - = 1 _ . 1,8 + ^ 0 a p (i + 1 ) _ 8 ] 


(37) 


11 


[D J (oos)]= = 1 + J 8 - * 8 = [i (f + 1) - 16] 
12 

.B? I = 1 + i;8 + aV-8" [i (i + 1) - 8] 
[DJ (sin)J = 1 _ J 8 - A/S= [i (f + 1) - 16] J 


( 37 ) 
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We cannot in tlie present case use as an abridged notation, because it 
is infinite as involving — 1 in the denominator. 

It is easy to verify that the other coefficients of and are, in fact 
reproduced in the transformation. 


, Lastly when s = 0, we have only cosine functions. As before 
C = 1 — cos 2<p — (1 + cos 40) + /Spa" (1 — cos 20) cos 20 

+ /3“p/ cos 40 

= 1 — + . . . 

1 

This must be equal to ^ , and therefore jy ^ 


Now 

Hence 


P^' — “i 2}, Pi — {i, 2} {i, 4} 

1 


j5- = 1+yV/ 3“ [i(^ + l)-3] 
Since in this case , 


.(38) 




.(38) 


Thus the general formula again holds good. 

It is easy to verify that the other coefficients of QL are in fact reproduced. 

The principal use of the transforming factors, determined in this section, 
is that it will enable us to avoid some tedious analysis hereafter. 


§ 10. The Functions of the Second Kind. 

[I found in subsequent investigations that the amount of accuracy 
attainable by developing these functions of the second kind was disappointing; 
nevertheless I proceed to show how approximate forms may be obtained for 
them.] 

The second continued fraction of § 6 terminates because 

5 2n 4* 2 1 5 ~i~ 2n ~|~ 1} 0 

when n=^ (i —s) or ^ (i — s — 1), since one of the two factors then assumes 
the form {^, i+ 1}. 

Hence it follows that the equation for determining cr is the same as 
before ; but we cannot on that account assume that the q coefficients vanish 
when their suffixes are greater than 

In considering the P-functions it was immaterial whether or not we 
regarded them as vanishing, because P* vanishes if t is greater than i. 

16 


D. III. 
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But the Q-functions do not vanish in this case, and therefore we must 
postulate the existence of q’s with suffix greater than i. 

In fact, whilst we have as before, when i and 5 are both odd or both even, 



we also have 

\ / 

and similarly a fraction for , and so forth. 

It follows therefore that while the ^’s with suffixes less or equal to ^ 
depend on finite continued fractions, those with suffixes greater than i depend 
on infinite continued fractions. 


It thus appears that while the first series in the expression for or for 
Qi® has limits 1 to ^5 or -|(s — 1), as before, the limits of the second series are 
1 to oo . 


Thus we have found an expansion for this class of functions in powers 
of /3. 


In the limited case in which the coefficients have been actually evaluated, 
namely, where the development is only carried as far as the squares of /3, we 
have 


1 

^*+"“8(s-!-l)’ 


_ 1 

^®+*“l28(a + l)(s + 2) 


/ + 2 

“85(5 4-1) ’ 


f ^ + 4 

^ “ T28F^+ 1) (5 4- 2) 


These coefficients do not vanish when s + 2 or 5 + 4 are greater than and 
this confirms the conclusion already arrived at. 


In spherical harmonic analysis there is no occasion to consider the value 
of Qi® when s is greater than i, and the values are therefore not familiar. 
I will therefore now determine them. 


It is known* that 



2^-(^0" r 1 

2i 4- 1 ! 


i + 2\ 1 

2.1!/r(2^4- 3) 


i + 4 I 1 

2^2 U' ! {2i 4- 3) {2i + 5) 



^ Br^^an, Gamb , Phil . Soc . Proc., VoL vi., 1888, p, 293. 
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Therefore differentiating 
/ d \ 


Qi = (-)'+' 2^. 

2'‘ . ^ ! 


1 i+1 1 -1- 1) -f 2) 1 

^,24+2 ]_ ] j/ii+4. 2 1 ■ y2't+0 "i" • • • 


= (~y^^ 


And 


(z/2- 1)‘+* 


\4v) ^* = ^">'77rz-TW2 ^ 


(i/“ - 1)^+2 


_ r ^ - i + 2 ! . (2^ + 3) . ^ + 1 n 

N ^ / . 2 T “* / *» “* yi+2 I 




\dj/) 


Qi ■= (-y 


-2i+\ i+2l 2i+^(2i + 3) 

_ (/.^- iy+» (i.“-iy 

2^'+Ki + 3l , 2^+^(2i + S) .i + 2 

+ ■ 


{v^- iy+^ ^ 
But q‘=(y—i)i((J_y 


I 

- V 


therefore 


Q,.r+i = (_Y^x 


2H\ 


(l,a_l)^0'+l) 


Q^i+2 (_y. 

Qi«+« = (_)»•+! 


, 2^+1. i + 111/ 


(i,2 _ 

2"+" . ^ + 1 ! 
(^2_ i)^0-+3) 


[2i + 4 + (2^• + 3) (i/“ - 1)] 


.(39) 


Q/.. == (_). [2^ HH 6 + (2^ + 3) - 1)] ^ 

These are all the functions which can be needed for the expression as far 
as of or of Q^*' when s is less or equal to ^. If s is equal to we shall 
have terms y3“2's+4Q®‘''’‘ or fl/9^g''s4.4Q®'^% and these are the furthest. 

But it is well known that there is another expression for these functions 
of the second kind. 

The differential equation is 


^2 fl 


/3 






d^ 


d 




® i *=0 


where may be interpreted as meaning also Q/. 


Let us assume that 




'=^® r 

J V 


'Sdv 


is a solution, where <©,®, may be interpreted as meaning also Q®, P®. 

15—2 
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[10, 1 10 


Then since is a solution of the differential equation, we have 


(i/=*-l)2 


2V 


dv 


+ 


+ 2i/ (i;2-l)^^V 


- ^ - 1) (v‘ + 1) (2T ®' + f '^) + 


0 


This is easily reducible to 


A 

dv 


log [v (■/■ - l)i (v> - li-J) * 


0 


whence V 


(Si* 


r“ 

Hence ^i® = (Si®^i* 

J V 

Qi® = Ei® Pi® r 

J V 


, where is a constant. 

dv 

1)^ (-=-^1)^ 

dv 


.(40) 


The general solution of the differential equation must be 

and we have already found both ^® and ($1®. Hence the two ^®’s must be 
different expressions for the same thing, for the form of ^® as a series 
negatives the hypothesis that it involves ^® in the form 7i^® +72^*. 

Having then two forms of ^® or of Q®, it remains to evaluate the 
coefficients QBf, E/, which are involved in the equations (40). In order to do 
this it will suffice to consider the case where v is very great, so that 


P* 


2i ! I/* 




2HT ^-^r ^ ^ ^ 2 i+l! 1/^+1 

As far as concerns the first term in the series 


aas _ ^ 

^ 2^ 4 U' — s ! 


1 + ^qs-2 ]■ 


i-sl 




i — si 


i-s + 2\ ■ "'^®+%-_5-2! 




(-)* 


2Kil 'i + s ! 

2^+T! 


1 I/O ^'ba“2! _ t-f-s-1-2! 

1 4 - ^qs—2 , 1 ^qs+i 


s ! 


i + sl 


1/02 * + ® , /02 4 4 - a + 4 


“I •+ s ! 


f + s ! 


■1 


It will be observed that if s is equal to i or % - 1 the terms in ^® in 
and disappear ; and if s is equal to i — 2 or i - 3 that in q^j^^ disappears. 
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This agrees, as it should do, with the vanishing of and when the 

order is greater than the degree. 

If we write = av^ and , the first of our equations (40) becomes, 

when V is very large, 


J „ (avy" a J „ 1/2*+- 


1 1 
a ■i/^+i‘ 2^+l 

Therefore (jB*' = (2^ -f- 1) ay, and since the a, y in the case of the P®, Q* 
only differ from these in the accenting of the g’s we have 








s "4~ 2 ! 

E»==the same with accented g’s. 
Effecting the multiplication of the series 


1 +/3q; 


S— 2 


z + s — 21 
i + si 


4- 




= (-y 


% — i— § j 


i-s\ 


i + s-2\ 


1 + ^ ( ^ 2 j + -i- I 


4- ( qs-i ^ - 4- qa 


^ 4- s I 
4- qs+a 


i — s\ ^ 4- 5 4- 2 ! 


t — s 

■i 4- 5 — 4 ! 
4 4- 5 ! 


2' ] i 4- 5 

t — s ! 


F) 


4- <i|'a-f4 


i — s 4" 4 ! 

i 4" s 4" 4 ! 

1 4- s ! 

i — s!'t4"S42! 


4- qs^-i 


■i — s — 4 ! 


^ ! -j 4- 5 _ 2 ! 

+ -ZTiTl 1 


„ , . ^ , i — ^ H" + 2 ! 

+ <7«-h2!?»+2 + 9'«-2g«+2 

4 - qa+2q»-2 f:zj-zr^] 

E® = the same with accented q’s. 

If we substitute for the q’s their values, the coefficient of /3 inside [ ] in 

the expression for is 


i- 


(i 4 s) ("i -|- s — 1) (i — s 4“ 1) (”^ — 4" 2) (i s) (i s — 1) 
s — 1 s — i &‘+l 


4- 


('i4“S4-1)(‘?'4s4“2) 


] 


In the expression for E* the first pair of these terms are multiplied by 

^ ■ 25 ^ I 25 

, and the second pair by . 





+ 
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The coeflScient of ^ in the expression for is 

+ s) (f + s — 1) + 5 — 2) [f + s — 3} 

_ (s-l)(*-2) 

{i — 5 + (j' — ^ "I" 2) (i — 5 + 3) 5 4" 4) 

{i-.s){i-s-l)(i-s-2){i-s-^) 

(s + l)(s + 2) 

I (^‘ -f g + 1) (z + ^ + 2) (i 4- s + 3) (i + 6’ + 4) 

(7T1T5T2) 

_l_ 2 (f + 5) (f + s — 1 ) (f — ,9 4- 1 ) (f — 5 + 2) 

I 2 (f 5) (t s — 1 ) (f +• 5 +• 1 ) (^ + g +- 2 ) 

(s^+iy~ 

_ 2(i+5- l)(f + 5) (^+-5+- l)(f 4-5 + 2) 

(^^=ny(7:ri) ------ 

— 2 (f — 5 — 1 ) (i — s){i — s-h 1) (?; - 5 + 2) 

” (i'=lLy(^+l) 

In the expression for E« the first pair of these terras are multiplied by 
- ; the second pair by ^ ; the first of the third pair by * 


5 


( 


s + 2'\ - 111 

j and the last pair by — 


4 


- — J , and the 


second 

5 / ^ ^ ^.2 

I frequently hereafter, and 

T. . ®ay a word on the most convenient way of carryino- it out 

It IS obvious that the coefficient of /9 may be arranged in the form 

M (z 4 1) + B (2z + 1) + C 

and if wrpurfi 0 havl° original expression, 

A, B. C mfy be easil7detelfoet'^’ ^ = 

Again the coefficient ot ^ may be arranged in the form 

^*’'^* + l)’ + ®(2i + l)f(i+l) + Oi(i + l) + r)(2i + i) + E 

This may be written 

Ai‘ + 2(A + B)i»H-(A + 3B + C)i* + (B + C + r>)f+D + E 

It is easy to pick out the coefficients} nf oi «3 -a i 
A, B, C. Then nuttino- ^.^^^cients of and we thus obtain 

- D ; E. ^ ' successively equal to 0 and - 1 we have D + E and 
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In order to express the results succinctly I use as before the notation 




T/ 




S^ — 1’ * ‘ 5 ^ — 4 

and I usually omit the superscript and subscript s and i. 
Proceeding in this way I find 

. 5 I 




(2 _i) 

+ [- + 2S - 1) + 3 - 2S + 2) + 2T]} 


E/=(-)4-±4|{l+^y9(2:+3) 


} (41) 


s! 


+ (32:=' - 2^ + 1) - (S'' - 26S - 42) - 2T]}/ 


1 

These results may be verified, for if we multiply by , as given in (33), 
we ought to find E* ; and this is so. 

The formuljB apparently fail when s = 0, 1, 2, 3; but when s = 3 they 
still hold good because, as remarked above, the general formula for s = 3 gives 
correct results when properly interpreted. Thus it only remains to consider 
5 = 0 , 1 , 2 . 


When 5 = 2 the coefficients of /3 remain as in (41). In the coeflScients 
of yS" 

1 1 

4 0, Qg — 2 — ~ ■g !?>, 2 1 1%, 1}, Q^^+2 g g > Q^S+4 I 23 3 

q g—i = 0 , q s _2 = 0 , q'a+z — ^ g ? Q'^fl+4 = ^28 4 

In the expression for the coefficient of yS" inside the bracket is 

4 ~ - 5) + 3 (i + 3) (^ + 4) (i + 6 ) (i + 6 ) 

+ 72 (^•_ l)^(^ + l)(^ + 2) + 8(^-2) (i- 3)(^ + 3) (^^- 4) 
-24(^+l)(^4■2)(^^-3)(^ + 4)-24(^■-3)(^-2)(^■-l)^] (42) 
Effecting the reduction and writing S for (^ 4-1), we find 

{1 - i/3 (2 - 1) + (19S« - 1302 + 80)} (43) 


The coefficient of yS" for may be got from (42) thus : — Multiply the 
first and second terms .by 3, erase the third, fifth, and sixth terms, and 
multiply the fourth term by 4. 

Effecting the reduction we find 

E.-« = (1 + (S + 3) + 5iir/3* (262“ + 1862 + 368)} . . .(44) 
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Observe that there is no factor by which can be converted into P®, so 
that this case cannot be verified like the general one. 

When s = 1 we have 

4 = 0, — 0, ~ [1 “ d- 1)J, ^S+4, “ 

2 s— 4 = 0, q g _2 = 0, q ^ [1 + (i + 1)], q\+ 4 , — 

The terms in ^qs^ and ^q' 8 + 2 . now contribute to the terms in /3“. 

For the term in /3 inside the bracket is 

g 2 ~ 1 ) (^ — 2 ) + (t 4 - 2 ) (i 4 - 3 )] = ^ [i (i 4 - 1 ) 4 - 4 ] 

The term in of which the first portion is carried over from the term 
in /9, is 

_ + 1) _ 1) _ 2 ) -f- 4. 2) (i 4- 3 )] 

■•■^28?^l^*^^"■^)<^^*“^K^■-3)(^-4)^-(^ + 2)(^•4-3) (^4-4) (^4-5) 

+ 3 (^ - 1) {i - 2) (^4- 2) (^ 4- 3)] 

This is equal to - ^ [^2 ({ + 1)2 _ 

As we cannot now use the abridged notation with Sib which is infinite, 

1 write 


Thus 




i+1! 


i = ^(^ + l) 


zrfi + h/5 (j + 4) - _ QQj __ igo^j I 


.(45) 


Tfei (i + 1) [i (i + 1) + 4] + jg ^b.3 [5 (»■-!) (i - 2) (i -3) (i - 4) 

+ ®(’ + 2^<* + 3)(; + 4)(i+S) + 27(i-l)(i-2)(i + 2)(i+3)] 

Un eliecting the reduction I find 


E^=- 


^4-l! 


I _ 1 1 (j + 4) + ^0^ (55j2 + 37gy io44)] . . . (46) 


TEE 


When s = 0 we have only to determine. Here 

= ?.« = i, ■ _ 

The term in /3 is i [i (i _ i) + (,• + 2 )] = J (i + n 

That in /3^ is 

Th [i (i - 1) (i - 2) (i _ 3) + (i + 1) (i + 2) (i + 3) (i + 4) 

+ 8i(i-l)(^ + i)('^-_,.2)] 


= BV(5i^+14i4- 12) 



1901] FACTORS OF TRANSFORMATION BETWEEN THE TWO FORMS. 
Therefore 

= 1 + iyS (j + 1) + (5f + 14j + 12) 

= 1 - {/3 (S - 1) + (5X^ - UX + 12)J 

since Si = — f (^ + 1) = -j 
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,} 


.(4V) 


Collecting results from (41), (43), (44), (45), (46), and (47), 

f + s ! 

^ — s ! 

+ + 2S - 1) + 3 (S^ - 2S + 2) + 2T]} 


(5 > 2) = (-)« {1 - ^13 (X-1) 


(Be- 


i -4- 2 t 

(1 - (S - 1) + [19S‘ - 1302 + 80]) 

» _L 1 t 

= 1 + ( ;• + 1) + (5j« + 14; + 12) 

i 4- 5 ! 
f — 5 ! 

+ [s" (3S^ - 2S + 1) - (2" - 26S - 42) - 2T]} 

rt I Of 

; (1 + (2 + 3) + ^/S' [26S» + 1862 + 368]) 

v± 1 1 {1 + p (i + 4) + {55J‘ + 876; + 1044)) 


(s > 2) Ei* =(-)• (1 + i;8 (2 + 8) 

/k 

Ee = 

Ee = - 


where 2 = , T = , j = t (^ + 1) 


(48) 


PART II 

Application of Ellipsoidal Harmonic Analt'sis. 


§ 11. The Potential of an harmonic deformation of an Ellipsoid. 

A solid harmonic, or solution of Laplace’s equation, is the product of two 
P-functions of v and of fjb respectively, and of a cosine or sine function of 
A surface harmonic is a P-function of fx multiplied by a cosine or sine 
function of <jE). 

We found 

W (^) = P* (v) + 2/9’‘2's_2mP®~“” (v) + (v) 

where P* (v) ^ 

Hitherto we have supposed P* (/u,) to have exactly the same form as P'^ (v). 
But since n is less than unity this introduces an imaginary factor when t is 


dff 

dvj 




(v^ — 1)^ ; and a similar formula held for P* (v). 



THE THREE ORTHOGONAL ARCS AT ANY POINT. 
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odd, and makes tke succession of P’s alternately positive and negative when. 
t is even. As this is practically inconvenient I now define 






!)? T— 


2^ i ! \d/jbJ 




and then retaining the former meaning for the q coefficients, we give the 
following definition — 

W = p* W + s + 2 (/x) 

with a similar formula for P* (ya). 


Thus we need only remark that in the functions of fju the q^s corresponding 
to odd powers of ^ enter with the opposite sign from that which holds in the 

functions of v, and the whole of our preceding results are true with this 
definition of (jjl). 


If Vq defines the ellipsoid to which the surface harmonic applies, we 
require the expression for the perpendicular p on the tangent plane at 

Vo, P', <f>, and that for an element of area of the surface of the ellipsoid at the 
same point. 

By the usual formula 






^ (z/o^ - i^) ' ^ {vf- 1)^ k^ 

(1+^) 


y. 


iL+m COS^<^ 


+ ^ 

" - 1 V (1 + y8) 


Vo (vo^ — l) ( V - ) ^ ^ 

Let dn, dm df he the three elements of the orthogonal arcs corresponding 
to vanafcions of v, 0 respectively. ° 

Then by the formula at the end of § 1, 


1\ 


f Y _ W - {v«' - — 

(v-l±5) 

( dm y _ (v„» - iji) 

^ (1 - f,>) (]a _ 

df \2 _ lr:£cos^''^ p-pooa 24 , 

n^. = 


.(50) 


/ 


Therefore 


1-^ 

\kd<pj 


^ sin2 2ij) f-, g I — T" 

(iz^ (1-/3 cos 2(f)) 

cos: 

1-/3 ________ 

1 — /3 cos 2^ 


(MrX = - ^0 (1 - 0) 


.(50) 



the potential of a layer of surface density. 
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and 




d 

dn 


- 1) {v- - (1 - /3) 

P d 


1 “ ^ COS 2 <f> 


c< 


/3 




&■ 


(1-/3 cos 2<f>) (1 - g±| - /.=) 




.(60) 


Two functions, written in alternative form, 

W (| (j^") (p) {4>) 

are solutions of Laplace’s equation, and together form a function V continuous 
at the surface of the ellipsoid v = i't,. Reading the upper line we have a 
function always finite inside the ellipsoid, and reading the lower line one 
always finite outside. Hence V is the potential of a layer of surface density 
on the ellipsoid Vq, and by Poisson’s equation that density is equal to 


JL 

47r 


dY .. 


dY 


^ (outside) — ^ (inside) 


Let the surface density, which it is our object to find, be 

(ya) OD/ {<!>) . p 

a surface harmonic multiplied by the perpendicular on to the tangent plane 
and by a quantity p. 

P|..| • d/ n d 

Then since — r- 

dn VffdvQ 

at, 


But (Uo) = ^1*' (u.) r 

j V. 


dv 


'• [IP.-' WP - 1)'^ ("“-Bl)* 

Differentiating this logarithmically we find 

AS/ 


47r/cVo (/V — 1)^ ( 3 ^ 0 ® — m) ^ 


, a constant 


Hence surface density (ya) (E'i {(p) . p, where p is constant, gives rise to 
potential 

fiutide (1:3 (ft) 

.•-•(51) 

The same investigation holds good with (<^), or with P, Q, C, S in 
place of the corresponding letters above. 
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Imagine that the surface of a homogeneous ellipsoid of density p, defined 
by Vq, receives a normal displacement dn, such that 

Sn=p . (ya) ((f>) 

Then the equivalent surface density is p . (p) (^)> Rnd we can at 

once write down the expressions for the internal and external potentials by 
means of (51). 

If (Co, 2/o, ^0 be the co-ordinates of a point on the surface, it is clear that 
the co-ordinates of the corresponding point on the deformed surface are 

^ *“('’.’-1^) ^ ^ z; 1)- ) 

\ Jc^v^ J 

Hence the equation to the deformed surface is 




y 


+ ^2 _ 1) + 1 (p.) OPi* (<f>) (5 


or since 


sc^ 


’*'^"(^"-1) 


y" 


it may be written 




If we substitute for|; its value from (49), this may be written in the form 

- r.=) (1=1^ _ 




2eW(/^)<2Di«(</)) (52) 


This IS the equation in elliptic co-ordinates to the deformed surface 
actual computation the fo ' ’ ' famiaoc, 

perhaps be more convenient. 


m actual computation the form involving rectangular co-ordinates might 


§ 12. The Potential of a homogeneous solid Ellipsoid. 

surface. coincident with its external 

If P' be the density of the shell dehned by v. amd r. + Sv, we have 

[ {vT + 2r. Sv - ^ + 2r, & _ 1 )i (yf + 2,. s„)i 

- - 1±|) ^ (v.» - l)i 4 _ 1 )4 
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Therefore 


P'vqZv 


Vcf — 


n-^ 


+ -1 — 1 + — 


or 


p'voBv 


1-/3 

pVo“ (V — 1) (l^o' 


2 _ l±l!^ 
1-pJ 




4 _ W. 1, 

1-/3 "•* 1-/3 


.(53) 


If Bn be the thickness of the shell at the point where p is the perpendicular 
on the tangent plane, 

1,2 

Bn = voBv . — 

P 

* 

If we multiply both sides of (53) by ~ , we see that the surface density 
of the focaloid shell is 


P 


P V (V — 1) (Po^ “ ^1) Jc^ 


dPo" - iLla + 

7c® 




If therefore we can express — in the form of surface harmonics, it will be 

easy to write down the external potential of the ellipsoid by means of the 
formula (51). 

Before doing this I will, however, bake one other step. 

It is easy to see that 

2+7i \ „ 2-.B 


4 4.L±? 


O / O 2 + i> ^ ^ 

V 3 (1 - 13)) V " 


3(1-/S), 

where for brevity jB = (1 + 3/3®)^. 

Now on referring to § 7, (17) and (23), we see that 


3(1 -/9) 


,(54) 


^3, W = p, W + -®p- W, 


W M P. (0 + P,“ (O 


where (v) = ^ , P./ (i/) = 3 (v® — 1) 

If then we put ^2 (v) — av^ + y 

^2“ (p) = — «'p^ — y', or ^2“ (/^) = aV + y' 

B-1+S0 


it is clear that 


and 


a 


a 


y 


2/3 

3 (P - 1 - /8) 

^ 

2 


7 


7 


i?+ 1 -/3 

'"""2^ 

jB -+• 1 + 3/3 
.J5~-2 


a 3(1 -/3)’ 


a' 3 (1 - /3) 


It is obvious then that our expression (54) is equal to — ^ ^2 (po)1P2®(i'o)* 

OtQt 
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Then since 
given by 


aa! 3(1 -/3) 


[ 10 , § 12 

, we have the surface density of the focaloid 


POTENTIAL OF A SOLID ELLIPSOID. 

1 + .S 




3 (1 + /3) pv^ - 1) ( V - i^) (T^ 

1+jB ' ^^2 (l^o) W (*'o) 




where 

But since 

we have 




+ 


+ 


^2 ^ _ IM) ^ f Vo 


£€(\ 


+ ^ +-5-?!. = i 




.(55) 


*1 * 


^ 2 

1-/3 • *^0 


+ 7..> •» 


2/o“ 


.(56) 


kw 

With the object of writing this function in surface harmonics, and besides 
to enable us to express a rotation potential in similar form, we have to reduce 
in the required manner. 

I now drop the suffix zero, since we are not concerned with any particular 
ellipsoid. 

Referring again to § 7, (18) and (24), we have 


^2 (0) = 1 — 2(p, 


(JDa® (<^) = — ~ ^ -1- cos 2<j> 


If then we put 


,_ 2(l-.g) 

6 ' = 2 , 




B- 1 4-ye 

^ 


R- 1-3/3 
^ " “3^ 


we may write QD.,((f>) = e cos^ <jE) + ^, (cf>) = e' cos^ <l> + ^' 

Let us assume, if possible, 

— 

T3s = (/“) (</>) + GW M W + H 




or 


- 141) COS^ (f) = F (afx? + y) (e cos^ 0 + ^) -i- («'^2 + y) (g/ cos" <^ + ^') 4 . // 

From which it follows that 

Ga'^' = 0, Fy^ ■¥ Gy' + H = 0 

F<xe + Ga'e' = 1, Fye + Gy' e' = 

These equations give 


i~P 


F. 




6^=- 


a 


r • e/r- 


n- 7/“ — y/a' 



1901] 


POTENTIAL OP A SOLID ELLIPSOID. 


and the condition 


rye ry g' 




> =0 


Now 


ye + 

cc^ l-yS 

6 _-i_3/e + .s 

r 1+/3 ^ 


•y € 1 *4' /3 ~l" JB 

1-/3 

e' -1 -S/3 -B 

" 1 + yS 


Since these values satisfy the condition amongst the coefficients, the assumed 
form for is justifiable. 

I find then 


jp_l + B B-2^ 

25 ■ '3 (1-/3)’ 

Whence 


0 = 


1+B B + 2/3 
4B *3(1 -/9)’ 


1+5 
3(1 -^) 




1+B 5-25 


^2 (/*>) ^2 (4*) 


2B *1 + 5 ^ 

+ W M (•#>) + 1 (57) 


This is the required expression for in surface harmonics. 

Next assume 

¥(^1) “ 

If we put <2D2 (0) = ei sin^ <|!> + (4>) — 

, 2(5-1) ^ -5 + 1+5 

we have ==— -g— 

/_o 1 + 35 

3^— 

and 

(/A^ — 1 ) sin“ <f) = Fi (afjp' + y) (ei sin*^ ^ + ti) + 6 ^i (a'yw.® + 7') sin^ + ^i') + -H] 

Whence 5i, Gx, have the same forms as before, and the condition to be 
satisfied by the coefficients is 

«fx a'r/ 

It will be found that the condition is satisfied, and that 


1 + 5 

’ 


Gx^ 


1 + 5 
125 ' 




1+5 


1 + 5, 


= - 2# ^ W ©.“ (-?>) + 1 


(58) 


Hence 
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It follows from (55) that 
2B \1 + B 


Whence 

^2 ^2/ + ^ ; 2Jg 


1 + ^ + 1) ^2(Ai)<2D2 (^) - (t+^ “ (<;£>) + 1 

(59) 


1 + 




1 + ^2 (Afc) ®2 (0) + 2i;^ — 1 


.(60) 


This is needed to express the rotation potential {y^ + z^). If add — 
to this we have 

^(af + y> + ^)= 

~ ^ 1 (^) ('^’) + (61) 

This expression will be needed hereafter. 

Returning now to the formation of the expression for k^/p'^, I hnd 


3A?^ 1 

— - = I ___ r: ^ ^ — R ) , V v^-1% X . ^ 

P" ,,2 ^^2 - ^) L 2R * (^) (‘^) 

+ L+-:® ^-n^-l + 3y3)-(R-l + ^) . 

4jB ' - ^2“(/^) W(«5t>) 

l-y8^1-/8j 

On ransidering the forms of the functions ^,(r), p,= (r), it is found that this 
result may be written thus : 

^ = ^^2 (x^)^32°(i^) 1 -I- R 

p" 3i>2 (p^^-l) (z,2 _ • 3 (1- /9) 

X r_ L+ -B »>)M + , il 

L 2B ^(v) +2B +lj 

Therefore, writing (jj.) ®. (^) for unity, the surface density of the focaloid 
shell, for which v = Po, is 

^2(*'o) ^2B +^^o(p)<2Do(»J ...(62) 

By means of (51), we now at once write down the external potential of 
the ellipsoid. It is 

^ = T [- “2^ (f*) ®= W + i W (.^) (^) + ^>] 

( 63 ) 


1+ g y^(^ + l-3y9)-(R + l~;e) 


2R * 13^ 

1 + R p^(B - 1 + 3y3) - (R- 1 + B) 


4B ' 


1-yg 


6^ ^%(po) ^2B +^^o(p)<2Do(» ...(62) 
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In this expression M,, denotes the mass of the ellipsoid, and the are 

merely coefficients determined approximately in § 10. 

In order to find the potential internally, let 

7*3 = -f 7 y 3 _j_ £ 2 . 

and, as suggested by the form of (61), let 

_ 1 4- i? 4- 1 - 3/3 {p) 

lc‘^ ” 


6 * 1 ? 


I 

1+ i? B -I + S/3 (7/) 


(At) (<f>) + 


. 12i? ■ 1-/3 (t^o) 3 (1 - yS) 

Then is a solution of Ljiplace’s equation throughout the interior of the 
ellipsoid, and at the surface, where v — Vo, it is equal to oo^ + 

Now consider the function 


M„ 


V = -|7rp(r“-ro04--^;^^ 


\ -]r B (*^o) 

2':b”' 


pa {v) Pa (a^) <2r'a i4>) 


.(64) 


I ^&a*'(^^o) 2 art 2 {"ff 2 I ^^0 (^■'o) 

The whole of it, excepting the term in 7''’^, is a solution of Laplace’s equation 
for space inside the ellipsoid, and the term in r‘^ gives V'^ V ^ — 47 rp. Also 
at the surface, where p — Va, this .expression agrees with (63). Hence we 
have found the potential of the ellipsoid intcriifilly. 

The potential at an internal point does not lend itself to expression in 
elliptic co-ordirmtes, but it may be given another form which is perhaps more 
convenient. 


In our present notation the well-known formula is 


Y __ ;$ f ^ 

V — -g- j I 


x-- 


T 


fv^) ( » 

I TI-! . 


dv 


Since Po (p) = 1, = (^^ ~ i^l) Pd (*')== — 1)“, Pi(i^) = p, the 

integrals may be expressed in terms of the Q-functions, and we have (omitting 
the divisors (IB and E for brevity) 

Mo f<Bo (Vo) _ Qd («'o) _ ?f ^d (^'0) _ <2Bli {Po)\ 

■s J- 7,2 pp 7,2 7,2 f ) 

In this we may substitute the expressions for x^ xj^, found above. 

It may be worth noting that 


Qd (z^) ^i (p) , @- 1 (v ) 


Also 


Pd ii') Pi' (>') pi ^ (^2 _ 1 _ ^1) i 

Pd (v) Qd {>') H- Pd (v) ^d (^’) + px (v) (v) 4- Po (p) ^0 (p) = 0 

D. III. 16 
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, This last follows from the fact that if a, h, c are the axes of the ellipsoid, 
and if 'SP' denotes the function (proportional to oiir (I'o)), ^ 

IS a homogeneous function of degree — 1 in a, 6, c, and therefore 


d^ 




§ 13. JPreparation for the Integration of the square of a surface 

harmonic over the Ellipsoid. 

4r 

If it is intended to express any function in harmonics, it is necessary to 
know the integrals over the surface of the ellipsoid of the squares of surface 
harmonics multiplied hy the perpendicular on the tangent plane. 

The surface harmonic has one of the eight forms 


if) or P/ (//,)] X 


■^/(<^) or 

_S>{ (^) Si« (0)J 


and the P-funotions are expressible in terms of the P's where 






I shall in this portion of the investigation frequently write jx = sin 0, and 
shall omit the /x or 6 or <f> in the P-, C-, S-functions. Also I may very 
generally omit the subscript i, as elsewhere. 

If da- denotes the element of surface of the ellipsoid, and 


M = k^v (v^ — 1)^ (i,2 _ 

so that IttM is the volume of the ellipsoid, we have, by (50) of § 11, 

pda- ^ M (1 - /3)^ _ (cos-2 ^ 

(1-/9 cos 2# (1^ _ 


d0d(p 


Then 


Jp(Yi^)^da- = M(l-/S)i 11^ 


cos® 0 + ~ 


jS cos 2< /> 
' ' l-p " 


(I cos 2ch)^ - sin® 0)- 

where the limits of 0 are to — ^tt, and of cf) are 27 r to 0. 


(V/)® d0d(f> 


It will be legitimate to develop pda- in powers of sec® 0 up to any given 

I T j> j . » su.cli a power of cos® 6 that the 

whole function to be integrated does not become infinite at the poles where 


I shall at present limit the developments to the square of /9. 
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We know that P'* is of the same form as but with the additional 
factor 


Suppose then that 


/l+^ • o n\ i 

( r - /8 — \ 

\ cos'^ 6 ) 


rj. + /3n, + /3=n, = (^)> or (p«)= 

— sin*-^ d 


and let 
Then we put 


and 


fy = 1 — cos 2 

^ _GOS^0 + y(/3 + /3‘^) ^ _ 

ViiTp ~ fain- 0) 

firi — sin'-^ 0 


Now suppose that K^, a function iridependent of 0^ denotes one of the 
four 

or or (C «)" or (S*')" 

(1 — /3 cos 2 ^)^ 

Then in the cases involving ^-functions and P-functions respectively, we 
have in alternative form — 

{f!' > \'P (JfY do-=M(l~/3)iJJ ded4> 

If it be supposed that the development in powers of sec“ 6 is justifiable 


= cos 6 \ 1 + 




y (/3 + 


= rio cos ^Hh yS 


cos^ 9 

IloCry — 1 ) 
COS 0 

+ y3=^ 


cos“ 0 ^ cos^ 9 


[Flo 4 - yerii + /sm,-] 


4- I'll cos 0 


I 


■n,0-i) n.(§-7) n.(T,-i) 

cos e + co,s»^ + coTT"' + ^ 


And F.^ has a similar form, save that 7 + 1 replaces 7 — 1 , and 7 — replaces 
§ — 7 . 

It is clear that unless FI 0 is divisible by cos-"’ 0 and Hi by cos 9, J F^ d9 and 

jF^dd will have infinite elements at the poles, and the development is not 
legitimate. 

cos^ ^ 

Since P« (^2 _ follows that the power of cos 9 by which 

P® is divisible increases as s increases. 

Let us consider the case of .s = 2 , 


16—2 



244 INTEGRATION OF A SQUARED HARMONIC; GENERAL CASE. [10, § 14 

Then Uo + mi 4- = [P'^ - + /^“(Zn'PT 

==(P2)2_ 2/9 (g„PP2-f 

+ /9^ [2^«p^p« + {<my p (<m^y + 2g„g,pp^] 

(or the same with accented q’s for the other case). 

From this it is clear that IIo is divisible by cos'* 6 and II) by cos“ 0, and 
the method of development is legitimate when s = 2, but it is not so when 
s — 0 and 5=1. 

The investigation then separates into the general case, and the cases 

5 = 0 , 5 = 1 . 


§ 14. Integration in the general case. 

We have 


and 


C^*)* = (P*)” - 2/3 + 2„.P»P*+=) + 2/3= (5,_.P'P‘'~‘ + <i.+a’“P*+') 

+ P [(9's-,P-=)= + (?.+aP*+=)= + 2y^,2„,,P“-=P«+=] 


Also 


ps 


COS^ 0 


in 


has the same form with accented y’s, so that it 


^^^-sxD?e) 

will be merely necessary to accent the q’s, to obtain the second case. 
We have then 

Ho = (P04 Hi = - 2 + g«+,P«P«+i^) 

n2= 2(gs-4P"P“-^+ gs+4P®P"+0 4- (ci«_2P"-=*)^ + (g«+3P«+0- 

Then since cos edd = dg., 

Ade = (p»)= dfc+fi £‘ 

- 2^ (qs^P^-^ + ^,-+2P^P^+“) d/i 

-"i: /il?’ * 

- 9^2 (y - 1) (<7^-2P^P^~ - + q^4-.>P"P*^+^l 

1 -^a 

r +1 

+ /3^ J [2y,_4P«P^-4 + 25,+,P^P«+4 + 

-i- (qsm+^y + 2g,_«^«+,P«-ap«+2] 
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And ,^did has the same form, hut with accented ^’s, and with 'y + 1 replacing 
'y — 1, and y — replacing — y. 

It is now necessary to evaluate the several definite integrals involved in 
this expression. 

It is well known that 

It is easy to see that it is possible to express in the form 

P/+^^ = AP>- + BP«i_, + CPV4 + . . . 
where A, B, C ... do not involve /x. 

The value of A may be found by considering only the highest power of fx 
on each side of the identity. 


Now 


and 


Therefore 


+ ^ / /3 V ^+s4•2i; 

+ ^ ll'i-l- 


A = (-)* 


2’d ^ ! i — s ! 
^ ! 


^ — s — 2/c ! 

Then, since the integral of the pi-oduct of two P’s of different orders 
vanishes, we have 

2 ,9 j 


r+^ ?■ _ c 1 r+i 2 'S 

p.p.+ai ^ ^ (p.)3 ^ (_)J: f , 

j -I ^ ^ — .9 — 2A'; !j_i ^ ^ ^ ^ ' 2% + 1 % — i 

We will next consider 
The differential equation gives 


.9 — 2/^ ! 


pifp«+aJfc 

- — - dfx, where k is not zero. 

L — fx- 


d 

dfx 

d 

dfx 


(1 - m’) 
(1 - /*') 


(«p*+5 

dfx 

fAP* 

dfx 


+ 


^ (A + 1) P'-+=^* - P«+2* = 0 

JL jjb** 


+ A (^ + 1) P" - P" = 0 


Multiply the first of these by P-''’ and the second by P^+s* and subtract, and 
we have 


4/.(^ + A7)P^P«+^^ ^ _d_ 

1 — jx^ dfx 


(1 - 


q1P«' 

dfx 


P« 


dfx 


(1 - ,j?) 


dfx 
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Therefore * 


r-}-i ps 

«(s + i) d;x = a-M’) 

= 0 


ps-}-2A; 


,dY 


. c^P«+ 


P« 

dfM dfjb 


■'i¥ 


, between limits + 1 


Again since by (11) 

'Ps+2fc 

_^ps+2fc-f-2 _|_ gpsH-2fc _j_ Qp«+2fc— 2 

fj? 

/ “fl + 

(1 — ~ unless 7(3 = 0 or 1 

p«p«+2 

^ 'JJ? ’ (1 -. ^2)2 ’ ' 

We have seen in (11) (transformed to accord with our present definition 
of P®) that 


it follows that 

It remains to find the integrals of ^ (!!!)“ _ ^ and 

X — (X~ (i — ti-f 


\ — fj? 4s (s + 1) 


ps+2 ^ 1 




-f- 1 


p. , KiUij -il p.-. 


Hence 


4s (.9 — i) 




/, 


s^-l 

+ |(P«)2c7^ 


S^-l 


rpA*p5+2 


(PQ”- , 1 

(1 — ^ 4s (s + 1) j 1 — 


- dfx + -I- 


_s=-l ^ 




psps+2 J 

~2\2 ~ 


(1 - 




i (i+ 1) 


+ 


P 1 


[i, s] \ i, s - 1| /-P®?- 


rpj? pa— ^ 

/f - /x“ 


4s(.s--i) ]T~/J^ 

J)ap«+2 


/ 


+ 


K, s}Ji S- 1} 

4s (s - T)' j 1 - 


tlfM 

The first of these involves integrals already determined ; on introducing 

them on the right and reducing we find the result to be ~ ^ ' 

s ' i — s ! * 

The firat and last terms of the second integral vanish, and the integral is 

clearly J 


'iii+l) 
7^- 1 


+ 1 


1 ^ + s ! 
s i — s\ 


The second and third terms of the third integral vanish, and the whole is 
clearly . i- ^ + s + 2 ! 

4s (s + 1 ) (s 4- 2) ^ — s — 2 ! * 

" I owe this method of finding these last two integrals to Mr Hobson. 
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Collecting results we have 


dfx 


2 i 4- s ! 
2 % H- 1 ^ ~ s ! 


=(-)*= 


2 "fc ~f“ 5 ! 

2 i +1 i — s —2k 


•4-1 psps+2* 


dfjj = 0 


_1 ^ 
_1 J. — fX 


s i — s\ 


.(67) 


'+1 (PS)2 

_i (i - /x2)2 = i 


^ (^ + 1) 


1 i 4" s ! 
s ^ — s ! 

i” + 5 4“ 2 


r+i p«ps+2 ^ 1 i + s + 2 

j_x (1 - “ 4s (s 4- 1) (5 4- 2) ?-T~ 

/•+! P«P«-=* __ 1 ^■4-s! 

j _i ( 1 - /x^y ~ 4s (s - i ) (s - 2) ^ - s ! 

Then by means of (66) and (67) 


F,dd 


2 t 4 s ! 

2i 4- 1 f — s ! 


4 /S (<y — 1) 


1 t 4 .9 ! 

s ^ — s ! 


\ ct Q ( ^ 'i4s — 2! 2 'i4 6‘!\ 

4 2;^ -J 


i 4 6* ! 


1 i 4 «s ! ^ , f'i (^ 4 1) , 1 1 t 4 5 ! 

+ . 3 -^, H-/3=(#-7)i + 5 izrji 


2^4 1 


s i-s\' ^ ^ 

i 4 s — 4 ! 
5 -* i - .s ! 


14^1 


^4s-2I 




i 4 5 4 2 ! 


i 4 s — 2 




Therefore 

J 2^ 4 1 % — s ! 


i + + ^ - .s) (i - a - 1) 



(^ 4 s) ('A 4 s — 1) ('A 4 « — 2) (^ 4 s — 3) 

4 2/3^g«H., (i-s)(i-s-l)(z-s- 2) (iJ - s - 3) 

I (<]fs—‘2y 

(i — s + 1) (^ — s 4 2) {i + s) (i -\- s — 1) 

4 /3^ (qH+^y (i 4 .9 4 1) (^ 4 s 4 2) (i — s) {i — s — 1) 

00 . {i-s)(i- s-1)"] 

+ 2/J-g^2.+. i)_ 


+ /3 


1 

s I — s ! 


(14/6) (7-l)4y6(|-y)^ 


i {i 4 1) 

s^-l 


4-1 ...(68) 
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Also jF,d0 has a similar form with accented q’s, 7 + 1 for 7 ~ 1 , and y — ^ 
for f - 7. 

When we substitute for 7 its value 1 — cos 2(p, and write as before 

^ i (^ 4- 1) 

the last term in jF^dd becomes 

+ r“r; fl/3 (2 + 1 ) - cos 2 ^ [1 1 >]} ( 68 ) 

O If — o 1 

Also the last term in jF^dB becomes 

+ /3 i (2 [1 + ifi(X + 9)] - cos 24> [1 + i/S (S + 3)]1 . . .( 68 ) 

But it will appear later that we only need the parts of these terms which 
involve cos 2<f> developed as far as the first power of /3 ; hence in both cases 
we may write the latter term inside { } simply as — cos 2(f>. 

Our general formulae for the q coefficients apply for all values of s down to 
s = 3, inclusive, although the result for 5 = 3 needs proper interpretation. 
Hence the present result applies down to s = 3, inclusive. 

I have just re-defined 2, and I remind the reader that 

52-4 

Then if in (68) we introduce for the < 2 '’s their values, we find that the 
coefficient of the term in y3 is 

^ - 1 )=- H2 - 1) 

The coefficient of the term in /S® is 

^ ((^ — 5 4- 1 ) (i — 5 -f 2) (i — 5 -f 3) (t — 5 + 4) 

1 (.S -1){S- 2) 

(i — s)(i — s—l)(i — s—2)(i — s — S) 

(s 4-1) ( 5 + 2) 

(i + s) (^ -f- 5 — 1) (i — 5 4- 1) (^ -5 4-2) 

+ 

(^ 4- .9 4- 1) 4- 5 4- 2) (?! — 5 ) (i — 5 — 1) 

~(s-+ 1)^ 

£5 — s 4- 1) (i — 5 4-2) (t — s') (^i — s — 1)) 

^ny- I 
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If this be reduced by a process similar to that employed in § 10, we find 

+ /s j {i^ (S + 1) - coa 2^) ...(69) 

We know that P** is derivable from by multiplication by 1/C/, and we 
have found in (33), § 9, 

1 


( 0 /r 


1 + yS (S + 1) + [32^ + 82 + 5 + S" - T] 


Hence multiplying (69) by p- p-r - we have 

(t^i )“ 

2 % -j- ,9 ! 


If.. 


i\de = 


2^ 4- 1 i — s\ 


{1 + 4/3 (2 + 3) + [- 2" + 262 + 42 


+ (32“ - 22 + 1) - 2T]} + ^- V^~ {iyS (2 + 1) - cos 2cf>] . . .(70) 


s i — s I 

I have also obtained this result by direct development. It may be thought 
surprising that the last term is now the same in both formulae, notwith- 
standing the difference in the earlier stages, but if the reader will go through 
the analysis he will see how this has been brought about. The formulae (69) 
and (70) also hold true when s= 3 (as I have verified), notwithstanding the 
fact that P* is not to be derived from by a factor. 

The next step is the integration with respect to cf>. 

Wo have 




Therefore 
(<Jf/)‘^ 


cos 

sin 


scf> + 


cos 


fcos 


+ /3= 


COS / . N , I cos , ak . 

1 - ^) </> + Ps-h4 i (S + 4) 4> 


sin 


sin 


{ 




= 4. 4- I* cos 2s^ + j3 [(p«_<3 + p.sH-2) cos 2<p ±}i <,-2 cos 2 (.s — 1) 

+ Ph+Q cos 2 (.9 + 1) {Pit—^^ + 4’ (^^Jf+ 2 )^ + iPs—A. + i3s+4 

+ cos 4(^ ± p«_ 2 jp ,.+2 cos 2s(f> ± (p .,_4 + 4 (P«- 2 ?) cos 2 (s — 2) (f> 

± (p«+4 + h (iP.H-2)") cos 2 (s + 2) cj)] 

( Q 01* ( 3 

Also --- > -Af- have the same forms with accented n’s. 

1 — cos 2(p 

Accordingly, with unaccented ^’s, we have to multiply this expression by 

(1 - /3 cos 20) and with accented p’s we multiply by (1 — /3 cos 20)^, and 
we shall then have the functions denoted above by K\ 

The function has to be multiplied by a function of the form A-|-B/3cos20, 
and integrated from 0 = 27r to 0. It follows that the only terms in which 
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will not vanish are those independent of and those in cos 2cf > ; moreover, 
the latter terms are only required as far as the first power of /3. 

Now (1 - ^ cos 2(f>)-^ = l + cos 2<^ + (l' + cos 4</>) 

(1-/3 cos 2</>)^ =1-^/3 cos 2</) - (1 + cos 40) 

Then omitting terms which will vanish on integration 
(gP/ o r 1 f . 

(1 — yQ cos 20)“^ — i [1 + /3^ {.(.Ps—^y + {Ps■^r 2 f + i-jPs -2 4- ^Pa+z + fll]} 

H- /3 (Pa >-2 + Jfs .^.2 -f I-) cos 20 

(C/ or S/)2 

(1 — cos 20)^ ~ i" (1 + /3 [ip S- 2 ) + {p SH- 2 )“ — ip 8-2 — ^p'g+i — tV]} 

+ ^ (p"s -2 4- p' a-{.-2 — i) cos 20 

However, the latter formula is not needed except for verification, because 
it will be derivable from the former by multiplication bv — - 

Now if we substitute for the p’s their values as given in (27), S 8, we find 
or 

(T-^ eos 20)i = * (1 + [2* + 42 + 6 + (2» - 2S + 1)]} 

^ 4- -|:^ (S 4- 1) cos 20 

And multiplying by or 1 - (2 + S), or developing directly 

(C/ or S/)2 

(T-> ooa 24 >f- “ ^ [S* - 6 + (2' - 2S + 1)]) + (2 + 1) cos 20 

These represent the of our integrals. 

Then 

i’ {*• 

= (1 - (2 - 1) 

+ [3^2 — 6S 4- 6 - (;^2 + 25; - 1) + 2T]} 

X {1 4- [5)2 + 4S 4- 6 + (2“ - 22 + 1)]} 


^2 H 4- ® ■' 


;(2 + l)-^i j±ij(2 + l>1 

i 5 ^ — SI 


+ I-TtM (1 -y5)^ 

L ■ s i — s 
27rM 1 4 - 5 I . 1 

STl - i/S (2 - 1) 

+ [22= - 2 + 6 - s= (22 - 1) + Til 

2,rMi + s!„ _ V ^ JI 

i^2+*^>[22*+32 -s=(22-i) + t]1 

( 71 ) 



1901 ] 


INTEGRATION OF A SQUARED HARMONIC WHEN .9 = 2 . 


251 


The following results may be obtained either by direct development, or 

1 1 

by multiplication by either or both the factors ‘ former 

converts ^ into P, the latter <iD or S into C or S. 

2^m: ^■‘"^•{1-^/3:^ 


/ p 




,S\2 


da 


S 1 


/ 


J) Pi' 


[S>f 


,/?\ 2 




O / """" 9^' 4- 1 -9* 

+ -J-V^ [22= + ^ 6 - (2S - 1) + T]} 

da = {l + (2 + 2) 

+ [IIS + 10+5= (22= - 22 + 1) - T]} 

/p(Pi'|°:^)’<i<r= (l + i^(S+2) 

+ +4 + s=(22'- 22+ 1)- T]} ' 

(71) 


§15. Integration in the case of .9 = 2. 


Although the development in powers of sec= 6 is still legitimate in this 
case, yet the formuhe found in the last section fail because T contains s= — 4 
in the denominator. Moreover since is not convertible into P= by a factor 
each case must be considered separately. 


We now have = 0, ^'s _4 = 0, and therefore from (68) 


t 

j 


Kdd 


2 i+2l 

2i +1 f-2\ 


1 + 2/3 




(^ + l)(^• + 2) 


q, {i - 2) (^ - S) 
(qoY 


+ yS= |^2g„ (^ - 2) (2 - 3) (^ - 4) (^ 5) + ^ + 2) 

+ (g,Y (i + 3) (i + 4) (i - 2) {i - 3) + 2go^4 I “ I 


+ 4/S 1^11 (2 + 1) - cos 24 .] 


jF^dP is equal to the same with accented g'’s, and the last term equal to 

r“|l [2 + i/9 (2 + 9) - cos 2.^1 

We now have 

= - I {^, 1} [i, 2], qi qa = associated with a cosine function. 

= 0 > qi' — fsi qa' — associated with a sine function. 

It is well to note that these values are given by the general formula, 
because this consideration shows that much of the previous reductions is still 
applicable. 
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Effecting the reductions I find 


2 4 - 2 

{1 - (S - 1) + -1- 20 

, "i + 2 ! 


92 


+ 2 {2i + 1)(32 — 1)]| + ^ - j {|-/3 (S + 1) — cos 2^} 

_ 2 i + 2 ! , 

“ 2?Tl ^"=^1 (S - 1) + - 130S + 80)} 

+ (52 -f. 1 ) _ cos 2<^} 

This integral will be associated with and C^^ and in the present case 

2 = l-t (t 4 1). ^ 

In the same way 

jF.de = t±-|: |i + [2 + 3 - (2i + 1)] + .^ 1^/32 4 . 0^2 + 

— 6 ( 2 a 4 - 1 ) ( 5 ; 4 . 5 )]| 4. ~ 2 ^} 

2 i “f- 2 ! ^ 

■~2ina'~=^l i^ + 3) 4-^/32(252=^ + 1862 4 368)} 

+ 2 '] " 5 ^ (2 — 3) — cos 2cf>] 

This will be associated with 

Now turning to the cosine and sine functions, we find that they must 
e treated apart, but the integral involving C/ may be derived from that 

in ®i= by the factor ^A^cosj}'; and similarly Sf> from by the factor 


1 . 2 

^(sin) . These factors were evaluated in (36), § 9. 


The^^ ~ ~ ^ function pg_o = _po = 0. 

{(Bi-y = ^ 4 ^ cos 4i^ + ^ [(2po 4 P 4 ) cos 2<f> 4^4 cos 6(f>] 

4 ^ [(i?o) 4 -1^ (^ 4 )“ 4 (pu 4 P 0 P 4 ) cos 4^ ■hpoP 4 cos 4<^ 

1 .. + (Po 4 Hi> 4 )‘^) cos 8 </)] 

K^i) - i cos 4(^ 4 /3 [^4 cos 2<l> - p^ cos 6cf>] 

{P4y 4 Pe cos 4(jf> - (p„ 4 I (p ) 2 ) cos 801 

i hen as far as material 
{(BiY 

^ {1 4 /S^ [(^ 4)2 H- 2 {paf 4 Po 4 ip 4 4 ^%]} 


(1 — /3 cos 20)^ 


+ (p4 4 2po 4 I) cos 20 


(1-/9 cos 20)^ i MP^y + iP4 4 } 4 /9 (p 4 4 -^-) cos 20 
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Now po = i {i 2}, p 4 = - {i 3}, whence 


{1+ (19S“ - S:^ + 22)} + (5S + 1) cos 2<^ 


- =111 + -+ IS)} - (S - 3) cos 2<f> 


(1 — yS cos 2^)- 

{3fr 

{I — /3 cos 2<j>y‘ 

We now multiply these by J^id^ and ^F,j,dd respectively, and the last 

terms disappear as before. I remark that the disappearance of the terms 
which do not involve the factor l/(2^4-l) affords an excellent test of the 
correctness of the laborious reductions throughout all this part of the work. 

Then we have 

[ p (f ®r)“ do- = (1 - [1 - (S - 1) 

+ 3iki8“ (19:i> - 130S + 80)] [1 + g'j/3= (19S“ - 82 + 22)] 

“ r-li ~ 

(72) 

"1 1 '-^ 

If we multiply this by jj 7 ,(cos) or 1 -^,f/3='(52 + 7), we obtain the 

result when C/ replaces ; the only change is that the last term inside 
( } now becomes +-2--|j^/3’-*(95S‘-* — 178X — 40). 


Again 
f P 


! (1 - 

+ (252“ + 1862 + 368)] [1 + A/?' (2“ - 82 + 18)] 

’ ''i^\ [’■ + i/3 (2 + 2) + (292“ + 902 + 216)] 


.(72) 


r 1 . ^ 

If we multiply this by (sin) or 1 4- (k/ + 5), we obtain the result 

when Si^ replaces ; the only change is that the last term inside { } now 
becomes +• (2^%^ + 106X + 186). 

This terminates the integrals, which can be completely determined by this 
method of developing in powers of sec^ 6. 
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I 16. Portion of the Integration in the case of s = l. 
The preceding method may be used for finding the four integrals 

i 

/ P §5)1' imy - (Pi'W d,r 


and 




V 


'|±|-sm“ 6>V 

cos® d 


de 


There will then remain four integrals of the type j p (S)i^f da to 
evaluate. 

The first pair of our integrals are clearly to be treated by putting IIo == 0, 
qg _2 = 2 ~i — 0, qs~ 4 = q -3 = 0, and then determining j'Wid^. The condition for 
the second pair only differs in the accentuation of the g’s which vanish, and 


in the use of 


■ f F,d&. 


The vanishing of Ho makes 

F, = /3n, cos 6» + + n cos 6f 

\ COS y 

F, = /9ni cos e + + n., cos e 

\ cos 6 

In the first of these 

P*, n, = P^ P^ + {q,f (P®)® 

and in the second the form is the same with accented fs. 


r pi p3 f 

Also since J ^ dfi = 0, we have j 


n^dd 

cos d 


= 0. 


Hence 


J F,dd = - 2/3^3 dp, + 2/3® J [q,P^P^ + ^ 


2 t + 1 ! 


2'i + 1 ^ — 1 ! 


[2^^3 (f - 1) (i; - 2) + 2/3®y5 (^ - 1) ii - 2)(^ - 3) {i - 4) 
+ {q^y {i + 2) (^ + 3) (^ - 1) (t - 2)] 

and J Fzd^ is the same with accented g^’s. 

It is only necessary to pursue the cases jp (Si^yF^da and Jp (^/)® Fader, 

since the other pair of integrals maybe determined by means of multiplication 
by the appropriate factors, determined in § 9. 
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Now for associated with Fi, 

<?3 = tV [1 — T*cr/^^' (^* + 1)]’ ^?5 ~ Wrs 

and for Pf* associated with Fa, 

q.J = [1 -I- {i 4-1)], Q'c == yb'S 

Therefore 

2 t + 1 ! 


/ 


F,de = - i)(i - 2) + (i - i)(i - 2)(i - 3)(i -4) 

+ J(i + 2)(i + 3)(i-l)(i-2)-(i-l)(i-2)i(i4-l)]! 
^¥,de = i lS/3(i - l)(i - 2) + (■£ - l)(i - 2)(i - 3)(i - 4) 

4-f ('i + 2) (i + S) {i - 1) (i- 2) + 3 (^ - 1) (i - 2) ^ (t 4- 1)]} 

In the present case we cannot use S as an abridgement, since it is infinite; 
I therefore now write 

j = i (i + 1) 

Effecting the reductions we have 


fF,de: 


^ ‘ 2(2i + 1)4- 4] + rk^»[- if+VJ 4 30 - 16(2i 4- 1)]) 

[i - 2 (2i 4- 1) 4- 4] 

+ t4s^’ + -3-j 4- 174 - 16 (2i 4- 1) O' 4- 5)]} 

The former of these is associated with i&, the latter with (!C'. 


2?; 4- 1 i - 1 ! 

2 4- 1 ! 

2 ^ + 1 i- 11 


In the cosine and sine functions we have 


Ps--2 = p_i = 0, p«_4 = p-3 = 0, 

and 


— I cos 2^ 4- /3 (pi cos 2<jE> —ps cos 4i<fi) 

+ ik (Psf 4- p, cos 4<^ - (p^ 4- i (p^sT) cos 6cf>'] 
i i cos 2<p + ^ (pa COS 24> + Pa cos 4(^) 

+ /3“ (ps)^ +Po cos 4</> 4- (Pb 4- ^ (Pa)^) COS 6 (^] 

As far as material, we then have 


^ y32 [(^j,)2 + 4- } 

(l-j3 cos 2(6)5 

■h ( — ■^4- 4- ^Ps) cos 2cf> 

= -^ {1 - iyS H- /3^ [(Pb)" 4- ips 4- tV]} {1 - (1 - 2 /Sp 3 ~ cos 2<^} 

^3' = ||i + 4 . 4 . (.| 4 4 ^pg) cos 24 > 

(1-/3 cos 2(^)5 

= -I {1 + iyS 4- [(pa)^ 4- iPa 4* j%]] {1 4- (1 4- 2/3p, 4- i/3) cos 2<j>} 
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Now both for sines and cosines, to the order necessary for our present 
purpose, Ps = “ tV {h 2}. Therefore, introducing j/' for i (i + 1), 


(1—^9 coa 2(fi) 


J = 1%'+ 68)} {l-[H-|0i-4/3]cos2<^} 


(1 -ficoa2<l,)i 


, =ill+i^ + 5k-S“0'"-12i+68)j {l + [l- j73i+i/3]ooa2<#.t 


,(73) 


Observe that J FidO and j do not involve cos 2<fi, and are of the first 

order in /3. Hence, as far as material for the py'esent portion of the work, 

‘'®‘’‘^* = i(l + i«--(73) 




(1-/3 COS 

Also, to the first order, from (37) 
1 

(sin) =1 + 1/3, 
Therefore as far as necessary 


(1 — ^ cos 2cl>) 
1 


B 


(1 — /9 cos 2(f>) 


^=1(1 + 


- (cos) 




l--^/3 


(1 — yS COS 2<jt) 


■^ = i(l-i/3) 


Hence 


[(W)“ - (P/)»] i - ifi) [A/9[y-2(2i + l)+ 4] 

+ tJs/3" [- if + ¥i + 30 - 16 (2i + 1)]} 


“ 2Tl^i ^1 ! ^ + 4) — {f + 16}/ 4- 108)} 

+ ,rM+|-|(-i/9+-t-y3») ... 


•(74) 


For we have only to replace the factor 1 — by 1 + 1/3, and find 
fp (S.')“ KWT - (POT d<r = ^ (4,9 (j + 4) - 0" - S2i - 84)} 


+ ’^Mf^;(-i/3-4/3“) 


■(74) 


Again, omitting intermediate steps, 

/ P (®0” [(P/)’ - (P/ 


cos^ $ 


da 


27rM + 1 ! , 

= {f/3 (^ + 4) + (55f + 304i + 756)} 


ttm; 


i + ll 


i -11 


+ |^n2i-h7)] (74) 
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L \ V cos® 0 ' - 


^ '' cos®^ ' J 

SttIVI ^ + 1 ^ 

2-j + 1 1 I 0 + 4) + yI^s^/S® (55^'® + 160/ 


180)} 


_ _ ^ *4“ 11^ 


+ iyS’ (2j + 1)] (74) 


§ 17, Portion of the Integration in the case of s = 0. 

W e are to find j p ~ two integrals of the 

*yp® Jp(^i)^(Piy(icr to be determined subsequently. 

It is only necessary to consider since the other case is determinable 
from it by multiplication to us found in (38) of § 9. 

Following the procedure of the case where s = 1., we have 
jF,dB = - 2/3q,j PP‘d^c + 2^f [q,PP‘ + \ (g,)= (P=)»] d,L 

= uIy (i - 1) + 2/3=5.) (i - 1) (i - 2) (i - S) 


Then since 

2 _ 


+ iq^y {i +- 1) {i + 2) i (i - 1)] 


jF.dd^ STI [i + 1 - (2» + 1)] + A/S' [Sf + 14) + 12 - 4 (2) + 1) (.) + S)] ) 

Now = 1 + 2fip, cos 2^(. + /3= [(2j). + % (p.,y) cos 4()) + ^ (pj-"] 

and as far as material 


= 1 + /3® [Jpa 4- A (pjj)® 4 f^-] 4 (-J 4 2 ^ 2 ) cos 2<f> 

(1-/3 cos 20)2 

= {1 4 ^g/3® (i® - 4/ 4 6)} {1 - i/3 (j - 1) cos 20} . . .(75) 
since (^ 4 1 ) = - i j. 

At present we only require this to the first power of /3, and since jF,d0 

does not contain cos 20, the expression (75) as firr as at present needed is 
simply unity. 

Again, by (38) of | 9, 


therefore by multiplication 


j^, = l4-|/3Mi-3) 


,, = (1 + if - 6)! il - a - 1) 00 s 2,).} (76) 

(1 - /3 COS 20)^ 


D. Ill, 


17 
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This is also unity to the order at present needed. 

]0[0iic0 

/ P K “ 2^ M (1 - /3)^ {^;8 [j + I - (2» + 1 ).l 

+ [5i“ + !%■ + 12-4 (2?: + 1 ) (j + 8)]1 

47rM 


= 1 J;S (j + 1) + (5f - 2i - 4)1 

_A/r fi> j. 1./Q2 / '»' 


/h'hfA 


§ 18. Preparation for the Integrations when s = 1 and 0. 
We have now to evaluate the three integrals 

^e) (ra - «)<*-" ' 

N—jp (Qt'i Pi)^ da- ^ 

and from these to determine three others when S, C replace <2*'. 


(78) 


We have 


dOd(f> ( (1 _ ^ sin2 0 )i J [ (1 - /3 cos 2<;5)^ J 

P (^ - sin^ <^0- [ i /I +s\ i / 1 - e . a il f cob" 0 + 


It is the second factor which alone involves and as I shall now first 
integrate with respect to the first factor may he dropped for the'- inornerit, 
and the second factor multiplied by the squares of the cosine or sine 
functions. Since the integration is from ^ = 27 r to 0, those t('irms which 
vanish on integration may be dropped. 

For brevity write j = t (t + 1) 

10 = ^(i"-4i+6) 

11 “ tIb (i^ “ 12; + 68) 

Then we have seen in (73) and (75) that 

- ^ = HI - + ^'ji) (1 “ [1 +■ (i - 4)] cos 

(1 — ;0 cos 2<p)2 

n ~ « = 4 0 + i/3 + W.) (1 + [1 - W U - 4)] cos 2^} 

(1 — ^ COS 2<pp 

(1 - i'S Ci - 1 ) <=os 2.#.1 
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Therefore 

J ...... \ 


l—p 

0 (1 - yS cos 2(^)^ 


^ ^ d(p = ’7r(l- (cos- (? + j + 20)} 


l*27r 

<^<?!) = tt (1 + -J/3 + fcos= 0 + i/3 -h {j + 4)} }■ 

r2w 

= 27r (1 + /3%) (cos^ <9 + /3 + ( j + 3)} 

(78) 

Now pick out the parts of pdcr and of these integrals (78) which are 
independent of 6, and write 

F = ttM (1 — /3)“ (1 — 

= ttM {1 - IJ3 + - 12j + 388)} 


G = (1 - /3)i (r“|f (1 + }/3 + P‘.h) 

= ■n-M {1 + a;8 + 5^/3= U‘ - \2j + 68)) 
H= (1 - /3)i (1 + /3=io) 




- 2,rM 11 - I/S + O- - ¥ + 34)} 
Also write /= -| (1 + + #/S) 

^ = I- (1 + + 03 ) 

A=l+|/Si + |yS 

1-/3 


.(79) 




.(80) 


tc- 


1~ k ' 


i, so that «'“=2/3 + 2/3=^ + ... 


H-/3^ 

Lastly, in accordance with the usual notation for elliptic integrals, write 

1-yS . 


Then we have 


A2 = 1 - 


L = F 1^’" (p.i)2 

— HfTT 


1 + /^ 


sin“ 6 =1 — ain“ 0 


de 


M == G r (cos^ 6 + >3(7) . A . (P,;^)*-^ dO 
J 


•^TT 


N = H (p.)2 

— -^TT 


.(81) 


The next step is to express the squares of the P's in a series of powers of 
cos® 0, 

17—2 
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fl — / d \^+« 

When P/ (/i) = ^2 ^ " (^j known that 

P< [,./+ (1 (1 -/>)^cos^]=PiWPi(/i')+ 2 2‘ i ~ Pj* Pi* M «« s<l> 


I — s ! 


, By putting /j, = f/ we see that 2 t— ‘ (P/ (ju>))‘^ is the coefficient of Cf)H stp 

% s I 

in the expansion of Pi [1 — (1 - /j?) 2 sin^l-^]. By Taylor’s theorem this last 
is equal to 

'f(-)*M(2sin=Wr‘*' 

r=0 ^ • 

Now 




Pi (fj,), p- = 1 




\ i -{-T \ 

T— — j [1 + terms involving powers of p-" — 1] 


2 '''r \i — r\ 
_ 1 i + r ! 

2v \i — fif\ 


, when p, = 1 


Also 


■ sin^ = 


- 1 _ g - V - 1 jr 


2v'-l 


2r ! 


= It — 

25=0 ^^.2r-t\t\ 


QtX—t) l/.V— 1 


On putting r t — s, we see that the coefficient of cos in sin'-*' | is 

{~y 2r ! 


Hence we have^ 
— s\ 


li [P/ m = 2’iy x« _ i + r ! .(^2) 

Now suppose 

(Pi0“ = S 72, .-i. cos^*'£> 

; 1 

(Pi )® = 2 Kor COS-*' ^ 

0 

Then clearly 

72r-2=f(-)*'+^ 


2®*' * r — s ! r + 6? ! 

2rJ 


2r 


“■ar = (j-)* 


i-\-r\ -i + 1 ! 

2®^ “ 1 ! (r !)'* r 4- 1 ! t — ■y* i ' -j _ j 

2r \ i t\ 


2^{rV)H-r\ 


bold true. 


Mr Hobson kindly g„e ms this pmot when I had shown him the series which 1 heliovcl to 
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Therefore 


L ri’T 

^ «y2r~2 / 


M 

7 ,,.. 


— ^ ct,^, I 

n ,.=o J ._i., 


cos^''+‘-* e + yS/cos"*^ 6> 


(cos^ ^ cos“^ ^ ^ dO 


cos^'-+2 9 + /3/t cos“»’ ^ 


The evaluation of these integrals depends on two integrals only, namely, 
I ' . dd and cos*-^^ 9 . Ad9, and these will be considered in the next section. 


1 19. Evaluation of the Integrals j — d9 and jcos'^^'' 9Ad9. 

I will denote these integrals T) and E respectively, and I propose to hnd 
their values in aeries proceeding by powers of k\ 

The usual notation is adopted where IT (a;) is such a function that it is 
equal to a'll (a; - 1) ; accordingly when a; is a positive integer II (x) = x !. 

Since is less than unity 

1 Qo J 3 ^ i 


} = s; IHIIL-I-- 9 

A 0 


and since 


cos'-^'^ 9 sin‘"' 9d9 = tt 




^ .J SW"*",!. 

V • % • • - 


. 2 r~l , 3 

•fcj • 2* • • • 2 * *5 *■ "iiii* ’ * * 

'R + T I * 


or, with the usual notation for hypergeometric series, 

T) = TT - F If, n "h 1, 

This series is of no service, since it proceeds by powers ol which in our 
case is nearly unity. It is required then to transform the series into one 
proceeding by powers of /e"-*. 

It is known that, if = 1, 

F(a h c k‘-^)= ~ ^ ^ ^ b, 1+ a + b — c, k'^) 


’ ’ n (c- a- 1) n (c- 1> - 1) ^ 

I „/2 tfi—a—b) ^ 


F(c — a,c — b, c — a—h + 1, k'‘^)* 


* I have to thank Mr Hohson for giving me this formula, and for showing me the procedure 
whereby it can be made effective. 
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If we apply this theorem with a = h=-\, o—n+l, the first F becomes 
h 1 — n, K^), whose wth and all subsequent terms involve zero factors in 
the denominators. Also the coefficient of the second F involves 11 (— w — 1), 
which has an infinite factor. Hence the formula leads to an indeterminate 
result. Let us therefore put c = n + 1 + e, and proceed to the limit when 
6 = 0 . 

We have then 


T-. T . ., 2?a ! fn (w — 1 + e) n (w + e) /i 1 T /o\ 

D - Limit -TT 22 m !) 2 ( “~[rr(w — i +^) J F{\,^,l~n - e, K-) 

_j. ^'a(n4-e) F (n-h^ + 6, n + ^ + e, -n + 1 + e, /c'^)| 

Now n (e) = 1 + eH' (0), H (- ^ + e) = H (- i) (l + e 
Therefore, when e is very small, 


= l+e n'(0) + 2i-i 

I t n 


“^) = i^.(n'(0)+|l) 


n (n — 4- e) 


= H-2e 


+ ... + + 1 


n(n-^) " """"\27a-l'^2^3 

==1 + + -L 

Hence for the coefficient of the first series we have 
n (n — 1 + e) n (?^ 4- e) 


4" ^ 


n' (- « 

iiKi) 


[n(n--i + e)]« 
n (n - 1) n (n) 


But 


n {n - 

n(-^) = 7r^, 


l + .(2n'(0) + 22--i-2-Q|-|>-4Sg^^ 


n'(0)-?r^^ = log.4.* 


TT 


n(-i) 

( 2/? ^ 

22 n^ [) ’ u (n) n (n - 1) =n ! n - 1 1 

Therefore 

2m ! IT (m — 1 4- e) n (m 4- e) 


[n(M-|4-6)p 

n ! M — 1 ! 




2n ! 


1 1 + 6 


/ ] 1 n 1 

(2 1og4--+22--422~j 

(47r)'i^ 


^ Proved by differentiating the hnown formula n 1) n (it; ~ ^) = n (2ir -- 1) . , and 

putting 
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This is true from n = co to 1, but in the case of n = 0 we have 

n (- 1 4- e) = i n (e) = i-+ n^(o) 

G S 

so that in that case tt ^ = - +• 2 lou 4 

[n(-i + e)p € ^ 

Now consider the coefficient of the second series. 

"We have ^''m+ 2 e _ ^ ge logg k) 


and since TI (— x) fl {x— 1) 

n(-n- 1 -6)n(%4-e) 


TT 


TT 


Sin m-a: 


sin {n + 1 -f- €) TT e 
Therefore the coefficient of the second series is 


TT, [n (- OT = TT 


(-)’*■* 


I 2w ! „ 1 /V 

1-1 _l_ 2e log K ) 


(ri !)^ e 


and 


D = 


! M-l! 
2n ! 


/ -\ ti "X n 

1 +• 6 ^2 log4 - ^ H- 2 S ^ - 4 ^ 


2t 


:)] 




4. J (1 4 26 log /c') jP (n H- ^ -1- 6, n + ^+e, + 1 + e, k'^) 

The case of ti = 0 is an exception, for the coefficient of the first F has the 

part inside [ ] replaced by - (1 2e log 4). 

€ 

It remains to consider these two F series. 


V 2“^ (i — u — e) (2 — — e) , . . ( 7 - — n—e).r 


V (—Y 

^ \ / oar 


ri.3... (2r- I)]”*:'”- 


+ (-)»S 


n 


When 7' < 7b 


2“»’ (7^ — 1 + e) (7^ — 2 H- e) . . . (ti — r 4- e) r ! 

[1 . 3 . .. (2r-l)y 

2^'" {n— 1 4- e) . . - (i 4- e) € (1 — e) . . . ( 7 * — n — e) . r ! 

1 


(7^ — ■ i -h e) {n — 2 4 e) . . . (77 — 7* 4- e) (n — 1 ) {n — 2) ... (7^ — r) 
When r >71, put r = 7b-\- s, and 


M — 1 I'V 

1-6 S - 

n — r ^ / 


(71 — 1 -i- e) (tt. — 2 -h e) ... (1 4 - e) e (1 — e) ... (s — e) 

1 1 


72 — i ! S I 6 


^1 1 € 
l_6S44-62l4- 
1 i 1 r n 


] 



evaluation of certain integrals. 
Also when r = n + s 


[10, § 19 


— 1)? ^ ( Sk!)” [(^+ 1) (2 n + 3) . . . (2ii + 2s - !)]> , 

2 .»•! 2“(n0» 2-^lrrTl)(u + 2jZ:(nT^ 


Thus 

-^(i) ^3 1—71—6, Ac'^) = X ( — y 


[1.3...(2r-l)]a 


r — 0 

i?=C 


2^^(n-l)...(n-r)r 




1\ „ 
e ^ -j/c 

?i--r 


2r 


+ <>A)A „ [(2iJ + 1) . . . (2n + 2s - 1-)1« 

2“ (my ^.0 2 »'(k + i)'... (» + s)s! 


1/-, ^1 6 'Six 

x-(l — eS■T^ l-eS t) 

e \ I t n I tj 


It follows that we may write the first term of D as follows : 


/■^ \n ET/. 

^ 2^’^ (ti !)2 e + ’K ^ w 4- 1, K^) 

H- ■ 3 - (23- 1)1» ,, 
2»! 7 ^‘'{n-l)...(n-r).r\'‘ 

C-X" [(2» + 1) ... (2re + 2s- 

2»(n!)«* t^ ^ ' X)...(„ + s).sl 




+ 


[ 3 1 1 “1 

f T + ?I-4?2UT: + 21og4js:'- 


The first of these terms becomes infinite when e = 0. 

Turning to the second F we have 
F {n + ^ + e, 71 +■ |- + 6, n + 1 + 6, k'^') 

= S + 1 + 2e) {2n + 3 4 - 2e) . . . (2n + 2s‘ — 1 + 

rx 02 Sr Trtrt I T I ' ' . X" ""/ ;; /J / 2 ,S‘ 


2-* (?2 4 - 1 + e) (ti + 2 + e) . . . (72 + s 4. gj , ^ T 


K 


i; [(2^ + 1) (2?2 + 3) . . . (2«. + 2s- 1)T 
0 2-* (?2 + 1) (72 4- 2) . . . ('72 4- s) . s ! 


Thus the second term of D is 
272 ! 


n -\-s 1 


n-hs' 1 
6 ^ 

71-hl tj 


fC 


/2it 


^ 2^^7ny “ -^ 0 ^ + i, 7^ + ^, 72 , 4- 1, /c'2) 

4- ('-V«+1 — ^'2n V [(27^4- 1) ... (272 4 - 2s- 1')12 
2-(7^!)^'^ t 


X 


n-}-s -1 

4 X — 

[_ 2]5 — i 


T 

2 - + 2 log /c^ 

n+l C 


/c 




opnlto trthe™fl° "=’°’ ‘>'“<1 

another ni e erm in the first part of D, and they annihilate one 
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Hence 


D = 


" 1 ! (-y [1 - i)p 

2?2 ! “jjr 2^*’(w — 1) ... (?^ — 'r)r ! 


K 


/ 2 '/* 


4 - Y_V»' [( 2 ? 2 , + 1 ) ... (, 2 n + 

^ 2 “»‘ (^^ 7 2 ^- (^^ + 1 ) . . . - 

[ 4, 

21og|+ 2 


2g - l )p 
+ g) . g ! 


1 vV *1 

t 1 c 




]«'» 


On examining the case of -^ = 0 we find that this formula also embraces 
it, provided we interpret X as meaning zero. 


The coefficient in the last term admits of some simplification, for 


«+« 1 .f 1 

% - 4- X- 

7 « 1 ^ 


n-f^' 

4 V 

1 Zt 




2 ^ 


t^'Th 1 

+ N. 


1 t ( 2 i 1) ^ + g 


t 


We thus conclude that D or 

— - — do 

2 “"n!n - 1 ! 


2n 
2n 




_jy H. 3 ^ 

2 =^( 7 !- 1 ) 1 ! ■*“ 2 *(n,-i)(M- 2 ) 2 !'^ 


to 71 termsj 


+ (-)“ 2 ^. »'“ [ ( 2 log - I i - 2 1 

1 


, (27-i-i-l)“ /_, 4 % 


w 4 *l 1 

t 


n4*l 

2 2 


))* 

))"' 


'2 


+ 


.(84) 


7 t( 2 t-- ly 

, (2n + 1)2 (271 + 3)2 / _ , 4 ’‘+2 1 «+2 1 

■‘"2'‘ (7r+ |y;^:-q: -2y2 y ^ ^ 72 ^- 1 ), 

The second integral E may be found as follows : — 

’En = Jcos^^ OAdO = Jcos“»^ 0 [«'=“ + (1 - /c'^ cos'* d] ^ 

= /c''*D,, + (1-/c'=*)I>«4x (85) 

From this I find E or 


/ 


^TT 


cos'*” 0 . Add 

— ^TT 


1.3"... (27-- l)'-*(2r + 1) 


2274+1 ly 2-'*'“'^ 71 ! 71 — 1 ! ^ 

271 + 1! 2?! + 1 ! 7 ^ ^ 2^' ("^ ~ 1) (^ “ 2) . . . (ti — 7*) . r + 1 ! 


« 


^ 2 r"h 2 


(-)” 271 ! ,.,,,..5 (271 + 1) (271 + 3)** . . . (271 + 2g - 3)" (27i + 2g - 1) 

t '* ] II , /C /’ ' . ^ ' 7 " ] V + ' " 


22 n+l n\ 72 + 1 ! 


X 


[2 '“S ? 


226'-2 4. 2) (tI + 3) . . . (tT, 4. s) . g _ 1 1 

1 _ 2 

271 + 2 g — 1 


74 +S I s - 1 I 

+ X 7 + X i 
1 ^ X ^ 


4 X „ 

7 2j{ 


fC 
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n — 1 


This is applicable also to the case of n == 0, provided that S is interpreted 

0 

as zero. In the particular case in hand I find, however, that it is shorter not 
to use this general formula, but to carry out the transformation (85) in the 
particular cases where the result is needed. 


§ 20. Reduction of preceding integrals; disappearance of 

logarithmic terms. 

In the application of the integrals of the last section, we are to put 


K 


^ 2=1 _ 


1 + /S 


, and only to develop as far as 


Then to the proposed order k'^ = 2/3 (1 — /3), 

Also 21og^ = log| + log(l + yS) = log| + ^- 1/3' 

It will now facilitate future developments to adopt an abridged notation. 
I write then 

1! 


/(n) = 


2w 


2n ! 


and observe that/(»i+ 1) = ^ f{n), and/(l) = 2,/(2) = 

Since /c'® is of the first order in /3, only the first series in the D integral 
(84) enters when n is greater than 2. In that case 


D=/(u) 


= /(^) 


+ 


9y8- 


2 (n—1) ’ 8 (w— 1) (w— 2)J 


/3 


(4n + l)/3‘^ ■ 
2(?t-l) ' 8(n-l)(?i-2) 


4" 


.( 86 ) 


This result may be obtained very shortly without reference to the general 
formula ; for when ii is greater than 2 

Ki-p) j 


D 


_ (cos‘^ d + 2/3 4- 2/3 


(^)i j cos”-> ^ r 1 - 


cos-^ 6 2 cos^ 0 


dd 


The integral of an odd power of cos d is easily determined, and it will be 
found that the result (86) is obtained. It is, however, clear that if n is not 
greater than 2 the development in powers of sec^ d is not legitimate. 
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When n is not greater than 2 the formula (84) of the last section is 
necessary, and we find 


/ 

/ 

/ 


“1^ = f /3» log I +/(2) [1 - 4/3 - H/3^] 


cos'® 6 

~~Er 

de 

A 


de 


8 


(/3 + f /3^) log ^ + / (1) [1 + f /3 + 


y ( 87 ) 


8 


(14- log ^ 


We have now to find the second integral E, and this may be done more 
easily than by reference to the general formula of the last section. 

We have 


E 


r r r*nc!2»i+2 a r 

Jens'®’® eAde = (1 - /c"-®) j — de + /c'y 


’ cos“’® e 


de 


= (1 - 2/8 + 2/3") J 


cos'®’®+'® e 


de 


+ 2/3(l-/S) J~ 


cos'®’® e 


de 


A ''"j A 

It will be observed that even when n is 2 the general formula (86) gives 
the D integral as far as the first power of /8. Hence in finding E we may 
use that general formula except when n = 0, 1. 

271 4" 1 /* 


Then since /{n) 


2n 


-f(rh-\- 1), when n is greater than 1, 


E=/0i+l) 


■-f{n + 1) 


/3. (4'a-l) 


n —1)J 


) 


1 4" 


2n 871 {n - 1) 




.( 88 ) 


But when = 1, 

E = (1 - 2/3 + 2;8=) . ivSHog | - 2/3 (1 - /3) . /3 (1 + |/S) log| 

+/(2) [(1 - 2^ + 2I3‘) (1-4/3- ^4/3“) + 3/3 (1 - /3) (1 + f/S)] 

= - log I +/(2) [1 + i/3 + iJ/3=] .(89) 

And when n — 0, 

E = - (1 - 2,3 + 2^=) /3 (1 4- m log I + 2^ (1 -,8) (1 + 4,3) log | 

+/(1) [(1 - 23 + 23“) (1 + 13 + 4l/3“) - 23 (1 - 3) . A/8“] 


8 


/S (1 - i/3) log^ +/(1) [1 - i/3 + 


.(90) 


I now wish to show that, in the use to which these integrals are to^be 
put, the logarithmic terms disappear. 
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The following is a table of these integrals collected from (87), (89), (90) 
in as far only as they involve logarithms : ' 

fd0 , R r 

j — (1 -f- 1/9 + ^/3®) log ^ , / A j'z) /T , , 8 


Ja = /3 (1 - 1^) log - 

f cos^ 0 R r o 

j— ^ = - /9 (1+1/3) log-, jcos^^Ad^ = - -|/3^1og^ 

materiS are P--“‘ 

L rf 

, = j ~ (cos^ d + /S/qos^ ^) + X /3/cos^ 6 


F 

M 

G 

N 

H 


j = J[7o A (cos=^ e + fig) + A/3y cos^ 




= j |^~ (cos^ e + /3/i) + (cos-* ^ + cos** ^) + 1" /3/i cos-* ^ 

On using the integrals and only retaining squares of yS, we find 
F = /3V«(|-/)log| 

^=/3“7o(<7-i)log| 

H - {^"o [- (1 + f/3) + /t (1 + ^/3)] + (^1 I 

^ *« “-I- 

^ f=h 9=^1, ^=l + i/3ji + f/3, ao=l, aa = --^i(i + l) = --^) 
drojptd disappear, and henceforth may be 

Thus, as far as material, we have the following table of integrals :— 

j -A = - =/(l) [1 + 1/3 + ^§yd^] 




cos,* 6 

-^rf^ = /( 2 )[l-i/ 3 _ft 

/Q 


1- 


, (4w + 1)/32 

2(}2-l)'^8(V-l)(n_2) 


/ 

/cos^”^ - , 

C?^=/(w) 

/oos»^Arf« = /'( 2 )[l+^a + i^/S“] 

fcos^’^ = /(n + 1 ) Tl + J?. _ l)/d^ 

d ^ 9/vi t ^ T \ 


,n>2 


.( 91 ) 


2)1 8 ii (n - 1 ) ’ ” ^ ^ 
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Before using these for the determination of L. M, N, it is well to obtain 
one other result. 


We have seen in (82) that 




r H- .9 ! (r !)^ r — 5 ! 


. cos''^ 0 


Therefore 
r+a 


2 H" 5 ! 

But this integral is equal to ^ j; therefore 

^ 2-r t 2 

2 {-y+^fir + 1) 2^r+siyr^)H^~sl 2f+l. 

Putting .9 = 1 and 0, and comparing with the values of in (82), 

we have 

2 


t + 1) - 2l+ i ' i- 1 ! 


.(92) 


§ 21. Integrals of the squares of harmonics when s = 1 and s = 0. 
In (83) we have 


L 




irr 


(cos-^+‘^ e + /J/cos^^- 0 ) dd 


2r + 1 


Therefore, noting that f{r) = ' f(r + 1), and using the integrals (91), 

_ V f(o' + 1) [ 1 _ 4- "t 4- s (i ~ P ^ f 

+ 7./(2) [1 - i/3 - + f/3 (1 + 1^)/ ] 

Substituting for / (which the reader must not confuse with the functional f 

i 

in use here) its value (80), the term of order zero is S y^r-af (r + 1). By (92) 

, . . , 2 ^ + 1 ! 
this IS equal to , . 

^ 2^ + 1 z - 1 ! 

The term of the first order in is 

+ 1) (- 1 + + /37./(2) (- i + J) 
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which may be reduced to the form 

1 i 

p P + 1) + -l/S % y^r-^f {t) 


and is equal to 

The term of the second order in /S is 


2/3 ^ + l! 

2r-t- i i -in + 1^272, ._ 2 / (r) 


^®273r-2/(r + l) 


4r + 5 ^ 3 (2r + 1) / 

_8r(r-l)‘^ 4,^ 


This may be reduced to the form 


+ ^Vo/(2) [- + f (I + + If)] 


JS72.-./(r + 1 ) + tV (i + 12) 272.-2/ (r) - ^7„ 

of which the first term is ^ + 1! 

■2i+ 1 i-ir 

Therefore 

Ij 

j, = (1 + /3 + 4^) -1 1 P + (i + 12)] %--./(»■) - 4/3=7,, 

Now 


and 


7a^/(0 = (-)••« y/i — 4 t-, i±^ 

i — llr+lirli — r! 

i — ^' + ^- _ (i±l) ^‘ + 1) {i + 2) i - 1) 

1 r + llrli — r! 1!2 2!2 3 ^ 


It is known that 


=i-j'(t+i, -i, 2 . 1 ) 


F(a, b, 0 , i)_ n(e-l)n(c-a-;,-n » 
n(c-a-i)n(c- 6-iy 

Then since n (- i) contains an infinite factor 


.(9,3) 


therefore 

Also 


It 

'^7^-2/ {r) = 


i + 1\ 
i- 1! 


.(03) 


7.=if(i+i)==iji±4J 

'h X I 


Hence ^ = r— ? — iill] <'1 + P 4. i P2\ . i o ^' + 1 •' zi , » n\ 
F + 1 f - 1 + W +^/3 V— (1 + 1/9) 

Introducing the value of F as defined in (79), we have L or 
jp (*<■ Pi‘)’ da = ~~ + 4^/3= (/ - I2j +. 68)] 


+’^Mi±i;[4/9-4,8=] 


* I have again to thani Mr Hpbson for this formula, which is due to Gauss, 
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We have in (74) obtained “ (W)“] and if it be added 

to oiir last result we see that the term which does not involve the factor 
l/(2^■ + l) is annihilated, and 

I p S,r da = [l + W(j-2} + 3^,3= ir- - 26j + 48)] . . .(94) 

Now from (37) the square of the footer for converting into is 

1 


Therefore 
da- 


fpiw^^y 


^ (sin) 


27rM i+l\ 


1 + -1/3 + -3^/3" ij — 8) 


2i + 


I • [1 + (j + 2) + (j- + 10/ - 96)] . . .(94) 


These are two of the required integrals. 

Next we have from (83) 

M 
G 


Noting as before that f (r) 


i f 72,-2 (cos2»- d + /3(7 cos2^“= <9) A 
2r + 1 


2r 


y(r + 1), and using the integrals (91), 


M * 

^ 2 


_ (4r - 1)^ ^ + 1 / 

2r 8 (r — 1) r 2r V 


1 + 


j3 


2 (r - 1) 

+ 7o/(2) [1 + + U/3^^ + 1% (1 - i^)] 


Substituting for ff its value from (80), I find the ter?n of order zero to be 

v' j-/ , i\ ^ ^’+•l! 

+ 1). or 2iTi • ■ 


The. term of the first order is 


/327.r-./0- + 1) 


1 2^’ -4” 1 

2r ^ 4r 


+ fiy./(2) a + i) 


c 0 

This may be reduced to the form — /3^ 72 ^- 2 / (»" + 1) + 72 ,— 2 /( 9 ") ; 

11 

2/9 i -4- 1 1 i 4- 1 J 

which by (92) and (93) becomes — ^ .j - -y j + -|/3 -^—^*1 ■ 


The term of the second order is 


/3”-272,-2/(^ + 1) 

2 


(4r — 1) , 2r 4- 1 / 1 

+ ■ 




8r(r-l)'^ 4r \2(r-l) ‘ ‘ 

+ /3®7o/ (2) (]^^- + -s^j) 


This is reducible to 


X)S=272T-2/(r + 1) 4 (y - 4) 272,-2/(r) 4 f/3=7« 
1 1 
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which becomes 


Therefore 


1 /P2 ^ 4 + 1 ! 1 / . , > ^ + 1 ! ?• -I- 1 1 

2iTl O - 4 ) ^ ^ j 


G - 2 iTT firT! - ^3 + i^=) + [|/S + i/s= (i - 1)] 


■J —i 


Introducing for G its value (79), we find M or 




TT 


P (®‘‘ Sdej d<r 


_ 27rM 4 + 1 ! r, , ^ « j T ? 

~~2i + l i- ll “ i/3 + - l2j + 4)] + ttM [1-/3 + (2j + 7)] 


r p /l+j3 * *> 

But in (74) we have ip ((E'i^y (PiO^ — ( ^■^\/ 

J p \ ^ COS*^ 0 j I 

added to the result just found the term which has not l/(2i + l) as a factor 
IS annihilated, and 

A-rr 

/ p(P/aDiO"c?cr 
2'7rM ^ + 1 ! 

_ j - [1 + (3y 10) + ^^2 ^29 j 2 + 134^* + 384)] . . .(95) 

Now from (37) the square of the fiictor for converting into is 

[^> («°s)] ' = 1 - 4/3 + - 8) 


dar. If this be 


Therefore 


/_ ^ ~ + 6^ (•>' + 2) + (29j= + 74/ + 48)] 

(95) 

These last two complete the solution for s — 1. 

Next we have from (83) 

N * /a 

( 008 =^+=^ d + j3A cos^^ 6) de 

Proceeding as before, 


N • r /Q 

g = ^a^rf(r + 1) 1^1 - — 


^ 4r + 5 . 2r + 1 , 

+ X ~ ^ — ^Jl [ 1 — 




2 (r-1) 


^ (r-T) ' 2r 

+ <*2/(2) [1 - i;3 - 6^y32 _{_ 3^;^ g 

+ tto/ (1) [1 + f/3 + (- 

Substituting for h its value (80), we find that the term of order zero is 


+ 1), and by (92) this is equal to — 

2^2^ + X 
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/ov .Txf 1 2r+l 

which may he written in the form 


+ 1/3^2 + 3/9ao 


(r + 1) + /3aoj and is equal to 
0 2^ + 1 


4-/3 


The term of the second order is 


/ 3 ^ Z(x.»T /{r + 1 ) 


which is equal to 


4r + 5 2r + 1 2r + 1 ^ 

■4 F. ( ^ + 3) 


8r(r — 1) 4r(9’ — 1) 


8r 


1 


4- /3° tta (-1^' ~ -fi 


* /Y^ _i_ X") i 

-I/S'* _ + |/ 32 1 ' J 3 ) Xotar/ (r) + /S'* as + Jg^/S** of,, 


r (r - 1) 

Now 3 f Jr 4- 1) 


if(r + 1) - J/(r) + J /(O 


r 


r (r — 1) 

Hence the term may be written 

Zci^rfix 4- 1) + -I'/S'* ^ Ofar-t-s 0’ 4" 1) 4- ^l3^jZci.2r f 

2 1 T 2 


But 

And 
r 4 1 


r 


4- /S'oca (|-i - 4- ■i#yS'*ao 

+ 1) = - (-y [i (i -h 1) - ^ (r + 1)] 


<-)’ 


3 ; 


(_)r 


^ 4- ?" ! 
f — r ! 


[_ (r !)** r (r 4- 1)^ (r !)^ (r 4- 1) 

In the preceding formula the sum of this last function had limits i—1 to 
1, but as we now see that it vanishes when r — i, the upper limit may be 
changed to i. 

It follows that the terms of the second order are 


|-/S^ Zct,rf(r 4- 1) - i0^a,f(2) - -|/3'*«o/(l) 


4- 


>2 V 


(_). 


J 


T L (X 0^ T {r + 1)2 (r !)2 (r 4-1). 
i^^>2/(l) 4 - /^) 4- 


(-)’ 


o wL ^ ! i ^ a_ t 


The term in cl^ in this expression will be found to be — That in 

will be found to be -y-ao- Then since = — i-Jj otQ=l, these terms are 
together (5j 4 11). 


D, in. 


18 
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The whole may then be written 

i/3=Xa^/(r + 1) + (J + 1) 2 

0 1 r ! r +1 ! ^ — r ! 


Now 


+ 




4 (-y J + r l (i + l)i (i+l)(i + 2)i(i-l) 

I r ! T -h 11 "i — r 1 1!2 2!2.3 


= i?^(^ + 1, - i 2, 1) - 1 = - 1 


( — y i + r I 


1 (r-jr iyi~r I 


2 ! 2 1 3 ! 3 ! 
2 ! 1.2 


3 ! 1 . 2 . 3 


...] 


1) - 1 +*(* + 1)! 

{% — ^ — 1, 1, 1) -h — 1 

t/ 



The last result follows from the fact that in accordance with (93) the sum 

of the hypergeometi’ic series has an infinite factor in the denominator, and 
vanishes. 


Then since by (92) Sag,./ (r + 1) = ^ ^ , the terms of the second order 

are found to be 


Hence, collecting terms, 

N 9 

g = (l+/3+i/3=)^^+y3+i;3. O’+ll) 

Substituting for H its value (79), we have N or 

/"_ ^ (®<P0‘do- = [1 - i/3 + (.f - 4j + 2)] 

+ 27rM [/3 + {j — I)] 

But we have already found in (77) the value of - (Pi)^] dcr, 
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and on adding it to the last result the term independent of l/(2^ + 1) dis- 
appears, and we have 




R 47rM 

+ + W 

The square of the factor whereby ®j is oonTerted into Cj was found in 
(38), namely, 




l+iySHj-3) 


Hence 


j" P®C..)>d<r = |^j[l+Py+*^(7j=-2i-24)] ...(96) 


■i 

These are the last of the required integrals. 


§ 22. Table of Integrals of squares of harmonics’^. 

In this section the results obtained in (71), (72), (94), (95), and (96) are 
collected. 


* After having completed the evaluation of all these integrals, I found that they may be 
evaluated very shortly by means of the factors dB and E of (48), § 10. 

I find that for all values of s (writing the eight forms in a single formula), 


L KftT ^ or (C,.)> , m{ J (a,>orc/ora/ors,-)«| 

((Pi-)’ (SiiV or (S,V'''"-2i + l • lEi- of (r-7oo»'2^F ' 


I leave the reader to verify that this is so. 


Unfortunately I have hitherto been unable to prove the truth of this except by the laborious 
method in the text. I do not therefore know whether the result remains true for higher degrees 
of approximation, although I suspect it does so. If it should be true, it would be very easy to 
compute the integrals when higher powers of are included. 


It may be worth mentioning that the variables are separable in the integrals. 
IPi" denotes any one of the eight forms, 


Thus, when 








(1 - ^ cos 2(f>f {(!i:/)2 d<p 


pztr 

K ( 


(1-/3 cos 2^)^ 


d(f> 


The 0 integrals present no difficulty, hut with regard to the others we are met by the impos- 
sibility of expanding in powers of sec^ 6 for the lower orders. It would be a great step in the 

right direction, if it could be proved that all the terms which do not involve the factor 




necessarily vanish. 


18—3 
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It may he well to remind the reader that M = (v^ — l)i (v^ — ^ 


First when s > 2. 
[EEC 


rjp (i — 1) i (i + 1) (i + 2) 

, __ 

j = % (i + 1) 


Types j p (fx) (<f>) ^ da 


{eos / P w {s/ 


27rM i + S ! ,_ _ 

2iTl i^7l + A'®' t2S= + 3S - (22 - 1) + TJl 


27rM i + s 1 

‘2?TTi^! -i'SS + [22‘ + 2 - 6-«»(22 - 1) + T]} 


Types 




fOOC 
(EES 

27rM ^ 4- s 1 ^ ^ 

^ 2i + 1 T-^ (2 + 2) + ^/32 4- 10 -h (222 - 2S + 1) - T]} 

fEOC 




_ 27rM t + s ! 

~ 2i + 1 I — Tl ■!■ + 4 + s2 (2^2 — 2X 4 - 1) — T]} 

Secondly, when g = 2, 2 = (i 4 - 1 ). 

Type EEC jp [I|/ (/<.) ®i* (<f.)P do- 

2r77”lVT ^ -, 2j I 

“ STT i~2i (952“ - 982 + 72)} 

Type OEC jp (^) C f (<^)]“ da 

27rM i 4- 2 ! .., ^ _ 

2iTi i~=rri 11-4/92-1- (962“ - 1782 - 40)) 


Type EES jp [Pi“ (^) (i>)f da 


Type OES Jp[P,^ (^) S.^ ( 4 ,) f da 


_ 27rM i 4- 2 ! 

2z 4 1 i — 2 ! (2 4 2) 4 (292^ 4 902 4 216)} 


27rM ^ 4 2 ! 

2i 41 T^i (S 4 2) 4 (292^ 4 1062 4 136)} 
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Thirdly, when 5=1, 2) is infinite and we must usey = ^ (i +1). 

= 1 ! 11 + 4/3 (i - 2) + (i« - 26i + 48)) 

\p [W (p) Si' ((^)]' dcT 

= i fl + 4/3 (i + 2) + (i’ + lOi - 96)} 

/p [Pi- (p) ®i' C^)]' d<r 

27rM i -+• 1 ^ 

= STi i i- 1 i fl + + 13^-/ + 

jj.[Pi'(ii)Ci'(^)]»cZo- 

= \ ]!] i' j fl + O' + 2) + (29i“ + '!4>j + 48)j 

Lastly, when 5 = 0; S = — i (i + 1) = ~y. There are only two types — 
Type EEC jp {,j) Ql, (</>)]^ da- = [1 + (7j= - lOy)] 

Type OEC f p [p, (/*) C, (<^)]^ da = [1 + (7j ^ - 2j - 24)] 


Type OOS 

Type EOS 

Type OOC 

Type EOC 


PART III. 

Summary. 

The symmetrical form in which Lamd presented the three functions 
whose product is a solid ellipsoidal harmonic is such as to render purely 
analytical investigations both elegant and convenient. But it seemed to me 
that facility for computation might be gained by the surrender of symmetry, 
and I have acted on this idea in the preceding paper. 

Spheroidal analysis has been successfully employed where the ellipsoid is 
one of revolution, and it therefore seemed advisable to make that method the 
point of departure for the treatment of ellipsoids with three unequal axes. 
In spheroidal harmonics we start with a fundamental prolate ellipsoid of 
revolution, with imaginary semi-axes /c V~ Ij ^ v'-~ 1> 0- The position of a 
point is then defined by three co-ordinates ; the first of these, v, is such that 
its reciprocal is the eccentricity of a meridional section of an ellipsoid confocal 
with the fundamental ellipsoid and passing through the point. Since that 
eccentricity diminishes as we recede from the origin, v plays the part of a 
reciprocal to the radius vector. The second co-ordinate, /x, is the cosine of 
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the auxiliary angle in the meridional ellipse measured from the axis of 
symmetry. It therefore plays the part of sine of latitude. The third co- 
ordinate is simply the longitude <f). The three co-ordinates may then he 
described as the radial, latitudinal, and longitudinal co-ordinates. The para- 
meter k defines the absolute scale on which the figure is drawn. 

It is equally possible to start with a fundamental oblate ellipsoid with 
real axes k, 7c, 0. We should then take the first co-ordinate, as such that 

follows would then be equally applicable; but, in order 
not to complicate the statement by continual reference to alternative forms, 
I shall adhere to the first form as a standard. 

In this paper a closely parallel notation is adopted for the ellipsoid of 
three unequal axes. The squares of semi-axes of the fundamental ellipsoid 
are taken to be — 7c^ , — 7c^, 0, and the three co-ordinates are still v, fjc, cp. 

Although their geometrical meanings are now by no means so simple, they 
may still be described as radial, latitudinal, and longitudinal co-ordinates. 
As before, we might equally well start with a fundamental ellipsoid whose 
squares of semi-axes are 7c^ ^ , Jc% 0, and replace by where = — v\ 
All possible ellipsoids are comprised in either of these types by making 
^ vary from zero to infinity. But it is shown in § 2 that, by a proper choice 
of type, all possible ellipsoids are comprised in a range of 0 from zero to one- 
third. When /3 is zero we have the spheroids for which harmonic analysis 
already exists ; and when — -J- the ellipsoid is such that the mean axis is 
the square root of mean square of the extreme axes. The harmonic analysis 
for this class of ellipsoid has not been yet worked out, but the method of this 
paper would render it possible to do so. We may then regard /3 as essentially 
less than and may conveniently make developments in powers of j3. 

In spheroidal analysis, for space internal to an ellipsoid two of the 
three functions are the same P-functions that occur in spherical analysis ; 
one P being a function of v, the other of /u. The third function is a cosine or 
sine of a multiple of the longitude <f>. In external space the P-function of p 

is replaced by a Q -function, being a solution of the differential equation of 
the second kind. 

The like is true in ellipsoidal analysis, and we have P- and Q-functions of 
V for internal and external space, a P-function of /a, and a cosine- or sine- 

function of (f>. I will now for a time set aside the Q-functions and consider 
them later. 

There are eight cases to consider (§ 4) ; these are determined by the 
evenness or oddness of the degree ^ and of the order s of the harmonic, and 
by the alternative of whether they correspond with a cosine- or sine-function 
of 4>. I indicate these eight types by the initials E, O, C, or S — for example. 
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EOS means the type in which i is even, s is odd, and that there is association 
with a sine-function. 

It appears that the new P-functions fall into two forms. The first form, 
which I write is found to be expressible in a finite series in terms of the 
P/=t 2 *^ where the P’s are the ordinary functions of spherical analysis. The 
terms in this series are arranged in powers of /3, so that the coefficient of 
p^srfcafc g^g paj-t of its coefficient. The second form, which I write is 

such that j P/(y) or P/ is expressible by a series of 

\J V 1^“^“ 

the same kind as that for Amongst the eight types four involve 

^-functions and four P-functions ; and if for given s a ^p/-function is 
associated with a cosine-function, the corresponding P/ is associated with 
a sine-function, and vice versd. 

Lastly, a ^-function of v is always associated with a ^-function of ^ ; 
and the like is true of the P’s. 

Again, the cosine- and sine-functions fall into two forms. In the first 
form s and i are either both even or both odd, and the function, which I write 
or is expressed by a series of terms consisting of a coefficient multi- 
plied by cos or sin (^s + 2A;) <]E>. In the second form s and i differ as to 
evenness and oddness, and the function, written or S/, is expressed by a 

similar series multiplied by (1 — /3 cos 2<p)^ . 

The combination of the two forms of P-function with the four forms of 
cosine- and sine-function gives the eight types of solid harmonic. 

Corresponding to the two forms of P-function there are two forms of 

Q-function, such that and Q/ j are expansible in a series of 

^ ” i-p 

ordinary Q-functions \ but whereas the series for and P/ are terminable, 
because Pi* vanishes when 5 is greater than i, this is not the case with the 
Q-functions. In fact the series for the Q-functions begins with Qi or Qih 
and the order of the Q’s increases by two at a time up to s when we have the 
principal or central term ; it then goes on increasing up to s = i or i - 1, and 
on to infinity. [Unfortunately it appears that the approximation to these 
functions is found not to be very close, unless /3 is very small.] 

In spherical and spheroidal analysis the differential e(^uation satisfied by 
P^® involves the integer s, whereby the order is specified. So here also the 
differential equations, satisfied by or Pi® and by ^i®, or Ci®, S/, involve 
a constant, but it is no longer an integer. It seemed convenient to assume 
- <r as the form for this constant, where s is the known integer specifying 
the order of harmonic, and cr remains to be determined from the differential 

equations. 
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When the assumed forms for the P-function and for the cosine- and sine- 
functions are substituted in the differential equations, it is found (§ 6) that, 
in order to satisfy the equations, cr must be equal to the difference between 
two finite-continued fractions, each of which involves cr. We thus have an 
equation for <r, and the required root is that which vanishes when j3 vanishes. 

For the harmonics of degrees 0, 1, 2, 3, and for all orders, [and for certain 
harmonics of the 4th order], cr may be found rigorously in algebraic form, but 
for higher degrees the equation can only be solved approximately, unless ^ 
should have a definite numerical value. 

When cr has been determined, either rigorously or approximately, the 
successive coefficients of the series are determinable in such a way that the 
ratio of each coefficient to the preceding one is expressed by a continued 
fraction, which is, in fact, a portion of one of the two fractions involved in the 
equation for cr. 

Throughout the rest of the paper the greater part of the work is carried 
out with approximate forms, and, although it would be easy to attain to 
greater accuracy, I have thought it sufficient, in the first instance, to stop at 
With this limitation the coefficients of the series assume simple forms 
(§ 8), and we have thus definite, if approximate, expressions for all the 
functions which can occur in ellipsoidal analysis. 

In rigorous expressions, and P/ are essentially different from one 
another, but in approximate forms, when s is greater than a certain integer 
dependent on the degree of approximation, the two are the same thing in 
different shapes, except as to a constant factor. I have, therefore, in § 9 
determined up to squares of /3 the factors whereby P/ is convertible into 
and Cf or Sj® into or With the degree of approximation adopted 

there is no factor for converting the P’s when s = 3, 2, 1. Similarly, down to 
s = 3 inclusive, the same factor serves for converting Cf into GD/ and Si® 
into ,Si®. But for 5 = 2, 1, 0 one form is needed for changing C into QL', and 
another for changing S into 3. It may be well to note that there is no sine- 
function when s is zero. 

The use of these factors does much to facilitate the laborious reductions 
involved in the whole investigation. 

It is well known that the Q-functions are expressible in terms of the 
P-functions by means of a definite integral. Hence and Q/ must have a 
second form, which can only differ from the other by a constant factor. The 
factors connecting the two forms are determined in § 10. 

The second part of the paper is devoted to applications of the harmonic 
method. In § 11 the perpendicular from the centre on to the tangent plane 
to an ellipsoid Vq, and the area of an element of surface of the ellipsoid, are 
found in terms of the co-ordinates yu, cf>, and the constant Vq. 
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It is easy to form a function^ continuous at the surface Vq, which shall he 
a solid harmonic both for external and for internal space. Poisson’s equation 
then enables us to determine the surface density of which this continuous 
function is the potential, and it is found to be a surface harmonic of yu., cf> 
multiplied by the perpendicular on to the tangent plane. This application 
of Poisson’s equation involves the use of the Q-function in its integral form. 
Accordingly, if the serial form for the Q-function is adopted as a standard, 
the expression for the potential of a layer of surface density involves the use 
of the factor for conversion between the two forms of Q-function. 


This result may obviously be employed to determine the potential of an 
harmonic deformation of a solid ellipsoid. 

The potential of the solid ellipsoid itself may be found by the consideration 
that it is externally equal to that of a focaloid shell of the same mass. It 
appears that in order to express the equivalent surface density in surface 
harmonics, it is only necessary to express the reciprocal of the square of the 
perpendicular on the tangent plane in that form. This result is attained by 
expressing in surface harmonics. When this is done, an application 

of the preceding theorem enables us to write down the external potential of 
the solid ellipsoid at once. In § 12 the external potential of the solid ellipsoid 
is expressed rigorously in terms of solid harmonics of degrees zero and 2. 


Since cc^, y"^, have been found in surface harmonics, we can also write 
down a rotg-tion-potential about any one of the three axes in the same form. 

The internal potential of a solid ellipsoid does not lend itself well to 
elliptic co-ordinates, but expressions for it are given in § 12, 

If it be desired to express any arbitrary function of yu, 4> in surface har- 
monics, it is necessary to know the integrals, over the surface of the ellipsoid 
of the squares of the several surface harmonics, each multiplied by the per- 
pendicular on to the tangent plane. The rest of the paper is devoted to the 
evaluation of these integrals. No attempt is made to carry the developments 
beyond although the methods employed would render it possible to do so. 

When s is greater than unity, it appears that it is legitimate to develop 
the function to be integrated in powers of 1/(1 — ya®) ; and when this is done, 
the integration, although laborious, does not present any great difficulty. 

But when s is either 1 or 0, the method of development breaks down, 
because it would give rise to infinite elements in the integrals at the poles 
where ya^ is unity. However, portions of the integrals in these cases can still 
be found by the former method of development. As to the residues which 
cannot be so treated, it appears that they depend on integrals of the forms 


where 


/ 


Jtt 


COS'* 


edd 


• (1 — sin^ 0 )^ 

is nearly equal to unity. 


and 


f cos^'"‘ 0(1 — /c^ sin‘^ 0)^ d0 
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Development of the square-roots in powers of ac® is useless on account of 
the slow convergence, and it is required to find series which proceed by 
powers of k^, where — X — k^. 

By a somewhat difficult investigation, in respect to which I owe my 
special thanks to Mr Hobson, the needed series are found (§ 19). 

It appears that portions of the two integrals involve logarithms which 
become infinite when k vanishes. Since, in the application of these integrals, 
the vanishing of k implies the vanishing of /8, we appear to be met by a 
difficulty. It is known that in spheroidal analysis no such terms appear, and 
we may feel confident that they cannot really exist in ellipsoidal analysis. In 
§ 20 it is proved that the logarithmic terms do as a fact disappear. The 
residues of the integrals in the cases s = 1, 0 are thus found, and added to the 
previous portions to form the complete results. 

The second part of the paper ends (§ 22) with a list of the integrals of the 
squares of the surface harmonics for all values of s, as far as the squares of 

Finally, an appendix below contains a table of all the functions as far as 
i= 5, s = 5. It is probable that for the higher values of s the results would 
only be applicable when yS is very small. 


Appendix 1. 


i = 0 (EEC) 

i = 1 (OEC) 
(OOC) 
(OOS) 

^ = 2 (EEC) 
(EOG) 
(EOS) 


Table of the -P- and Q-Tunctions. 
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(EEC) 

(EES) 








W 

Iq/' 


i == 3 (OEO) 
(OOC) 
(OOS) 
(OEO) 
(OES) 
(OOC) 
(OOS) 








i = 4 (EEC) 
(EOC) 
(EOS) 
(EEC) 
(EES) 
(EOC) 
(EOS) 
(EEC) 
(EES) 
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*■ = 5 (OEC) 
(OOC) 
(OOS) 
(OEC) 
(OES) 
(OOC) 


(OOS) 

(OEC) 

(OES) 

(OOC) 


l®o 


' Pr' 

® — O 


I©.' 


1 
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[(5:+A^(i+w)jg+,fe/3=g: 

~ Iq. {qI» + 1^4 + T*w^= Iq^. 

“14^(1 -j- 5 


p ^ 

"" =n 

p ^ 


Q.’ 


=a 


j?P. 

®. 




I * ‘‘‘^ S ■“*£;+ IS + *0 IS +«(«.«• IS 

r* 


P/ 

Qs" 


a 

a 


*'’lS*£'+'i’®lS+*»’jS 


■P 


(?P.' 

®.“ 


wjS-- 


(OOS) 

Note that in this table denotes „ 


1q=* 


fp.“ 

Q/ 




{ q ^ 

[q«^ 




2H-r Uvj 


{v^ — 1)*, and a is 


bv a'yj'T • ' '‘’ - 1)^* in P,- is repkcob 

c^ged. O has still the sa.e meaning, bat .ust t .r^:TZtr: 

/l-j3 ~ <a" 
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i = 0 (EEC) 


i = 1 (OEC) 

(OOC) 

(OOS) 


i = 2 (EEC) 

(EOC) 

(EOS) 

(EEC) 

(EES) 

^ = 3 (OEC) 

(OOC) 

(OOS) 

(OEC) 

(OES) 

(OOC) 

(OOS) 


^ = 4 (EEC) 

(EOC) 

(EOS) 

(EEC) 

(EES) 

(EOC) 

(EOS) 

(EEC) 

(EES) 


^ = 6 (OEC) 

(OOC) 

(OOS) 

(OEC) 

(OES) 


Table of the Cosine and Sine Functions. 
01^0 = 1 



CJa = 1 — f/3 cos 2<^ 



Cs = [1 — coa 



= 1 — 5/9 cos 2(f> + ffjS® cos 4<^ 



fOD/ 


= jo 


cos 

sin 


2<jf) -f- 



Cg = <E> [1 — 7y9 cos 2cf> + cos 4^] 









fl (cos 
[0 ^ (sin 
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(OOC) 


(OOS) ■ 


(OEC) 1 

fC5^ 

(OES) 1 

[85^ 

(OOC) J 

'<a!D5'^ 

(OOS) 1 



± W) <!> + { 3 “ 30 - 50 


A/3“ 

Note that in this table 


tf/3* |o + ^ -1^?® 20 + 40 


[COS 

[sin 


{Z 


+ 50 

sin ^ 


^ = (1 — /3 cos 20)'^ 


Bryt-staLfJi? “““ in Professor 

j paper {JrToc, GcvYYib, I* h/il. Soc,, vol. vi 1888 n 90*7 \ ppu ^ 

there tabulated as T^® (v) and U Uv) in tbp ^'n+ai-- ’ ^1 ^ j 

^ ^ ^ ^he notation here adopted would be 

Pn*(i^) (with the factor (1/2- l)i5) and (->t^|Q^s(z,). 

The formula for Q/(„), where « is greater than i, is given in § 10 above. 


Appendix 2. 

On the Symmetry of the Cosvne and Sine-functions with the l^-functions. 

P-fhnetTnl’TnrthrTo? ^ between the 

T .u ame-ftmotions is not destroyed but is onlv 

sked, in the approximate expressions for the harmouio funjtiois. ^ 

For example, we have 

(/*) = Ps W - J /3P3= (^) 

therefore, in consequence of the symmetry which subsists, we ought to find 

^ - i^P,» 


C. ( 0 ) = P 3 


Now 


^3 


7 1 - /3 cos 20 \i-| _ (1 - .8 cos 20)i , 

A 1 - ^ ) \ ^ + 1^9-- f/9 cos 20) 

^ r _ 1 (1 - /9 cos 20)^ 

Lv l-B jj ® ^)f ■ (1 - cos 20 ) 

^ ^ O - P cos 20)i (1 _ 1 ^ cos 20) 


Whence 
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This only differs by a constant factor from the expression which arises 
from the approximate formulae. 

It would be possible then to have only one type of function, viz. ^ or P, 
and to express all the cosine and sine-functions by means of the appropriate 
one of them. This would be found to be equivalent to expressing the latter 
functions in terms of powers of sin <p. For the purposes of practical appli- 
cation I do not think this would be so convenient as the use of cosines 
and sines of multiples of (/>, and the advantage of using only one type of 
function would not compensate for the loss of convenience in the result. 
Accordingly I do not think it worth while to undertake the very laborious 
task of revising all the analysis from this point of view. 



11 . 


ON THE PEAE-SHAPED FIGURE OF EQUILIBRIUM OF A 

ROTATING MASS OF LIQUID. 


[Philosophical Transactions of the Royal Society, Yol 198, A (1901), 

pp. 301—331.] 

Intboduction. 

This is the sequel to a previous paper on “ Ellipsoidal Harmonic Analysis ” 
[Paper 10]. I here make use of the methods of that paper, and for brevity 
shall refer to it as ‘‘ Harmonics.” 

The sections 1 to 4 are preparatory, and might have been included in 
“ Harmonics,” but seem more appropriate here. Section 5 is an independent 
investigation of so much of M. Poincard’s celebrated memoir on rotating 
liquid^ as relates to the immediate object in view. 

It is not necessary to say more here, since I give a short summary in the 
last section. 


§ 1. The Harmonics of the Third Degree. 

[In “Harmonics” § 6, p. 211, it is shown how a corresponding to each 
harmonic may be found independently of all the other harmonics, but it is 
further shown in an addition made for the present volume how all the values 
may be found from only four equations. In this paper as originally published 
each value was found independently, but I shall now find the required values 
more shortly. 

In the case of third harmonics the equation for determining cr for 5=0 
(cosine functions), is 

4. 1^ + (T 4 + 0- 


Acta Mathematica, Vol. vn., 1885, 
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The solutions of this quadratic are 

o- = -2 ± 2 V(1 +15^^) 

Now we know (p. 213, “ Harmonics ”) that the roots are 0-3 and <ri — 2\ 

If therefore we write {B^y = 1 + 15/3- 

For s = 0, type OEC, cr = — 2 (1 — 
s = 2, type OEO, <r= 2(1 — j5i) 

The equation for o- for the sine function, when s = 2, is <r = 0. 

Thus for s=2, type OES, cr—O 

The equation for <r for the cosine function, when s = 1, is 

^ I - V (3. 2| 13. 31 ISffl 

4.1.2 + cr 8 + <r 
The solutions of this quadratic are 

~4-3/3±4V[l-fy9(l-/5)] 

We know that the roots are 0-3^ and a-./ — 3“ + 1“. 

If therefore we write = 1 — f /3 (1 — /3) 

For s = 1, type OOC, cr = ~ 4 — 3/3 + 4.^2 

5 = 3, type OOC, cr— 4 — 3/3 — 4J32 

For the corresponding sine functions the equation has the same algebraic 
form, but the sign of /3 is changed, and if we write 

(53)=‘=l+f/3(l +/3) 

For 5 = 1, type OOS, a- = — 4 + 3/3 + 4 jB8 

5=3, type OOS, cr = 4 + 3/3 — 4^3 

We thus have the values of <r corresponding to the seven functions of the 
third order.] 

5=0; type OEC, and ^3 (v) = ^o-Ps (i') +■ (v), with qo = 1. 

We have cr = 2(jBi — 1) 

where (B^y^ 1 + 15/3^ 


Also 

Then since 
we find 

5 = 1; type OOC, and 


q, 4 4- o- “ 2 (Pi + 1) ’ ^ 


P^{v) = ^^-%v, py 


I5v (v^ - 1 ) 




•( 1 ) 


g2 — 


1-^ 


P/ (^) = J with q,' - 1 


D. Ill, 


19 
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We have o- = 4 ( 5 , - 1 _ |yS) 

Also 

_ 1 , a/ 

Si S + a- 4(J^, + l~s^)’ — . = 3^, with 2 /= 1 

^^^Then since P,* (.) = | (5„. - 1 ) _ i)i p. J ig 

= 

^=1, type OOS = 

We have a- = 4, (P 3 — 1 + |.y 9 ) 

(A)’ = l+t/3 (14-/3) 

?2!= 1 

Ji 4 (P 2 4. 1 4 - 1 ^) > ■"**“ ?i - 1 

On substitution wo find 

W (■') = I (P. - 1 4- 8/3) (v“ - l)i ( 3 ) 

s = 2 ; type OEC, (v) = /Sg.P, (^) + 3 , = 1 . 

We have <r = - 2 (P.-l) 

Also gg«_ -R 1} fS, 21 -4(-p.-n ., 

2^2 4 — cr ~ jQ 2 ^ with. ^2 — 1 

With the known values of P, and of P,«, we find 

»-'''>-|<‘-‘«-«>(--||r^,) <■» 

differ inThe^Sgn of 5^. ^ the last factors in each only 

« = 2 ; type OES, (p) = J . Pj- (p). 

We have a- = 0 , and P,= (v) = lSp (P - 1 ), 

P 3 ’ (v) = 15z- (v» - l)i ( 5 ) 

5=3; type OOC, 

/ 2 1-h^ 

f’a (v) — ^ ifiSi-Pa (y) 4 - Ja'p,® (a)], with gs' = 1 

o-=4(1-|/3_P^) 


We have 
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Also 



- {3, 2} {3, 3 } 
8-(r-6/9 




and 




Whence on substitution 


-2l 

3^/ 


with g'a" = 1 


PgS (i;) _ 




(1 - B,) 



l + ^\^ 

1-^J 



3 - /3 + 25,\ 
5 (1 - /3) y 


( 6 ) 


s = 3; OOS, ^ 3 » (v) = (y) + (y), with ^3 = 1- 

We have cr = 4 (1 + |/5 — Pg) 


^ (^8 - 1 - I ^), with qs = l 

Whence on substitution 


W (r) = ~ (1 + /9 - BO - l)i (7) 

The forms of the corresponding functions of yu, are the same, except that 

1 /^1 "I ~ P • 

(1 — /u.^)’2 and \^~ — ^ replace the corresponding factors. 


I have not determined the cosine- and sine-functions, because they may 
be written down at once from the results already obtained. The three roots 

of the fundamental cubic are y“, /a®, and ^ we have only 

to replace y^ by this last function in the seven formulae (1) — (7) in order to 
obtain hinctions proportional to the seven cosine- and sine-functions. If the 
definition of the latter functions is to agree wdth that given in “ Harmonics,” 
the factors must be determined appropriately, but the question as to the 
value of the factor will not arise here. 


I 2. Change of Notation. 

It will be convenient, with a view to future work, to change the notation, 
and I desire to adopt a notation which shall not only agree in the main with 
that used in “ Harmonics,” but shall also facilitate reference to a previous 
paper on Jacobi’s ellipsoid [Paper 8, p. 11 9J. 

I write ^ ^ — \ — 

1 -r p 

I have in general written the current co-ordinates y, p, <^, and the ellipsoid 
of reference vq, so that the squares of the semi-axes are 

(v.« - - 1), vf 


19—2 
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I now propose to write as the squares of three semi-axes of the ellipsoid of 
reference 

c® cos® y, c® (1 — /c® sin® y), c® 

Comparing these two we see that 

k = CK sin y, and vq = — 

/c sin y 

For the current co-ordinates I retain <f> and write 

1 




fji — sin 6 


K sin i/r ’ 

The three roots of the fundamental cubic are therefore 




/i® = sin® d. 


B cos 2<f> 1 . 

^ ^ — (1 - /c'® cos® <b) 

/c- ^ 


/c®sin®'f’ 1-0 

The rectangular co-ordinates £c, y, z are now expressible as follows 


csinw . y-. . 

X = — . cos l/r (1 — sin® cos <b 

sm-x/r ^ ^ / 'T 

y = . (1 — /c® sin® cos 6 sin A 

sin -\/r ' ^ ^ ^ 




z 


c sin y 
sini/r 


sin ^ (1 — /c'® cos® 


.( 8 ) 


or 


+ 


y' 


These give — — -j- , . — 

cos® 1 — sin® 

At the surface i/r = ry, and we have 


+ z^ 


0 ® sin® 7 
sin® 


£r® 


+ 


y^ 


= c® 


cos® y ' 1 — /c® sin® y 

In the formulae for the third harmonics, in every case but one, and in two 
out of the five harmonics of the second degree, there occurs a factor of the 
form (r® — constant) ; in each such case I write that constant in the form 5'®//e®, 
and O' " = 1 — O'®. Thus ^ will have a different value for each harmonic. 

It has been already remarked that for most purposes it is immaterial by 
what constants the several functions are multiplied. Although it would be 
easy to determine the constant in each case so as to make the function agree 
with its value as defined in “ Harmonics,” yet I shall not take that course, 
and shall omit factors as being in most cases redundant. 

For the sake of completeness I will give the first and second harmonics in 
the new notation, as well as the third. 

Since the harmonics of the first degree are expressed by 


(r) = r, Pf iy) = [v 


1-/3 


= (p2 _ iy2 
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it is clear that in the new notation 

(v) = cot '\/r, 






(1 — sin^ 


sin yj/' 


Pi (/^) = sin 6, 


{fx) = {1-K^ sin^ e)^, ill) = cos e 

(<i>) — sin ^ 


Cl (< 5 f)) = (1 — k'^ cos® (Bi ((j)) = cos (f>, 

It appears from § 12 of “ Harmonics ” that 

W(0 = >'’+“’ 


.(9) 


where 


a 


B-2 


7 


7? -p 2 


a 3(1 -/3)’ a' 3 (1 - /3) ’ 

In accordance with the notation suggested above, let 

2 + B 


and J5® = 1 + 3y5® 


«® 3(1-/S) 


1-a:® 


Then substituting = ^ for /3, we find 

i 4“ 


and for both cases 
Hence 


}^=:i[l+,C= + (l-*V“)i] 
, , 2 - 30“ 

— ^2 3_ 

^ 1 - 2g® 


P2(/^) and ^22^/i,) = 






sin^ 6 


/2 


.( 10 ) 


( 2^2 {<p) and (IDa® ((f>) — 1 — cos® cf) 

j7 

2 3(72 , 

where /c® = = |- [1 + /c® + (1 — «®/c'®)2 ], with upper sign for the 

first and the lower sign for the second. 


It appears from (19) and (20), § 7, of “ Harmonics ” that 

sm®i/r 

{/jb) = sin ^ (1 — /c® sin® 0)^ 

(4>) — cos ^ (1 — /c'® cos® (f>)^j 
and from (21) and (22) that 


.( 11 ) 


8in®T/r 

P 2 ^ ((“) = sin 6 cos 0 
S,‘ (^) = ain .#) (1 - cos* 


( 12 ) 
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Lastly, from (25) and (26) 

p a / jA _ QQS ir(l~/c^ sin^ ] 

® sin^-v/r 

PgS (^) = cos ^ (1 — /c® sin^ 0)i 

(<f>) = sin <p cos ^ 

Turning to the harmonics of the third degree, we found that in the two 
cases where the type is OEC, 

4 + i5i 


.(13) 


^,(v) and 


5(l-y3) 


If we put 
we find 
and 




4 “f* 


5 (1 - /5) 

9'" = I [1 + 1 (1 

4 — 5q^ 


K^ = q^ 


3 — 

Therefore, with the above alternative form for q^, 

and = 

sin® qr 

^3 ( ax .) and ^ 3 ^ = _ sin ^ (^1 - ^ sin" 0 ^ 

C^(cf>) and C3"(</))= cos" 0^(1 - a:'<^cos"<^)^^ 

Again in the two cases where the type is OOC we found 




Pa^ (;■') and Pg® (v) = ( i/^ — ® ^ 




Putting 


we find 
and 


5(1 -/3) 

_ 3 - yS + 2 A 

/c" 5 (1-/3) 

i (1 + 2 «" + (1 _ ^2 4 ^ 4 ) 4 ) 


^a _ ^2 2 - 


Therefore, with the above alternative form for q% 

Ps^ (i^) and Pa® (v) = 9Qs^(l-g^sin"->/.) 

sin® yjr 

Pa' (/x) and Pa® (ax) = _ (1 _ ;c" sin® 0)^ sin" 0 

C3' (<f>) and ©a® (cf)) = co 8 <p ( 1 - cos" cf>^ 


> 


.(14) 


.( 15 ) 



1901] 


VALUES OF THE HARMONICS IN NEW NOTATION. 


295 


In the two cases where the type is OOS we found 

S + ^ + 2B, 


(v) and (v) = 


Putting 
we find 
and 


+ /3 + 2B, 

5(i-ySy 

^2 = ^ (2 + + (4 - 


— q 


.4-5^: 


l~2q^ 

Therefore, with the above alternative form for q~, 

WC") and = 

^ 3 ^ (/x) and (/x) = — cos 6 (^1 — ~ ain'-^ ^ 


(<f>) and 5;® (<f>) = sin ^ ( 1 “ ^ cos“ ^ 


/2 


.(16) 


The seventh of these harmonics, which is of type OES, stands by itself. 
We had 

p.= (.V) = X. (!.» - l)i 


' \ l-A/ 

This gives in the new notation 

W sin» “^' 

Ps^ (/“■) = sin 0 cos 6 (1 — sin^ 0)^ 
S./ (4>) = sin <p cos ^ (1 — cos^ q5>)^ 


.(17) 


The formulae (9) to (17) give the fifteen sets of three functions constituting 
the fifteen harmonic functions of the first three degrees. It would be easy, 
although somewhat tedious, to find the coefficient by which each function is 
to be multiplied so that its definition might agree with that of the previous 
paper 


* [Although the fourth harmonics are not required in this paper I may mention that I have 
obtained the values of cr in the same way with the following results. 

The equation corresponding to f = 4, .s = 0, where the type is EEC, may be written 

0-3 + 20a-2 + (64 - 208/32) cr - 2880/32 = 0 
The roots of this are , 0-42 — 22, 0 - 4 * — 42 . 


If we write (r = x — the cubic equation becomes 

ic 3 _ 5 0 A (1 + 3^32) ^ (1 _ 9^32) = 0 

If a be the smallest angle such that 


cos Sa=- 


85 

138 


1-9/32 
(1 + 3/32)8 



296 


SOLID HABMONICS IN KEGTANGULAB COOBDINATES. 


[11, § 3 


§ 3. Ecepressions for the Solid Harmonics in Rectangular 

Coordinates. 

The three roots of the original cubic equation were v^, /jJ^, 


in the new notation the three roots of 


c(r 


+ 


r 


— • /»2 4^2 c!T n 2 


— r — ^7 ,, -I — « - “r ^—c^K^ sirify are - o # 

ct>“— 1 /a;® cu® — 1 to® ^ A:-'Sin®i/r 

Hence it follows that we have the identity 

2 *,2 csT-nS 


1 . 1- a:'® cos® A 

o • ", , sm® d, 1 -- 

® sin® y}r /c® 


a;® 1/® ^® 

. _| il L 

*> < o -i * 


to® -1 /a;® 




to-* 


sin^ 7 


c® a:® sin® 7 


Putting co^ = 

/C 

tC® 7® 5:® „ . „ 

+ - a- 5 + c® sm® 7 

5 ® ^® — O'® ^® 


(l/zc® - to®) (1 -- to®) to® 


c® sin® 7 


(a;® — 5 ®) sin® 


(1 - sin* t) (l - 1 sitf (l - ^ eoa» 


the three roots of the equation in x are —p cos a, p cos (a=F60'^), where 

p = f 13^(1 +3p2)i 

By adding to each of these roots we get the roots of the equation in cr, and by proper 
choice of these roots we obtain the values of <r4, 0 - 4 ^^, a*, corresponding to the three cosine 
harmonics ^4®, with « = 0, 2, 4. 

However when /3=§, which as we have seen applies to the class of ellipsoids defined by 
c2=|f (a^ + b^), the cubic is soluble algebraically, and a; = 0 or ±§^^13. 

Whence for s = 0, cr = f (2 ^IB - 5) 

for s=2, <r= — -I 

for s = 4, er=f (7 — 2 <^13) 

For the sine harmonics of even rank we proceed from the equation for the case of s = 2. The 
equation is 

0-2+ 12o-=:28j3® 

and its two roots are 0-42, cr4* — 4® + 22. Hence we find for sine harmonics P4®, with s = 2, 4, 

0-42 = -6 + 6 

0-4^= 6-6^(H-^/32) 

For the cosine harmonies of odd rank we proceed from the equation for s = 1 ; it is 

0-2 + (8 + 10<r) = - 80;3 + 63^2 

The roots are 0-41 and 0-48 - 32 + 12. Hence we find for cosine harmonies P4®, with s = l, 3, 

<74!= - 4 - 5^ + 4 - fp + V-/32) 

0-43= 4 - 5)3 - 4 V(1 - S)3 + V-/3^) 

By changing the sign of /S, we have for the sine harmonics ^4*, with s = l, 3, 

< 74 ! = - 4 + 5/3 + 4 ^'(1 + 4/3 + V-iS®) 

<743 = 4 - 5)3 - 4 V(H- + ViS®)] 
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This expression, together with those for x, y, z in (8), enables us to write 
down the results at once. As before, I drop the several factors as being 
redundant for most purposes. 

From (9) 

(0 (/*) C. (,#.) = 0, p.Hi-) P.' W eta' W = 

( 18 ) 

From (10) 

(i') ^2 (/a) ^2 (</)) and ^2® (^) W 

! S/® — S' sin® 7 (19) 


. _lVl 


where g® = [1 + /c® + 

so that 

From (11), (12), and (13) 


-2!il = l-22^ 

/c® - <?® ^ 


From (14)) 

(>-) ^ M C 3 (0) and (x-) (/a) C,- (4,) 

= z(2V+J 

where o® = -I fl +«“ + (! — 


A _ g 2 


SO that 

From (15) 


q^q'^ 

a:® — q^ 


= 3 - 4g® 


Pa' (x-) Pa’ M ®a’ (■#■) and P.” (ix) P.» (ya) ®a’ (■#>) 

where = 4 (1 + 2a:® 4 (1 - 


q2q'3 


so that 

From (16) 


^ 


- = 1 - 42' 


W(x')W(/‘)Sa'(<if>) and ^a“(*') WO)i 6a“(^) 


, gV” ..a 




where 


>2- 

3g® 

1 - 

2g‘' 

2 " (v) 

CL 

2q2q'a 

sin® 7 ^ 


- 5g® 

^ 3- 

-42® 

iq2q'2 

sin® 7 ^ 

_ ^ 2 ? 

-52® 

^ 1 

- 42^ 


sin® 7 ^ 

2 ~ 

^2“ 

1 — 

22 “ 


.( 20 ) 


.( 22 ) 


.( 23 ) 


^3 = *< 1 - 22 ') 


so that 
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[11, §4 


Lastly, from (17), 

Ps^ (p) P.'j® in) S 3 ® (<^) = ccyz (24) 

It is easy to verify that each of these expressions satisfies Laplace’s 


equation. 


§ 4. Ths Expression for the Q-fmctions in Elliptie Integrals. 

In this paper I drop the factors and E which were found to be necessary 
when the Q-functions were expressed in series. 

We make the following definition: — 

° dv 


J V, 


- [W (»•)’] 

and a similar formula holds for P/ Q^®. 

It is clear that may he multiplied by any constant factor without 
changing the result ; hence we may use the forms which have been found in 
1 2 , 3 . 

The notation must now be changed. 

1 , 1 


We have v 


and vq = 


Therefore, when ■\p' is adopted as 


K sin 'yjr ” /c sin y 

variable, the limits are 7 to 0 , and the sign of the whole is changed. 

cos 'yfr 


But 


dv 


d-^ 


and 


K sin^ yfr 

( 1,2 _ f 2 _ 1 + _ cos ^ (1 — a;° s in'^ T^)^ 

V 1 — sjn 2 ^ 


Therefore 


r dv p 

O'" - 1)* ~ * Jo (I" 


d'yjr 
sin“ 

In accordance with the usage in elliptic integrals, I write 

= 1 — s£ji2 

under the integral sign, or 1 — ^ outside the integral. 

I shall also for brevity write 

== 1 — gr2 gjjj2 ^ 

under the integral, or 1 — gjj ^2 ^ outside the integral. 

We have then 


W (Vo) (vo) = « 

Jo 


d'yjr 


to the se'4ral functions, as given in ( 9 ) 

reiterate thp qn ' i abridged notation just defined, but I do not 

reiterate the special meanings to be attached to the symbol ^ in each case 
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Since ]po (v) = 1, we have (dropping the now unnecessary suffix 0 to v), 

^0 (p) ^0 (p) ^ J ^ 

Pi^ {p) Qi^ (p) = K cot^ 7 [ dyjr 

Jo ^ 


y tan^ '\}r 


{y) (v) 


Cy sin’^ 'yfr 
sin^ryjQ A* 


^2 {p) (p) And (y) €^2® (y) == 


/cAj^ p sin'^'ylr 

Binary Jo Ai‘‘A' 


D 1 / \ /-N 1 / \ ^ cos^ 7 fy sin^ j , 

Ps^ (v) Qa^ (v) = - . , / ?-7~ 

^ ^ \ / sm^7 Jo cos^ylrA 


sin^ 7^0 cos^ -^A 

kA^ fy sin"* 'Jr j 

srjo 

KCOS^yA^fy sin* ^fr 


...( 25 ) 


WW®2'W 




« «a, w and (v) W 


/cAi* p sin°T/^ 
sin® 7 Jo Ai*A 


-ir^o^N^o/s fc cos“ 7A1* fy sin® -dr 
P,' (•') Qs' W and P,> (v) Qi‘ M = 55 ?^ 


(i^) -^3^ (v) and ^3® (:.') <5^3® (v) = 


sin® 7 y 0 A 

a;Ai* A® fy sin® , 


sin® 7 7 0 Ai* A® 


3 (p) s (p) — g-j^e J^ QQg2 


a - g-^« ^ J ^ -T ; 

All these integrals are expressible in terms of the elliptic integrals 


^ r Adyfr, 
Jo 


It will, however, be found that in fact the coefficient of II vanishes in 
every case. 

The cases of i — 0 and ^ — 1 are very simple, and we have 

P,i = /c cot® 7 f i A tan 7 - -^ JS-) 

\J^ fC / 

= TA f_ 1^.+ 


Sim 7 \ K 




k^A 
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although to verify the following results, 

although the verification will be found pretty tedious. 


J A ^ 2q^q'^ («2 _ ^2) 


n + 


2q' 


2q^q'-^ 


■F- 


B 


sin^ T . 1 ^ 1 — 2/c^ _ 1 

cos^^ = - “2^ + — 2^/2 - ^ A tan 


/< 

h 


2eV(*’-2') 

^ A sin cos "F 


^ ^ rr sin cos '\lr 


A® ■ 1C* 

= J_P_1 +»•„ , taii.V,„ „ 

oos’'|/'A* ^ ~ 

These are all the integrals needed for the harmonica of the second degree. 
In the case of the first we have ° 

j^, 2 _q 3 

^ 1-2V 

Thus the coefficient of 11 vanishes and the results are 


^2(1') ^2(1^) and ps"" (i/) 4V 

sin^7 [_ 2q*q'^ 


^2 1 

-F ^ 


2f 


2q*q'* 

(1 — 2 g^) A sin 7 cos 7' 


E 


+ 


P2^ Q2^ (»^) = 


sin^ y \_ K 


-V-h' 


2/c® E, 1 . 

.3 ,,''2 "i ~2 ^ 7 


2q^q'*\^ 


K^K 




/cA® 


sin^ 7 


2 „ 1 4- Ac'2 


/c* 


k*k'^ 


K 

sin 7 cos 7 


sm^7 

In the first of these 


F- 7? , tan 7 (2 - (1 + k^) sin^ tyV 

K^k'* 


— F [1 + + (1 — ] and == (72 ^ 

i T 0 /t,2 
•I 

The following integrals may also be verified by differentiation: 
f ~ - V) ^ , 2gY2^.^2^3_4 S') 

— - ~ ~ '^q^q'^ ^ A sin F cos "F 


/; 


.( 26 ) 


sin^i/r 


cos® V^Ai^A 


(/C® - q^) “ + ■ 9 rv 4^/4 


2q*q 


F 


+ + ^-^ - ^i2i£21± 

^ ^ ““ Q J ^ 0.rw^4 / .J1 -.0\ A 


* * 9 '* 29'* (*• _ ja) A," 


( 27 ) 
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r sin« -yjr _«"(!- 2q^) ~q^(4<- 5(f) 2q‘^q'^ - /c" (1 -J^q^) ^ 

J ^ ^ ” 2q^q'^{K^- q^y 2«V5'" 

2ff-\-K^K^ sim/rcosT^ _ A sin c os yfr 

O ..2 - '2 ^2 f .12 ^ ^¥\2 A / ,-2 av 2\2 A 2 ^ / 


2k^ q^ f‘^ (/c‘^ - q^y k'^ {k^- q^y A 2 q'^ (fc^ - q^y Ai 

f ain’^tr _ 2 - «» _ 2 (1 - «»«'«) ^ sin ./»■ COS ^ A tan T|r 

j ^/^o 2 A3 ^ r ~ ' 


/c^ /c'® 


k^k'^ 


cos® yjrA^ 

Now in (26) we have to put 


JS + 


K‘ 


’a:^^A 


K 


(29) 


in (27) 
and in (28) 


^ 4 — 59 ® 

2 — 5o® 

a :® = o ® “ 

^ 1 — 42 ® 

^ = „= ^-^ 9 * 

* l-2g» 


Introducing these values, and taking the integrals between the limits 7 
and 0 , we find : 

/cAi 

J # f ' -^— . , 

2(c^q*f 

(4iq'^ — 1 ) A sin 7 cos 7 ] 

~2ff Ai® 

and p 9 Q ■» ^ 7 ^/ ( 42® -1 j, 1 - Sg® - 2g^ ^ 

Hs Q3 and P3 Q3 - ” ^ I 2^4^/4 ^ + 2«'®2^2'^ 


33 ^ and 33 ® ^ ® — J ^ ^ ^ "* + 1 ^ 

^3^3 and ^3 -sin«7|2A:®2^2'"^ 

+ rb A ../A ^ 2 


-} (30) 


/I — 7^“ — (1 — 5g® — ^f) sin® 7 \ A tan 7 ] ^ 

V ) Ay J 


72 / 7^2 


- sin« 7 i 
/I - 63 = + 63 - 

[ 6 «®g^g'^ 

‘ — g® (2 — llg®g''®) sin® 7 ) 

6 /c®/c'®g^g'^ 
sin 7 cos 7 ] 

\ 6 /c'®g^g'^ / 

' AA,® j 




(32) 


py Qy = JF _ E 

sin*^ 7 ( /c^/c'® /c^/c^ 

'1 4- /c® — (1 + /c^) sin® y\ tan 7] 


(- 


k^k'^ 


In (30) 
In (31) 
In (32) 


V"A 

f = I [1 + /.^ + (1 - 4 - «-‘)i], a:® = g® 

g" =^[1 4 - 2 /c® + (1 - /c® 4 - 4 «^)^], ac 3 ^ g,2 2 

g" = i [2 4- /C® + (4 - a;®a:'®)^], AC" == q 


.(33) 


4 g® 

,2 4 


1 - 2 g® 

[The expressions for the functions of the second kind will be generalised 
so as to be applicable to any order and rank in | 19 of Paper 12 , p. 369.] 
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§ 5. Bifurcation of Jacobi’s Ellipsoid. 

If a mass of liquid be rotating like a rigid body about an axis, x, with 
uniform angular velocity to, the determination of the figure of equilibrium 
may be treated as a statical problem, if the mass be subjected to a potential 

{y^ + z^'). 

The energy lost in the concentration of a body from a condition of infinite 
dispersion is equal to the potential of the body in its final configuration at 
the position of each molecule, multiplied by the mass of the molecule and 
summed throughout the body. In the proposed system, as rendered a 
statical one, it is necessary to add -f z^) to the gravitation potential 

before making the summation. If A denotes the moment of inertia of the 
body about a?, this latter portion of the sum is and is therefore the 

kinetic energy of the system.- 

If dwi, cZwa denote any pair of molecules and the distance between 
them, and E the energy lost, we have 

If the system had been considered as a dynamical one, the expression for 
the energy of the system, say U, would have resembled that for E, but the 
former of these terms would have presented itself with a negative sign. 

It is clear that the variation of ^Aco^, when the moment of momentum is 
kept constant, is equal and opposite to the variation of the same function 
when the angular velocity is kept constant. 


The condition for a figure of equilibrium is that E shall be stationary for 
constant moment of momentum, or E stationary for constant co, in both cases 
subject to the condition of constancy of volume. The variations in question 
lead to identical results, and I shall proceed from the variation of E. 


If 


T' = 


du 


the internal potential of an ellipsoid of mass M and semi-axes a, h, c is 


iM 


x^ d^ rJ'SF z^ d"^ 

W J L u. 

a da b dh c dc 


Now if Ay B, G denote the principal moments of inertia of the ellipsoid 
about X, y, z, 

Jx^dm = ^ (G + B — A) — ^Ma^ 
and similar formulae hold for the two other axes. 
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Therefore 


ij 


doyiidm^ 


= §ikf2 


I cZT' , d'^ \ 


] 


But since 'T' is a homogeneous function of degree — 1 in a, h, o, the sum 
of the three differential terms is equal to — 'T'. Hence this expression is 
equal to 

Since ^Aco^ = r^M {h^ + c^) w® 

we have E — A-ilf ^ f'T' ^ ^ 


3M 


&>“ 


If E be varied, whilst ahc and a> are constant, it is stationary if 


da 


SaH- ( 


d-<ir ^ ‘ 
\dh "’"Silf" 


hi) -f- 


\dc 


, . 
■^3if" 


Sc = 0 
J 

ha hh ho f. 

1- -I — = u 

a b 0 


Eliminating ha, hb, he we have the well-known conditions for Jacobi’s 
ellipsoid 



= a 


7^ 

dT' 

3ilf “ 

da 

0 

db 

2co^c^ 


dT' 


d^ 

3M ■ 

- a 

da 

— c 

dc 


1 

( 

d^F 

— c 



da 


^ « • f • I 


.(34) 


If we add together the first two of these, and avail ourselves of the 
property that 'T' is homogeneous of degree — 1, we easily prove that the 
stationary value of jB’ is 


E — 


-ha 


da 




Since the potential of the ellipsoid must satisfy Poisson’s equation 

A 

abc 


•h 7-TT + 


ada bdb 


Also 


ede 

d'^ 


d^ 1 d"^ w jc -Ty, 

a----\-b-jr+c-^=-'¥ 

da db dc 


By means of these and two out of the three equations (34), we may 
eliminate the differentials of and writing p for the density find 


a)-‘ 
277 p 




/h2. \ A 


.2\ f 


1 . 

J L. 




.( 85 ) 


a 
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I do not happen to have seen this form for the angular velocity of Jacobi’s 
ellipsoid in any book. 


It is easy also to show that the stationary value of B may be written 

^ — 2 


B — 


'(6^ + c.)(l + l + l)_4l.T. + 


ahc 




W^e may now express the potential, say T^, of the system entirely in terms 


of and a , for 
da 


>■- •" [» * ? S * S (• If - S’) * S (. £ - 3^-)] . 

We thus verify that V is constant over the surface of the ellipsoid. 

Let g denote the value of gravity at the surface. Then if dn be an 

element of the outward normal, o = _ Since 

dn 

^_poc dy _py dz pz . 1 oc^ ^2 

dn--^-> d^-T-^ ^ = + + 

wehave ? ||f> (5 + ^ + 1) = -|f a 


p da 


Now change the notation and write 

1+;S 


Then 


a? ~ , h^ — k^ (y^ — 1), c® = Ic^v^ 

u = k^ {v^ — v^') 
xp _ 2 /*” dv 




2/ 


^ da~ k V° 


I + /3 \ r‘” dv 


Now 


1-^1)* (v’’- 1)4 

PJ(r) = (r=-^)4 


(r.) flfc* (v.) = (r,)]> J 


l-yS. 

dv 




and 
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so that 


and 


'I' = I (".) ®. (>■.) 

^ da ~~Tc ^ 

O /I f 

PxKr^o) Qd (^o) ^ 


(36) 


We may note in passing that the condition for a Jacobian ellipsoid (the last 
equation of (34)) is reducible [as shown in (22) of Paper 8, p. 123] to the form 


/cA^ fy sin'* -xlr 
sin^^Jo A® 


, , 4-2 ['*' J I 

cL'\Jr = K cot® y I — /i" '' ' 

J 0 A 


On examining the series of functions given in (25), we see that it may be 
written 

^1^2^ (^^o) (*^ 0 ) ~ Pi^ (Po) (*^ 0 ) 

This agrees with M. Poincar4’s equation (1) on p. 341 of his memoir. 


We will now suppose that the body, instead of being an ellipsoid, is an 
ellipsoidal harmonic deformation of an ellipsoid, which is itself a figure of 
equilibrium for rotation &>. 


The addition to JE will consist of three parts; first that due to the 
mutual energy of the layer of deformation ; secondly that due to the ellipsoid 
and the layer ; thirdly that due to the change in the moment of inertia. 

If a subscript I denotes integration throughout the space occupied by the 
layer, U the potential of the ellipsoid, and dv an element of volume. 



+ f ITpdv + f (y® -h pdv 

■^12 J I J I 


If f denotes the thickness of the layer standing on the element dcr, the 
first of these terms is ^p^J . 

The value of ?7 + -let)® (y® + 2 ;®) throughout the layer is equal to Yo — g^', 
where Fo is the constant value of 27 -f- -J-co® (y® + ^®) over the surface of the 
ellipsoid, and is the distance measured along the normal to the element 
d^'dcr of volume. 

Hence 

j Updv +wf (y‘ + pdv =JJ‘p(V.-ffS')dl'da- 

Since Fo is constant and the total mass of the layer is zero, this is equal 
to — ^p jg^^dcr. 

It follows that 

n. HI. 20 
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THE BIFURCATION OF JACOBl’s ELLIPSOID. 


1. J 


The axes of the ellipsoid have been chosen so as to make our original 
E stationary, and the further condition to be satisfied is that hE shall bo 
stationary. 

Let us suppose that ^ 03// (^) 

which expression shall be deemed to include any one of the other types of 
harmonic. 

Then it is shown in (51) of “Harmonics” that the potential of this layer 
at the surface of the ellipsoid is 

^ « W W ©i* (n) W W CE/ (0) 

Since the mass of an element is 'pep ^/ (/a) GD/ ((ji>) da, we have 

With the value of g found in (36) 

j 9^“ do- = f —j9 P/ (vq) Q/ (vo) J[^/ (ytfc) (£D/ (c^yj^pdcr 

Hence 


- 1 ^ (^.) Q.' (..) [ 1 - I cc . 

In order that the new figure may be one of equilibrium, this expression 
must be stationary for variations of e It follows that wo must either have 

^ y wiiicJi lGa.ds boick to Js^cobis cllipsoidj or bIsc 

1 - W(^o)@/(^^o) _ ri 

P/ M Qi^ {Vo) 

of staMUte* is what M. Poincar^ calls the vanishing of a coefficient 

e^raW weW W W W = Pd W Q.* (r,), but also this 

found by attributing to “-brtrLy\Tsmail’ ^1^“ 

degree of the her JS/wuf ol" ta hie form 5te“coUlaim mUled m 
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§ 6. The Properties of the Successive Coefficients of Stability. 

Corresponding to each harmonic deformation of the ellipsoid, there is a 
coefficient of stability of one of the two forms 

1 _ (^o> (^ o) P/ (^o) Q/ (^o) 

“p.‘ (>-.) Q.> ("-o) pTwqT^) 

These coefficients may be written Wi% or K/ according to an easily 
intelligible notation. The Jacobian ellipsoid is defined by vq, and the question 
arises as to the possibility of the vanishing of the several ?8t’s as Vo gradually 
diminishes from infinity, that is to say, as the ellipsoid lengthens. 

An harmonic of the first order merely denotes a shift of the centre of 
inertia along one of the three axes ; one of the second order denotes a change 
of ellipticity of the ellipsoid. Since we must keep the centre of inertia at 
the origin, and since the ellipticity is determined by the consideration that 
the ellipsoid is a Jacobian, these harmonics need not be considered,' and we 
may begin with those of the third order. 


I shall not attempt to follow M. Poincard in his masterly discussion of the 
properties of the coefficients of stability*, but will merely restate in my own 
notation the principal conclusions at which he has arrived. 


1st. The equation 


Pi^ (v) QJ (v) — (v) (v) or P/ (v) Q/ (v) — 0, (^ > 2) 

is not satisfied by any value of v between 1 and infinity, if or Pf is 


divisible 


by 


1+S\^ 


It appears from the forms of the functions as 
that the P functions are so divisible. These 


given in § 4 of “ Harmonics 
functions apjiertain to the types EES, OOC, OES, EOG, and therefore the 
ellipsoid cannot bifurcate into deformations of these types. 


2nd. The equation has no solution if is divisible by 1)'^. We 
again see from § 4 of Harmonics ” that is so divisible if it is of the types 
OOS, EOS. Hence the ellipsoid cannot bifurcate into these types. The 
only types remaining are EEC, OEC. 


3rd. The equation has no solution if any of the roots of ^/(i') = 0 lie 
outside the limits + 1 to — 1. The only of the types EEC, OEC which 
has all its roots inside the limits + 1 to — 1 is the zonal harmonic for which 
5=0. 


Hence the ellipsoid can only bifurcate into a zonal harmonic. 


Sections 10 and 12 of his memoir. I have to thank him for saving me from making a 
serious mistake in this portion of my work. 


20—2 
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4th. The equation 

= 0 > 2 ) 

must have a solution between 1 and infinity for all values of i. 

It follows from these four propositions that the Jacobian ellipsoid is stable 
for all deformations except the zonal ones, and that as it lengthens it must at 
successive stages bifurcate into each and all the zonal deformations. 

5th. As the ellipsoid lengthens, the first coefficient of stability to vanish 
is that of the third zonal harmonic. This stage is the end of the stability of 
the Jacobian ellipsoids, and there is almost certainly exchange of stability 
with the pear-shaped figure defined by this harmonic*. 

6th. It has not been rigorously proved that there is only one solution of 
the equation = 0 even in the case where i = 3, but M. Poincard believes 
that this is almost certainly the case. 

7 th. The functions 

W(^)] WWj 

or I X or V -- or V x or V 

P/(ro)J P/(r)) P/(x.)J Pi*(i^o)) 

have always the same sign as v increases from vq to infinity, provided that s 
and t are both greater than zero, and i greater than 2. 

The seventh of the preceding propositions renders it easy to determine 
the relative magnitudes of all the Wi’s belonging to a single degree i. 


In what follows I may take the symbols ^ as including also P, Q. 
Now IBt/ > = < 


Q'S, (vo) (vo) — (vo) (vo) < = > 0 

If we express the ^’s in terms of integrals this becomes 

r WT a^^ = >o 

- [??/ (■') W «? - 1)^ - g|) - 

The seventh proposition shows that when s and t are greater than zero, 
and i is greater than 2, all the elements of the integral have the same .s.ign. 
Hence the question is whether 




> 


(I'o) 


(^) ^ w 

Therefore we have to arrange all the iii descending order of 

magmtude, and shall thereby obtain the non-zonal lEt’s in ascending order. 


* [See Paper 12.] 
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I wish first to show that these coefficients may to a great extent be sorted 
by considering the inequality 

= (*=1,2,3.... i; i=l,2.3..., i) 

Ft {v) Jr/ {v) 

Suppose, if possible, that whereas, for the ellipsoids defined by yQ, v, vo, 

W ("•) , ("«) I”*' (^o) ^ P*' (y«) 

(0 W « ’ ^ P? (0 Pi' w 

Then there must be some value of yS for which 

(vo) W(^) == W (^) W (^o) 
for all values of v greater than Vq. 

It is almost obv'ious that there is no one value of /9 which renders this 
equation possible ; but consider for example the case of 5 = 2, ^ = 0. 

Now 

^ 3 ^ (^) + F./ (v), (v) = F, (v) + (v) 

If we substitute this in the equation we find 

P/ (uo) Pa (p) = P/ Pa (vo) 

This can only be satisfied by = po, and hence the hypothesis is negatived. 
Similarly the assumption of other values of s and t leads to an impossibility. 

Thus we may consider the P functions in place of the ^ functions. 

Consider the inequality 

,•84-1 


> - < P*'""' W for * 
Pi* W Pi'"-' « ’ 


1 , 


If the inequality is determined for any value of v, it is determined for all 
values. Now when p is very large 

Si! - 2»! 


P/ (0 


III 


s 


1 ! 


;P 


2’’’ il i — si 
Hence our inequality becomes 

(i - s) P/ (^o) > = < P/"^^ (i^)) 

This inequality is of the same kind for all values of pq. Now P/ (po) 
involves the factor (I'o® — 1)”^® and P/"^^ (pq) involves (vo^ — 1)^^^"'"^^. Putting 

therefore i'(t = l + e, the left-hand side involves and the right 

follows that unless s is equal to i the left-hand side is greater than the right; 

but s is necessarily equal to ^ — I at greatest. 


Therefore 




Ft (v) P/+^ (p) 

Hence K’s with smaller s are less than those with greater s. 
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It remains to discriminate between the two sorts of P-functions which 
occur in ellipsoidal harmonic analysis ; that is to say we must determine 

Since the /3 of “Harmonics” is equal to /c'®/(2 — k'^) in the present notation, 
when /3 and k' are small, we have by the formulae of that paper 

(v) = Pi® (v) ■+• (v) + (v)-\- ... 

P<* (0 + (v) + ^ P/-’ (0 + - 

When V is very great and /c' very small = P^®, so it suffices to determine 

the inequality 

M > = < Pi® (vo) 

and this may be considered for any value of Vo greater than unity. By taking 
i/q very large and k' very small the inequality becomes 

=<(..=- if 

or !> = <«: 

But /c < 1, hence the first sign holds true and 

jPi® (vq) Pi®(vo ) 

$i® {v) Pi® (v) 

whence IBt/ < Ki® 

Thus it follows that for order i 

?£ti^ < Ki^ <Wii<Ke...< > < K/ 

The order of magnitude of these coefficients is therefore completely determined. 

As confirmatory of the correctness of this result it may be mentioned that 
I find that when y = 69° 50' and k = sin 73° 56', 

m3^ = -l765, Ksi=-2990, ^8" = -4467, K3^ = -4550, 1^3® = '6719, K3® = -5876 

When ry = 75° and k = sin 81° 4' (another Jacobian ellipsoid) the numbers 
run T30, -224, *460, -465, ‘604, *614. 

We see that for the harmonics of higher order the ellipsoid is more stable 
than it was and for those of lower order less stable. 


P/ (v) 
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I 7. The critical Jacobian Ellipsoid. 

From a number of preliminary calculations I saw reason to believe that 
the critical ellipsoid would be found within the region comprised between 
7 = 69° 48' and 69° 50', and sin”’^ k — 73° 52' and 73° 56'. 

If we write 

N E z'., , sin^ 7 cos"^ 7 \ /c^ sin 7 cos 7 (1 + /c® sin^ 7 ) 

f(y, sm = (1 + ) - (2F - E) - 

where the amplitudes of E and F are 7 and their moduli k, the existence of 
the Jacobian ellipsoid is determined by 

y (7, sin“^ k ) = 0* 

The coefficient of stability is 

The formulae for computing Wis are given in § 4. 

The values of E and F are from Legendre’s tables. 

Now I find 

/(69° 48', 73° 52') = + -000191 ; /(69° 50', 73° 52') = + -001319 

/(69° 48', 73° 56') = - -001186 ; /(69° 50', 73° 56') = - -000031 

m3 (69° 48', 73° 52') = 4- -001058 5 m3 (69° 50', 73° 52') - - -000885 
m3 (69° 48', 73° 56') = 4 - -000655 ; m3 (69° 50', 73° 66 ') = - -000765 
By interpolation we get the following results : — 

The Jacobian ellipsoid is given by 

(y _ 69° 48') - -59642 (sin-^ k - 73° 52') 4 -33091 = 0 
The vanishing of the coefficient of stability is given by 

(7 - 69° 48') H- -041625 (sin-^ /c - 73° 52') - 1-0890 = 0 
In these equations the minute of arc is the unit. 

Solving them I find 

7 = 69°48'-997 =69° 49'-0 
sin -1 ^ = 73 ° 54'-225 = 73° 54'-2 

With these values I find that the three axes a, h, c, where ahc — a** are 

a 
a 
h 
a 


= -650659 
-814976 


- = 1-885827 
a 


The last place of decimals in these is certainly doubtful. 

* See [Paper 8, equation (16), p. 122] where the formula is reduced to a form convenient for 
computation. 
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The formula for a>^ is given in (35). 

Now 

h — CK sin <y, ^ 0 ( 3 ^ 0 ) ^0 (i^o) = 

Then since a — c cos 7, & = cA, 

0)2 _ 2FA cot 7 - r+A-Hsec':iY 

27rp 1 4 . A 2 ® 

^ ^ ^ H-A-3+see“y 

In this formula, F, 7 , A must correspond with values interpolated amongst 
those used in obtaining the solution. 

From this I find 

~ = *1419990 = *14200 

27rp 

In the paper on the Jacobian ellipsoid referred to above the moment of 
momentum is tabulated by means of /z, where the moment of momentum is 

(•| 7 rp)^a®ya. The formula for fju is given in (31) [p. 127] of that paper, and, 
modified to suit the present notation, is 

3^ ji / ct)2 

/. = -j(Acos7) S(1 + A»)(_) 

For the critical ellipsoid I find p, = *389570. 

A table of the numerical values for a number of Jacobian ellipsoids is 
given on p. 130, but I now give as a supplement to that table the various 
data for the critical Jacobian ellipsoid as follows :• — 

The critical Jacobian Ellipsoid. 

7=69° 49', sin -I k = 73° 54', cos-iA=64° 24', a/a = *65066, 6/a=*81498, c/a = l*88583, 

«2/27rp = *14200, /x= -38957 

In order to determine the question as to whether or not it is possible that 
HBts = 0 should have another solution than that found in this section, I have 
computed the value of this coefficient for the Jacobian ellipsoid 7 = 75°, 
a: = sin 81° 4''*4, and find it to be —6*627. From the manner in which the 
numbers in the computation present themselves, it is obvious that for more 
elongated ellipsoids Wis will always remain negative, and will become 
numerically greater. I have therefore not thought it necessary to seek for 
an algebraic proof that there is no second root of the equation. 

Very long Jacobian ellipsoids tend to become figures of revolution, and 
the coefficients of stability tend to assume the forms 

Pi (v) Qi (v) 
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The forms of these functions are well known, and I think that fair approxi- 
mations to the incidences of the successive figures of bifurcation might be 
derived from the vanishing of this expression. 


For example 


Px" {p) Qx^ (l') = i 



F 4 {p) Q 4 (p) — 


{S5p^-S0u^ + S) log -^v{21v^-ll)(S5v^-30v‘^ + S) 


I have not, however, attempted to solve the equation found by equating these 
two expressions to one another. 


Even when i = S and y = 69° 49' (the critical Jacobian) this rough approxi- 
mation makes the coefficient of stability very small, but it is to be admitted 
that and P 3 Q 3 differ very sensibly from PJ (r) Qi^(»’) and ^ 3 (i')^ 3 (v), 

although in such a way that the errors compensate one another. 


§ 8 . The pear-shaped Figure of Equilibrium, 

By ( 21 ) the normal displacement Bn for the third zonal harmonic deforma- 
tion may be written 

z — q~x^ — (3 — Aiq^') — c^q^q'"^ sin® 7 ] 
c^q'^ {1 — <f sin® 7 ) (ai^j cos^ 7 + + z^)^ 

subject to the condition 

00^ V ® 

I /v2 ^*1 


Bn 




008=^7 A® 

The expression has been arranged so that when x — y=:0,z = c, we have 
Bn = e. Hence -f e and —e are the normal displacements at the stalk and 
blunt end of the pear respectively. 

In the section y == 0 , this may be written 

Sn = ^ ^ . z^z'^-d^q’^') 

q''^ ' (c® - 0 ® sin® 7 )^ 

The nodal points are given by ~ ± q = ± '758066. 

0 

In the section x = 0, since /e® = q^ , it may be written 

o — 

^n— ^ ~ z (yc^ z‘^ — (f) 


2 " ' c® a;® (c® - a:®^® sin® 7 )^ 

The nodal points are given by - =± — = ±'788986. 


K 
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The section a == 0 is obviously another nodal line for all sections. 

By means of these formulse it is easy to compute the normal displacements 
from the surface of the critical Jacobian. 


A 



OA = -65066, OB = -81498, 00 = 1-88583; ^ = -14200, ^ = -75806, ^^- = -78899. 


The figure above showing the three sections a? = 0, y = 0, a = 0, is drawn 
from these formulae, the dotted line being the critical Jacobia’n and the firm 
line the pear. The scale of the normal displacements is, of course, arbitrary. 

Comprison with M. Poincare’s sketch shows that the figure is considerably 
longer than he supposed. 


In this first approximation the positions of the nodal lines are independent 
o e magnitude of e, and they he so near the ends that it is impossiblo to 

t ‘1° “ “quires a 

f exaggeration 

would afford us some idea of the mode of development of the pear. 

DrindnS^o7rvX*’’'^ has remarked* that it is not absolutely certain that the 
wreanL fe J rf reference to this figure, and that 

that X moment n°f ^^ “T P™™ 

that the moment of momentum is greater than in the critical Jacobian. 

Theorie dee Gleiohgewichl,,- Annalen der K. MUnchen, 
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With reference to this objection, M. Poincar4 writes to me as follows 

“Faisons croitre le moment de rotation, que j’appellerai M. Deux hypo- 
theses sent possibles. 

“Ou bien pour M < Mo (the moment of momentum of the Jacobian), nous 
aurons une seule figure, stable, k savoir Tellipsoide de Jacobi, et pour M > Mo 
trois figures, une instable, Tellipsoide, et deux stables (d’ailleurs 6gales entre 
elles), les deux figures pyrifqrmes. 

“Ou bien pour M<Mo, nous aurons trois figures d’4quilibre, deux pyri- 
formes instables, une stable, Fellipsoide, et pour M > Mq une seule figure 
instable, Fellipsoide — auquel cas la masse fluide devrait se dissoudre par un 
cataclysme subit. 

“II y a done verifier si pour les figures pyriformes, M > ou < Mq.” 

It seems very improbable that the latter can be the case; but this opinion 
is not a proof*. 

Since co^ is stationary for the initial pear, a small change in the angular 
velocity will certainly produce a great change in the figure of the pear. If 
this investigation has, in fact, its counterpart in the genesis of satellites and 
planets, it seems clear that the birth of a new body, although not cataclysmal, 
is rapid. 


I 9. Summary. 

It is possible by the methods explained in my previous paper on “Harmonics” 
to form rigorous expressions for the ellipsoidal harmonics of the third degree. 
Accordingly in § 1 I proceed to form those functions. In § 2 the notation is 
changed with a view to convenience in subsequent work, and for the sake of 
completeness the harmonics of the first and second degrees are also given. 
In I 3 the corresponding solid harmonics are expressed in rectangular co- 
ordinates X, y, z. In § 4 I find the Q-functions, the harmonic functions, of the 
second kind, and express the results in terms of the elliptic integrals E and 
F. It appears that both the P- and Q-functions of the third degree of 
harmonics occur in three pairs which have the same algebraic forms, and that 
in each pair one of them only differs from the other in the value of a certain 
parameter. There is, lastly, a seventh function which stands by itself; this 
last corresponds to the solid harmonic xyz. 

In § 5 the equations for Jacobi’s ellipsoid are determined by the con- 
sideration that the energy must be stationary, and the superficial value of 
gravity is found in terms of the appropriate P- and Q-functions. I then 
proceed to find the additional terms in the energy when the mass of fluid is 


[It is denied by M. LiapounofE as will be seen in Paper 12,] 
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subject to an ellipsoidal harmonic deformation. This section is a paraphrase 
of M. Poincare’s work, hut the notation and manner of presentation are some- 
what different. The additional terms in the energy are shown to involve a 
certain coefficient, which is called by M. Poincard a coefficient of stability. 
It is clear that when any coefficient vanishes we are at a point of bifurcation, 
and the particular Jacobian ellipsoid for which it vanishes is also a member 
of another series of figures of equilibrium. 

In § 6 the principal properties of these coefficients, as established by 
M. Poincar4, are enumerated. He has shown that the ellipsoid can bifui*cat(3 
only into figures defined by zonal harmonics; that it must do so for all 
degrees, and that the first bifurcation occurs with the third zonal liarnionic. 
The order of magnitude of the coefficients of the several orders and of the 
same degree is determined. A numerical result seems to indicate that as 
the ellipsoid lengthens, it becomes more stable as regards deformations of the 
third degree and of higher orders, and less stable as regards the lower orders 
of the same degree. 

In § 7 the numerical solution of the vanishing of the coefficient corre- 
sponding to the third zonal harmonic is found, and it is shown that the 
critical ellipsoid has its three axes proportional to -65066, -81498, 1-88588, 
and that the square of the angular velocity is given by &)727rp = '14200. 
The nature of the formula for the third zonal coefficient of stability seems to 
show that it can only vanish once — a point which it appears that M. Poincard 
found himself unable to prove rigorously. 

A suggestion is made for the approximate determination of the bifurca- 
tions into the successive zonal deformations, but no numerical results are 
given. 

In § 8 the nature of the pear-shaped figure is determined numerically, 
and the reader may refer to the figure above, where it is delineated. It 
will be seen to be longer than was shown in M. Poincard’s conjectural 
sketch. 

If, as M. Poincare suggests, the bifurcation into the pear-shaped body 
leads onward stably and continuously to a planet attended by a satellite, 
the bifurcation into the fourth zonal harmonic probably leads unstably to a 
planet with a satellite on each side, that into the fifth to a planet with two 
satellites on one side and one on the other, and so on. 

The pear-shaped bodies are almost certainly stable, but a rigorous and 
conclusive proof is wanting until the angular velocity and moment of 
momentum corresponding to a given pear are determined. Further approxi- 
mation [which is carried out in Paper 12], is required to determine the 
stability. 
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Introduction. 

By aid of the methods of a paper on “ Ellipsoidal Harmonic Analysis ” 
[Paper 10] I here resume the subject of the immediately preceding paper 
[Paper 11]. These papers will be referred to hereafter by the abridged titles 
of “ Harmonics ” and “ The Pear-shaped Figure.” 

At ’the end of the latter of these it was stated that the stability of the 
figure could not be proved definitely without approximation of a higher order 
of accuracy. After some correspondence with M, Poincar4 during the course 
of my work, I made an attempt to carry out this further approximation, but 
found that the expression for a certain portion of the energy entirely foiled 
me. Meanwhile he had turned his attention to the subject, and he has 
shown {Phil. Trans., A, Vol. 198, pp. 333 — 373) by a method of the greatest 
ingenuity and skill how the problem may be solved. He has not, however, 
pursued the arduous task of converting his analytical results into numbers, 
so that he left the question as to the stability of the pear still unanswered. 

M. Poincar^ was so kind as to allow me to detain his manuscript on its 
way to the Royal Society for two or three days, and I devoted that time 
almost entirely to understanding the method of his attack on the key of the 
position — namely, the method of double layers, expounded in my own 
language in § 9 below. Being thus furnished with the means, I was able 
to resume my attempt ‘ under favourable conditions, and this paper is the 
result. • 

The substance of the analysis of this paper is, of course, essentially the 
same as his, but the arrangement and notation are so different that the two 
present but little superficial resemblance. This difference arises partly from 
the fact that I desired to use my own notation for the ellipsoidal harmonics, 
and partly because during the time that I was working at the analysis his 
paper was still unprinted and therefore inaccessible to me. But it is, perhaps, 
well that the two investigations of so complicated a subject should be nearly 
independent of one another. 

It is rather unfortunate that I did not feel myself sufficiently expert in 
the use of the methods of Weierstrass and Schwarz to evaluate the elliptic 
integrals after the methods suggested by M. Poincar4, but every exertion has 
been taken to insure correctness in the arithmetical results, on which the 
proof of stability depends. My choice of antiquated methods of computation 
leaves the way open for some one else to verify the conclusions by wholly 
independent and more elegant calculations. It is highly desirable that such 
a verification should be made. 
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As the body of this paper will hardly be studied by any one unless they 
should be actually working at the subject, I give a summary at the end. 
Even the mathematician who desires to study the subject in detail may find 
it advantageous to read the summary before looking at the analytical 
investigation. 


PART I. 

Analytical Investi’gation. 

§ 1. Method of Procedure. 

The pear-shaped figure is a deformation of the critical Jacobian ellipsoid, 
and to the first order of small quantities it is expressed by the third zonal 
harmonic with respect to the longest axis of the ellipsoid. In the higher 
approximation a number of other harmonic terms will arise, and the coefficients 
of these new terms will be of the second order of small quantities. The mass 
of an harmonic inequality vanishes only to the first order, and it can no 
longer be assumed that the centre of inertia of the pear coincides with the 
centre of the ellipsoid. 

In order to define the pear, I describe an ellipsoid similar to and concentric 
with the original critical Jacobian ; this new ellipsoid is taken to be sufficiently 
large to enclose the whole of the pear. It is clearly itself a critical Jacobian, 
and I adopt it as the ellipsoid of reference, and call it J. I call the region 
between J and the pear R. The pear may then be defined by density + p 
throughout J, and density — p throughout R. 

If k is the parameter which defines J, its axes are expressed in the 
notation of “ Harmonics ” by Icvq, k {vi — l)"^, k ; or in the notation 

of the “Pear-shaped Figure” by k/&iia.f3, /c cos ^/sin /c coS 7/sin/3, where 
sin /3 = K sin 7 . 

Now let Sf denote any surface harmonic, so that Sf is the same thing as 
or P/C^a)] X [<2D/(<^) or C/((^)]. The third zonal harmonic deforma- 
tion will then be eSa or e^ 3 (A«') where e is of the first order of small 

quantities. On account of the symmetry of the figure, the new terms cannot 
involve the sine functions or S, and moreover, the rank s must necessarily 
be even. 

Suppose that the new terms are expressed by 2//S/ for all values of i 
from 1 to infinity, and with s equal to 0, 2, 4 ^ or z— 1. Then all the/’s 

are of order excepting /a which is zero. 



320 


EXPLANATION OF THE METHOD, 


[12, §1 

[The ellipsoidal coordinates of the point oc, y, z are v, yu., 4>. I propose to 
retain /t and ^ as two of the coordinates, but to replace v by a new coordinate 
T such that 


3^2 


•(1) 


where po is the perpendicular from the origin on to the tangent plane to the 
ellipsoid Vq at the point v^, y,, <p. 

The equation 


of 


I? (i>0^ - W - 1) V “ ^ 

where c is a constant, represents an ellipsoid similar to and concentric 
with J. 

Suppose that from the point ai, y, z or v, fju, we draw the curve defined 
hy fL = const., (f> = const, and follow it until we reach J at the point Xo, z^. 
Then we have 


z- 


and similarly 


2 ^v^ — IIk^ 




2/' = 2/o" 


1 - 


2poT 


k^ (V - 1) 


z^ = Zn^ 


1 


Substituting these values of a;, y, z in the equation to the ellipsoid similar 
to J we have 




k^ (Vo^ - l/jc^ _ 1 ) + ^2 ^^2 

2po^T 


y^- 


+ 




Xn 




+ 


.2^,. 


whence 


7^2 


*'0- 


1 - 2t = 1 - 2c 

centrirwlth^yf ^ defines an interior ellipsoid similar to and con- 

The equation to the pear may now be written 

T=c-e8^~^f^Se 

to ^ gro.t enough 

lost^rn"^!* '* “ ‘o determine the energy 

p the mside of J and more complicated for the outside. Since the 
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whole region R lies inside J there is no necessity in the present case to nse 
the more complicated formula. 

The final expression for the lost energy cannot involve the size of J, the 
exterior ellipsoid of reference, and therefore the arbitrary constant c must 
ultimately disappear. It is therefore legitimate to mate c zero from the 
beginning. 

It is clear that we might with equal justice have discussed the problem 
by means of an ellipsoid which should lie entirely inside the pear, the region 
between the pear and the ellipsoid would then have been filled with positive 
density, and the formula for external gravity would have b^en needed. The 
same argument as before would then have justified our putting the constant 
c equal to zero. 

We thus arrive at the same conclusion as does M. Poincar^, namely, that 
it is immaterial whether the formula for external or internal gravity be used. 

I now revert to my first hypothesis of the enveloping ellipsoid, but put c 
equal to zero from the first. In order, however, to afford clearness to our 
conceptions, I shall continue to discuss the problem as though c were not 
zero and as though J enclosed the whole pear. With this explanation, we 
may write the equation to the pear in the form 

00 

T — — eSs — SffSf • -( 2 ) 

1 


§ 2, The Lost Energy of the System. 

If the negative density in R is transported along tubes formed by a 
family of orthogonal curves and deposited as surface density on J, we may 
refer to such a condensation as — (7. I do not suppose the condensation 
actually effected, but imagine the surface of T to be coated with equal and 
opposite condensations + G and — G. 

The system of masses forming the pear may then be considered as being 
as follows : — 

Density + p throughout J, say + J. 

Negative condensation on J, say — G. 

Positive condensation + G on J and negative volume density — p through- 
out R. This last forms a double system of zero mass, say Z>, and I) = G — R. 

Let Vj, Vj. be the potentials of -f- J" and + R, and Vj^r the potential of 
the pear. 

An element of volume being written dv, let | dv, j dv, f dv, denote 

J j Jr J j-^r 

integrations throughout T, R and the pear respectively. 


D. III. 


21 
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THE LOST ENEROY OF THE SYSTEM. 


Let d be the distance along the z axis from the centre of the ellipsoid as 
origin to the centre of inertia of the pear j let be the angular velocity of 
the critical Jacobian about the axis so that “ " 14)200 j and let 

0)2 + Sa>® be the square of the angular velocity of the pear. Lastly, let M be 
the mass of the pear. 

Then the lost energy E is given by 

E = ^ f Vj^rpdv + ^ (ct)2 4- Bco^) f + (^ — dy\ pdv 

J j — j- J j — y 

Now / zpdv — Md, so that f 2 zd + d^) pdv = — Md^ 

•> 3-r J j—r 

Again, since 

L}- f;, f = f - f , f Vrpdv=f Vjpdv 

J j’—r Jj Jr Jj Jr 

we have ^ f Vj^pdv = ^ f Vjpdv ~ f Vjpdv + i f V^pdv 

•J j—r J j Jr Jr 

Also 

i (cw2 + Seo2) [^2 + _ c2)2j ^ ^^2 J ^ ^ 3 ^ p^y _ ^^2 ^ ^2) p^y 

+ f pdv - ^ s^2) j/^2 

Hence 

■^ = i/. [ V} + (2/2 ^2)] pdv - f [ Vj + 1-0)2 (2/2 4. ^2)] pdv + ^ I Vrpdv 

0 Jr Jr 

4- ^ 8 co^ I (y2 4. ^2^ ^ (^2 _|_ g£y2\ Jl^d'-^ 

J j-^r 

As the several terms will be considered separately, it will be convenient 
to have an abridged notation to specify them. I may denote the lost energy 
of J", inclusive of rotation, by ; the mutual lost energy of J (inclusive 
of rotation) and of the region R, considered as filled with positive density, 
by JA ; the lost energy of the region R by \RR. 

The moment of inertia of the pear is A, and it is equal to Aj- A^, the 
moment of inertia of J less that of R. 

Then 


where 


and 


E=^JJ -- JR -Jr^RR + ^iAj — Ar) Sq) 2 — (o'* 4- 8o>~) Md^ 

[Vj+ Q)^ (2/2 _j_ ^2^J pdv 

JR — f £ F} 4- (3/® 4- z^)~\ pdv 

J r 

(yf 4- pdv, Ar = J (y® 4- z°) pdv 
^RR = ( Vrpdv 
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If ^DD denotes the lost energy of the double system described above, we 
clearly have 

= (C~R) + CR- GR - \GG 

We require to evaluate E to the fourth order; now d is at least of the 
second order and d? of the fourth order ; hence is at least of the fifth 

order and negligible. 

Hence, finally, to the required degree of approximation 

^JJ-JR+ GR - IjDD + | (H,- - Ar) - iMd:w...(3) 

It will appear below that d is not even of the second order, so that the 
last term will, in fact, entirely disappear, although we cannot see at the 
present stage that this will be so. 


§ 3. Expression for the Element of Volume. 


The parameter /9 of “ Harmonics ” is connected with k of the “ Pear-shaped 
Figure ” by the equations 

1 + /3 ^ r +'«2 i + r -/3 i 

There will, I think, be no confusion if I also use j3 in a second sense, 
defining it by the equations 

sin y8 = /c sin y, cos“ = 1 — /c“ sin“ y 

It has already been remarked above that the squares of the semi-axes of 
J are 


“ sin** (S’ ^ ^ sin'-^ 0 

The mass of J is then ^rrpk^ 

^ sin'‘ 



l + /3\ __ cos** 7 
1- /9;"“ Hm“/9" 


I now take the mass M of the pear to be 




■■ iTTp/ffo' 


COS /3 cos 7 
sin^* /9 


Thus ko is a constant which specifies the volume of hxpiid in the pear, and 
the mass of J is M (kjkoy. 

It will be convenient to introduce certain new symbols, namely, 

A® — 1 — sin^ 0, = 1 — /c'‘-‘ cos“ <f> 

Ai^ = 1 - sin^ 7 sin^ 6, Fi® = cos“ y + k'^ sin“ y cos® tp 
= cos® H- /c® sin® y cos® 0, = cos® /3 — sin® y sin® cf> 

where sin 0 is the /a of “ Harmonics.” 

It will be observed that Fi is the same function of -/c'®sin®<^ that 
is of /c® cos® 0. 


21—2 
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The roots of the fundamental cubic were v^, and — ^ , and 

1 -> • o /j 1 — ^ 

the new notation they are v^, sin^ v, ^ or — . 

Kt fC 


Since > we now have 

sin-* p 


. . Ai" l-;8oos20 r.» 

= 5 &^’ "• 

The expression for po, the perpendicular from the centre on to the tangent 
plane at 6, cp, is given in (49) of “ Harmonics/’ namely, 

po^ _ ^ 0 ^ W - 1) (V — l^) _ cos** /g cos^ 7 1 


Z»2 / 9 o\ / 9 1 — ^ CO.S 2cp\ 

A. {vo^ - /X,-) [vo^ -J^^) 


sin^ /S 


Also by (50) of “ Harmonics ” the element of surfoce da- of the ellipsoid is 
given by 

1 — /3 cos 2^ ■ 2 

A- 1+/3X ^_ 1-/3 

d0d(b ° ^ V® 1-/3/ /I — P ooa 2rA\'^ /I -L 


d 0 d<p - - V"® 1 - .1 _ ^ cos 24 >\^ n +/3 

V 1-/3 J \l -/3 

Passing to the new notation this may be written 


p^dcr _ ZM / k's^ 1 — /c® sin^ 9 — k^cob^ cf> __ 3ilf / kY /I 1 'N 

dM<p “ 4^ Kh) Ar““^ * APsin^v Vl? “ A?/ 

The new independent variable t is to replace v; it was defined in (1) by 

7^2 

and in accordance with (2) the equation to the surface of the pear is 

T = -eS,-X//S/ 

1 


From (4) ^ 

J 

For brevity I now write 


k^ sin'^ /3 


2t cos® /3 cos® y 


Aa®ri® 


so that 


2 t cos® / 6 f cos® y 


~ ~~ ^ ~o (1 ~ I/® — 1 = (1 — Ti sec® /3), 

sin® p ^ sin® /S ^ ' 


U® = — ( 1 _ -Zi. 
^ sin® /3 \ Aj 


A,®/’ 


, l-i-/3 cos ®7 ^ 

= ~£^ (1 - T. sec- -y) 

^ 1 P cos 2(p Fi" / ^ ^ 

1-/3 ~sin®pV A®/ 


1 — ^ cos 2<p , _ 1 — /c® sin® 9 — ic'^ cos® 4* __ r*!® / I 1 

1 - /3 “ sin^ \rV "" ^ 
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Therefore 








Ti 

P 2 
*- 1 


sin ^ cos /3 cos <y (1 — tj)^ (1 — Ti sec^ /3)^ (1 — Ti sec^ 7 )^ 

If we write 

6 ^ = ■!■ (1 + sec*-^ /3 + sec'-^ 7 ) 

•^ = f ( 1 + sec* /9 + sec*^ 7 ) 4 - ^ (sec^ /3 + sec^ 7 + sec® /3 sec® 7 ) 
this expression, when expanded as far as r^®, becomes 


Ai®ri® 


sin cos /3 cos 7 


Ha, 


® + n® 


G 


A,®r, 


,+ 


^ (ai® Fi®) ^}. 


The arcs of the three orthogonal curves were denoted dn, dm, df in 
“ Harmonics,” where dn was the outward normal. The element of volume 
dv is dndmdf, and the limits of integration are 0 to r ; but if we take the 
limits as being r to 0, dv must be taken as being — dndmdf. 

The equations ( 50 ) of “ Harmonics ” give 

dv . (1^ - H?') (■ 


A;®. 


008 2f/> 


fX- 


oosevdvddd^, 1)4 g 

COS® /9 cos® 7 dT 


But 

and therefore 


dv 


dr d$d<p 


= 1 ^ 


vdv = 


cos /3 COS 7 Ai®ri® / 1 


sin ® /3 sin® 7 AF vFi® A 


sm®/3 * Ai®ri® 


1 — Ti 


a 7 Fi® 


G 




Ai®l";® 


+ G 


A.® 


1 

H® 


H 


On comparing this with the expression for pt^da, we see that 
dv , 


1 

A 


+ 4 - ff) - i) - h ]] (5) 


Another form, which will be more generally useful, is found by substituting 
for Ti its value ; it is 


dv 


_ SM f Ary f Ai® — Fi® __ cos® yg cos® 7 

drddd(ji 47 rp Ho/ 1 sin® 7 sin® 7 


r/ 




G 


_LV 

H Ai®;_ 


4t 


„ cos^ /S cos^ 7 


sin® 7 


F/Ai^ 




H 


+ G 
1 


r 

1 


Fx^Ai® Fx®Ax« 

1 


Fx^Ax® Fx®Ai^ 


IJ_ 

) Ar 
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In order to express this more succinctly let 
6 


[ 12 , § 3 




== — ^ COS^ 7 

nr sin^ 7 


11 = 


TT Ar sin^ 7 

1 M 1 

A,^ a.^JJat 

6 cos^/3cos"7r_/_J_ 1 1 

. ^ - -fT^c 

rr-/ 1 

VFi^Ai^ r72^iV_ 


TT sin® 7 


y...(6) 


^ ^ ^ 

other forms of these functions are as follows :- 
0 = — ^ + k'^ sin® 


Ar 


TT 

'SE'' = — cos® 

TT 


Ar 


n 


6 


TT 


/9 cos® 7 (/c® cos® ^ + a:'® sin® <i) ^ 

^''Lr,®^A,® ^jA,®Ar,®rl ... 


COS'* /5 COS'* 7 (a:® cos® 0 + a:'® sin® <^) 


X 


We note that 


Ai^Ari^r/ 


Poda- _ , M fky 
dddcf>~^ p [kj 




Y = oos»^oos»7(il5 + i-G')^ 


®R® 


.( 6 ) 


Then 


.(6) 


drd0dcf> “ ■« 7 ( 7 / - 2tT' - 4t®0] 

The surface r = constant is an ellipsoid similar to J with squares of semi- 
axes reduced in the proportion 1 - 2r to unity. Therefore the volume enclosed 
between the two ellipsoids is 




I r® 


It®] 


I - V- 

But taking the limits of 0 and •#> as Jtt to 0 , so that we integrate throuo-h 

one octant and multiply the result by 8 , we have another expression for the 
same thing, namely, 

h = f (ij Jj [■*”• - 

Therefore equating coefficients of powers of r in the two expressions, 

-..(0 

The first of these will be of use hereafter, and all three afford formula of 
verification in the numerical work. 
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§ 4. Determination of k; Definition of Symbols for Integrals. 

oo 

The pear being defined by r = — ffSf, with all the /’s of order e^, 

excepting fs which is zero, we have at the surface of the pear to the fourth 
order 

(8,y + 22ef^S,8f + 

= - e* (s,y - st^fi (s.,y8f 

T* = (Sgfi 

In all the integrations which follow, and especially in the present instance 
in the determination of the volume of the region jK, it is important to note 
that 'T', fl are even functions of the angular co-ordinates, and that there- 
fore the integral of any odd function of those co-ordinates multiplied by any 
of these functions will vanish. When the odd functions are omitted we may 
integrate throughout the octant defined by the limits ■^tt to 0 for 0 and 
and multiply the result by 8 . 

Then, only retaining terms as far as r\ we may in finding the volume R 
take 

T = - 'SffSf, i only even 
= e® (^ 3)2 -i- ’2Xefi8s8i\ i only odd 

T* = 0 


To the cubes of small quantities we have, therefore, 


/ * = f (IT l!7, - ’I' {«■ (S.r + 22ej9S.S/)] 

The first term vanishes because 8/ is a surface harmonic and ^ddd(f> is pro- 
portional to podcr. 


, Thus we are left with 

I dv = -j 22 e/?/S.S^] dSd^, 

I now introduce symbols for certain integrals, and in order to bring all 
the definitions together I also define several others which will only occur 
later. 

I*'^7T p *^7ir 

Let ^/= I I ^{8fyd0d(f> 

J 0 J 0 


pi' 


^(8sy8/ddd(f> 

Jo Jo 

cos^ /3 cos“ 'Y ^ 


sin j8 




(8gy8i^ddd<j> 


( 8 ) 
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All these integrals vanish unless i is even. For immediate use I also 
introduce 

r^TT 

^/=jo '^8,seded<i> 

The integrals vanish unless i is odd, but it will appear later that they 
are not actually required. 

I further write 


0-2 


^{S.fded^, n(Ssyd0d</> 

6 cos^ /3 cos^ y sin j3 1 1 

TT sin^y Jo Jo WlV~ A/rV 


0-4 =- 


3G 


6 

TT 


A.'r,- 

r^Tr r^TT 

cos® 8 COS® 7 sin /3 j ^ j ^ (zc^ cos® & + sin® </>) 

3G 


(^jy 

AP 


dddtp >- ...(8) 


f 


ded<t>j 


\ f ^ 1 

/ VAi^Pi® A^V ~ A7I\^J 
With this notation we have at once to cubes of small quantities, 

'kV 


j^pdv = -M (|)“ [e^a, + 2Se/i>^/] ( 9 ) 


It using this I will obtain another integral to the fourth onler. 

L ^ (I) {i<l> [e‘ (S,)‘ + 2Se/i‘S,S/ + (S//S/y] 

+ i’l' [«“ W + 3Sey*« _ Qei (S,)*) 

integrals of the type 

L + ^ (fiy4>f + 4Seyz».«- 2e*fr4 (10) 

“f°T *° determination of the mass of + R, and observinsr 
that the mass of the pear is equal to that of J - R, we haTe “'^^“''■“8 


Therefore 


f%Y 

- 1 + eVa + 2^ef^y}ri^ + e^S 


that it is unnecessary to^^rvlhirte it. introduced, but it will appear 
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There will be frequent occasion to express in terms of Now 

(^o) ^ t + #3 — ( 0 - 2 )^] 

But this will only be needed explicitly as far as and to that order 

(|J = i-S«“«-= (11) 

f lc\^ ( h\^ 

It is, however, necessary to determine ^ \kj ^ [ j to the fourth order. 

Now f = I (1 - f 0-2 + 2 Xefi^yfri^ + e‘^ 8 ~ (0-3)2]} 

^ ~ ^ 0-2 4- 3 f (i^a)"^]} 

Hence to the fourth order 

kV 


^(^ 0 ) ~ ~ 

It will be observed that the y^r integrals and 8 have both disappeared. 




§ 6. The Energies ^JJ and JR. 

If ai, 61, Cl are the semi-axes of a Jacobian ellipsoid of mass ilfi and 
angular velocity co, its lost energy, inclusive of rotation, is 




T<J 




bi^ 4- Ci^ 

SM^ 


co^ 


where T' is the usual auxiliary function. 

The equations to be satisfied by the ellipsoid afford expressions for 
and 0)2 Ci^ in terms of differentials of 'SP'. If these expressions are added to- 
gether, 0)2 may be eliminated, and the expression becomes 

d^' 


9 Ma 
T(7-^“i 


^4-ai 


da-y 


In reverting to the notation adopted here, I remark that will be 

used to denote those functions when the variable is and the variable will 
only be inserted explicitly when it has any other value. 

In the present case My, the mass of the Jacobian ellipsoid, is M {klk^'f, and 
ib was shown in the “ Pear-shaped Figure ” that 

9 9 

^ =-T Px^Qx’ 


Hence 


iJj = A (1)° - P.' Q.'] (12) 
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It was shown in the same paper that the internal potential of the Jacobian 
inclusive of rotation, is 




Therefore in the present case 

M fh 


dcL^ Ui“ ^ 


~ 7 , a 


"P} 4 - Jw® (2/® 4- ^2^ _ 3 _ j ^ ry 4. 2/® sec® y (3 + 5?®)| 

But the equation to an inequality on the ellipsoid defined by r is in our new 
notation 

sin® /3 (i»® sec® sec® z^)= (1 - 2 t) 

therefore 

Vj 4- i«® fy® 4- = I ^ (1^) {(^0 <^^0 - Pi" Qi") + 2r PJ Q/ } 

Let us divide this potential into two parts, say U', U", of which the first 
is constant and the second a constant multiplied by r. Also let {JR)', (JR)" 
be the two corresponding portions of the energy JR. 

In order to find (JR)' we have simply to multiply U' by the mass of R 
considered as consisting of positive density. The volume of R is the excess 
of the volume of J above that of the pear; hence the mass of R is 

M 


[(!)“-"]• 

Therefore (^iey = J 


{^o<B.o-P^^Q^^) 


Subtracting this from ^JJ as given in (12), 


M 


iJJ - (JR)' = ^ OSo - Px" Qi") 


h\ 


-a 


h) 


h\^ 


But the latter factor was found in (11) as equal to — :^e‘^ (a-^y. The 

term only contributes a constant to the whole energy and mav therefore 
be dropped. 

Accordingly 

71/2 

^JJ - (JR)' = 3 _ _ PJQi^) (0-2)®} ( 13 ) 

For the other portion (JR)" we have 


U" = S 


M /kV 


^*0 \ki 


TPi"Qd 


Then by means of ( 10 ) 

( j-jsr =£u"p<iv= 3^ (I j p.> Q.i £ 

J/2 /^ \ 6 

UoJ + ...( 14 ) 
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In the terms of the fourth order we may put equal to unity. 

Therefore combining (13) and (14) 

= (I)" P.> Q.' 

” (K [- - Pi'Q.O («■.>“ + 6P,'Q.> ?j 


+ 


m 

h 

/DO 


. - P/Qx^X (//)^<^/} (15) 


§ 6 , Surface Density of Condensation G ; Energy GE. 

The region R being filled with positive volume density p, is concentrated 
along orthogonal tubes on to J, and there gives surface density S. 

To the first order, by (5), 


dv ^ 
-^--p,da 


^ ^ cos® B cos® 7/1 , 1 

1 — 2 t Vi'.; — ( + 


Ai® IV 


Ax® ' Tx® 


G 


Integrating with respect to t from the pear to J", we have as far as 
squares of small quantities 

S=-p.p + %ffSi + 

It is now necessary to express 3/po in surface harmonics. The first two 
terms are already in the required form ; for the remainder let 




cos® B cos® 7/1 


0 1 V Ax' j. 1 


2 + jTa — 


Multiplying both sides by Sf^ddd^ and integrating, we have 
= cos® B cos® 7 Jj (SsySi^ded<f> 

= (S,y8fdedcf> = a>/ 

Therefore y f = o}fj<pf, and vanishes unless ^ is even. 

When i = 0 , 770 — ; and since by (7) <j>o = 3, and tOo = j (Sayd6d<p — a-^, 

we have yo = icTa- 
Hence we have 

S = —pop eSs + ie^ 0-2 + X (e"^ + //) >Sf/ J 

This is expressed in surface harmonics, the middle term being of order 
zero. 
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By (61) of “ Harmonies ” the internal potential of S is 


+ S ( +// ) W (>’) ®/ (-.) Sf 


We have ® 


m 


cos^ /3 cos^ 7 1 


2^*0 ‘ sin/3 Ai^lV c^i'o 

But before proceeding to use this I will introduce a new abridgment, and let 


33/=®;“^! 

cLvq 

Then 


.(16) 


and 


F« = -3 


M /kV 

h 




_j_ g ^ /9 cos^ 7 


ko \koJ 


sin /3 


UlB 


— ^ — [- 5 ; fe® — + 33 •« l 


In order to find the energy OJR, we multiply F<. by the element of mass 

pdv=^M (~J - 2 t ^>®] drde dcf> 

and integrate throughout R. 

Now 

Zd/d<t, (|) + K<r,gl.<l. + s (e^ +/i*) 

F" (f.) + S +//)a/'P 6 vl 


+ 1 - 


/ /r Y ^ cos^ /S cos® 7 [ 
ko \/ro/ siny 8 1 


Ai® F® </>/ p ^2 


Let us integrate these three lines separately. 

First integral 

fl + K«-3,<t> + 2 ^ +/i*) a/os/ 

X {eSs + 2/i®>3/} ddd<f> 


'■'I 


/kV 


^0 


e®a 3 


03+2 




.3 


a/ 0 i 
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Second integral 




^Tik) 


■ ;"' ■ / ■+ 




X [e^ (^aT + 2Se/i*^3>S/} d0dc^ 
+ 2Se“/^®^8c»/|- 


Third integral 


(h \ cos*-^ ^ cos^ 7 rr f :»a ^'>Sf8 , ^ a>i® , ^ , <I>^® 1 

= 4 ^ JJ P” atev + ^ +-^7 ativI 

X [e^ (> 33 )® 4- 2S^-®^3/Si®} dd d^ 

= ^ C (I)' 1^ (^ i? + + 2S«»//a3.p<-} 

All the terms, excepting the first of the first integral, are of the fourth 
order, and in them we may put (kjkoy equal to unity. 

Therefore 

+ i%\f (“■=)“ + ^ + aSi'Pi*) 

+ 2eV? [4 (a/ + a.) o,f + (3tB/ + 233.) pfl + 22 (/iO^a/^j . . .(17) 


I 7. The Energy ^CC ; Result for \JJ — JR + OR — \GG. 

From the last section it appears that the potential of G at the surface, 


where t = 0, is 

Fo = -3 


^ tea,®, + je"<r,a. + x(e‘^ a*' s/j- 


h \.kj r \ 4>. 

For the mass of an element of the surface density we have 

PoSd^ =-iM {ff <*> Ls, + ie^cr^ + 2 (e= +/<•) S/| dSdif, 

These are to be multiplied together and half the product is to be inte- 
grated. Then bearing in mind that JJ<L^d0d<p — 3, we have 

M /kV 


^GG = I (jJ + ie^ {o-.y^o + S (e- +//)“ 
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In the terms of the fourth order we put {klkof equal to unity ; thus 

= « f (I)’ + 4 f [i 


4- 


Combining this with (17) 

aiJ - ico = 1 1 (Ij' + 4 f f 


mo (o-s)" + 2 + assVi*) ^ 




+ S«“// [2 (gti* + 2^,) o,f + (JSi* + 233.) /.*•] + S . . .(IS) 


We are in a position to collect together all the results obtained up to 
this point. Now ^JJ — JR, as given in (15), contains Pi^QA 
latter of these is what is now written Mo, and since the ellipsoid is critical 
Pi"Qi^=^3aa3 = ^.,. 

Collecting terms we find that the terms of the second order disappear, 
and that 


iJJ- JR+GR- iGG = § 


Ajq 


{i (<rj)« + 2?,) + 2 + 33/ 


pf) 


<Oi 


4>fA 


+ + (m + 2m,) p/] - S iffy (M , - Mf) <f>A.. .(19) 


The reader will recognise that the last term involves the coefficient of 
stability for the deformation Si^. It is important to note that if Sf is of odd 
order there is no term with coefficient e^ff. 


§ 8. The Term —^Md^uy^. 

In the Jacobian ellipsoid 

-aST" 

In the present notation this is 

m = I Q.') = I - 1 ^.) 

Hence 


G)^ 3 sin® yS 


(Mdy 


I now make the following definition 

Si = sin d (1 — /c'® cos® (f)^ 
z — kSi 


so that 
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Then 


Md 


= / zpdv = 1 zpdv — 1 zpdv = — 1 
J j — r J j J T J T 

= -M (jJ 2 ^^] SidTded<f> 

= M k (eS,-h SffSi^) + {Ssf] S^ddd<p 


M 


¥i4>i 


Therefore to the required order 


— ^Md^co^ 


3Jf" 

k^ 


sin^/3 
1 4 - cos® /S 




.( 20 ) 


We again note that this term in the energy does not introduce any term 
with a coefficient e®/i. Hence thus far the whole energy for harmonic 
deformations of odd order is of the form L 0 ^ + M(/^«)®. 


§ 9. Double Layers. 


It remains to determine the value of ^DD in the energy, and for this 
purpose we must consider double layers, according to the ingenious method 
devised by M. Poincar4. 

Let a closed surface 8 be intersected at every point by a member of a 
family of curves, and let a be the angle between the curve and the outward 
normal at any point. At every point of 8 measure along the curve an 
infinitesimal arc r, and let r be a function of the two co-ordinates which 
determine position on 8. The extremities of these arcs define a second 
surface 8', and every element of area da of 8 has its corresponding element 
da on 8'. Suppose that 8 is coated with surface density 8 , and that 8' is 
coated with surface density — w here 8 da — 8 da'. The system 88 may 
then be called a double layer, and its total mass is zero. We are to discuss 
the potential of such a system. 

Let U (+) and U (— ) be the external and internal potentials of density S 
on 8, and their common value at a point P of <S. At P take a system of 
rectangular axes, n being along the outward normal, and s and t mutually at 
right angles in the tangent plane. 


In the neighbourhood of P 


,,, , dU , . dU , ,dU , . 

U(+)=TJr, + n-^{+) + s-g^i+) + t-^ (+)... 


D'(-)= V,+ n 


dn 

dn 


, . dll . . , dJJ , . 
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In the first of these n is necessarily positive, in the second negative. 

dU. dU 

ds^ ds’ 


, -r dU . , 
Now — r- (+) 


ds 

respect to t. 

Also by Poisson’s equation 


and the like holds for the differentials with 


m 

dn 


(-) 


dn 


(+) = 47rS 


Let PP' be one of the family of curves whereby the double layer is 
defined, and let P' lie on 8', so that PP' is r. By the definition of a the 
normal elevation of 8' above ^ is r cos a. 


Let V, v' be the potentials of the double layer at P and at P'. 


The potential of 8' at P' differs infinitely little in magnitude, but is of 
the opposite sign from that of 8 a.1 P \ it is therefore — XT^. The point P' 
lies on the positive side of at a point whose co-ordinates may be taken to be 

n = T cos a, s — T sin a, i5 = 0 


Therefore the potential of 8 fht P' is 


t7o + 


dU 


T cos a -j— 
dn 


(■+•) -f T sin a 


ds 


Therefore 


«;' = T cos CL 


dn 


(+) + r sin a 


ds 


Again the potential of /S at P is Uo, and since P lies on the negative side 
of 8' and has co-ordinates relatively to the n, s, t axes at P' given by 

n——T cos a, s — — T sin a, i = 0 

since further the density on 8' is negative, we have 

dU , , . dU 

V = T cos a (— ) + T sin 

Therefore 


V ~ v' = T cos a 



= 4i7rTS cos a 


The differential with respect to n of the potential of 8 falls abruptly by 
47r3 as we cross >S normally from the negative to the positive side; and the 
differential of the potential of 8' rises abruptly by the same amount as we 
pass on across 8'. It follows that dvjdn on the inside of 8 is continuous with 
its value on the outside of 8'. 


The surface 8 to which this theorem is to be applied is a slightly deformed 
ellipsoid, and the curves are the intersection of the two quadrics confocal with 
the ellipsoid which is deformed. The curves start normally to the ellipsoid, 
and where they meet 8 the angle a will be proportional to the deformation 
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whereby S is derived from the ellipsoid. It follows that cos a will only differ 
from unity by a term proportional to the square of the deformation, and as it 
is only necessary to retain terms qjf the order of the first power of the defor- 
mation, we may treat cos a as unity. 

We thus have the result v — v' — 4)7rTS 


Suppose the curve l^JP' produced both ways, and that Mi are two 
points on it, either both on the same side or on opposite sides of the double 
layer. 

Let MqMi be equal to let ^ be measured in the same direction as n, and 
let ^ be a small quantity whose first power is to be retained in the results. 


Let Vo, Vi be the potentials of the double layer at Mo and Mi respectively. 


When ^ does not cut the layer we have 


Vo — Vi = — 




dv 

dn 


and when it does cut the layer 

Vo — Vi — 4i7rr8 — f 


dv 

dn 


In the application which I shall make of this result the aurfVxce B' will 
actually be inside B. Then Vo will denote the potential at any point not 
lying in the infinitely small space between B and B', and Vi is the potential 
at a point more towards the inside of the ellipsoid by a distance 3 is the 
surface density on the external surface B and t is measured inwards. If then 
we still choose to measure outwards, as I shall do, our formula becomes 


Vo— Vi — 



47rTS or 0 


according as ^ does or does not cut the double layer. 

It may be well to remark that v being proportional to t3, ^dv/dn is small 
compared with 47rT3. It is also important to notice that the term is 

independent of the form of the surface, and that dvjd^i will be the same to 
the first order of small quantities for a slightly deformed ellipsoid as for the 
ellipsoid itself. 

We have now to apply these results to our problem. 

The position of a point in the region JR may be defined by the distance 
measured inwards from J along one of the curves orthogonal to J. The 
surface of the pear as defined in this way is given by e, a function of 6 and 
Any point on a curve may then be defined by 6*e, where s is a proper fraction. 
If s is the same at every point the surface s is a deformed ellipsoid ; ^ — 1 
gives the pear and s = 0 the ellipsoid J. 

If da is an element of area of J, the correvsponding element on the surface 
s will be (1 — 'Kgs) da. The value of X will be determined hereafter, and it is 

22 


D. III. 
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only necessary to remark that it is positive because the areas must decrease 
as we travel inwards. 

Let s and s + cZs be two adjacent surfaces ; then the mass of negative 
density enclosed between them in the tube of which (1 — Xes) do- and 
{1 — Xe (s -H cZs)| c?o- are the ends is — pe (1 — Xes) dar ds. If this element 
of mass be regarded as surface density on s, that surface density is clearly 

— peds. If the same element of mass were carried along the orthogonal tube 
and deposited as surface density on J, that surface density would be 

— pe(l —Xes). The sum for all values of s of all such transportals would 
constitute the condensation — G already considered. 

The double system D consists of the volume density — p in 22, and the 
positive condensation + O on J", the total ma§s being zero. 

Let z, a proper fraction, define a surface between J and the pear. Consider 
one of the orthogonal curves, and let F"o be the potential of D at the point P 
where the curve leaves J and the potential at the point Q where it cuts z. 
Then I require to find V^—Yz. 

Since s denotes a surface intermediate between J and the pear, 
cL 

Y^ds is the excess of the potential at P above that of Q of surface 

density — peds on s and surface density + pe(l — Xes) ds on J. Such a system 
is a double layer, but there is a finite distance between the two surfaces, and 

the form of ^ ■“ Yz) will clearly be different according as z is greater or 

less than s. 


The arc es may be equally divided by a large number of surfaces, and we 
may take t to define any one of them. Now we may clothe each intermediate 
surface t with equal and opposite surface densities ± pe [1 - Xe (s — 2)] df. 

The density 4-pe[l ~Xe(s— on 2, together with — pe[l~Xe(s— 2— 
on t + dt, constitute an infinitesimal double layer; and since the positive 
density on each t surface may be coupled with the negative density on the 
next interior surface, the finite double layer may be built up from a number 


of infinitesimal double layers. Hence (Yo— Yz) dtdt is the excess of the 

potential at P above that at Q of an infinitesimal double layer of thickness 
edt, and with surface density pe [1 — Xe (s — <)] dt on its exterior surface. 


.dv 


We may now apply the result Vo — Vi—^ ^ = 47r3T or 0, according as ^ does 
or does not cut the double layer, and it is clear that 


d^ 

dsdt 


Y,-Yz 


ez 


dn 


= 4i7rpe^ [1 — Xe (s — 2)] or 0 


according as z is greater or less than t. 
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In the next place, we must integrate this from t — s to ^ = 0, and the result 
will have two forms. 

First, suppose 2 > s; then for all the values of t, z > t, and the first 
alternative holds good. Therefore 

Secondly, suppose z < s; then from t = s to t — z, z <t and the second 
alternative holds, while from t — z to t — ^,z>t and the first holds. Therefore 

^ ( Fo - ) = 47rpe'-^ [z - \e {sz - ^z"-)] 

We have now to integrate again from 5 = 1 to &■ == 0. 

From 5 = 1 to 5 = A, ^ < 5 and the second form is applicable ; from 5 = to 
6‘ = 0, ^ > 5 and the first form applies. 

Therefore 

Fo - F, - 6.^ ™ = 47rp6^ J" [z ~ Xe (sz - ^z'^)] ds + 4^7rpe^ j" [s - ^Xes'^ ds 

= 47rp6^ [z (1 — a) — Xe [^^z (1 — — ^z^ (1 — ^)] + 

= 2,'irpe^ [2z — — Xe (z — z^ 

Finally, we have to multiply — K Fo — Vz) by an element of negative mass 
at the point defined by z and integrate throughout II. The physical meaning 
of this integral will be considered subsequently. 

We have already seen that such an element of mass is given by 

— pdv — — pe (1 — Xez) dcrdz 
and the limits of integration are ^ = 1 to ^ = 0. 

Therefore 


h (Vo- Vz) pdv 


= Trp'^J j (1 — Xez) [2z — z^ — Xe(z — + 3 .^*)] d^dcr “ Xez) dzdcr 

dV 

In this expression we neglect terms of the order e® and note that 
is of that order. 

Thus 

ij (Vo — Vz) pdv — j’ [2a — z‘-^ ■~X€(z + z^ — f . 3 ^’)] dzdcr 

ipfj 


= §7rp^ 


J (1 — X-e) dcr + J 




€■" - 7 dcr 
dn 


d.V 

e^z dzdcr (z^l to 0) 


the integrals being taken all over the surface of the ellipsoid. 


22—2 
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We must now consider the meaning of the integral 

Let P be a point on J and Q a point in R on the same orthogonal curve. 

Let — Z7 be the potential at Q of the density — p throughout R, and — Uo 
its value at P. 

Let S be the surface density of the positive concentration on J, W its 
potential at Q, and TTo its value at P. 

The lost energy of the double system consisting of — p throughout R, and 
S on P is 

i J Updv + i J WM<r-i J UoSdc7-il Wpdv 

This is equal to ij(^— pdv — ^ JiU'o— l^o ) ^dcr 

Consider the triple integral Wo)pdv. Here dv=€(l—X6s)d(rds; 

also (7o~ 1^0 is not a function of s,and the limits of s are 1 to zero. Therefore 

|jj(£r,- Tr.)p*=jJ(«7.-Tro) re(l-Xes)pds 

But f €(1 — X6s)pds is equal to S the surface density of concentration. 
J 0 

Therefore 


lf[0,- WJSd<r=JJJ([^,-W,)pdv 


We may now revert to the Gaussian notation with single integral sign, 
and we see that the lost energy of the system is 




But W — 1/ is the potential of the double system at Q, and is there- 
fore and W,- U, is the potential of the double system at P, and is 

therefore V^. 

Accordingly the lost energy 

iDD = ^j(r,-r,)pdv 


§irp’‘J(e^-Xe‘)(ia- + ip (21) 
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§ 10. Determination of e and X. 

e is the arc of the orthogonal curve from J to the pear. 

The arc of outward normal is connected with p and our variable t by the 
equation 

— dn = 

It follows that 

€ =:poJ^dT, integrated from D to the pear 
By (50) of ‘'Harmonics,” with the notation of § 3 of this paper 


-vdu=^dT 
P P 


kjv’- ^ _ sin /3 

P 




I, (j,2 _ i' cos /3 cos 7 (1 — Ti)^ (1 — Ti sec^ /S)^(l — sec^ 7)^ 

Therefore 

Po- V V -1 

P (l-r0^(l-r,sec^^)i(l~Tt8ec^'Y)^ 


2(y 


cos® j8 cos® 7/1 


1 z 2^ 

Ai®ri® VA3®'^ri® 

Integrating this from D to the pear 


= -Po < 


eSs + + 


^ cos® /3 cos® 7/1 


Ai®rx 


^ 2 ***^ 2 


2ff)(S,y1 ...(22) 


We have, moreover, by the formula before integration 

cos® /3 cos® 7 / 1 1 


dn — Pq 


Ai®ri® 


A,® ’ r,® 


2a 


dr 


Also to the order zero —n—por. 

Since — to is what was denoted in § 9 by €S, the element of volume is 
(1 + Xto) dnd<r, and this is equal to 


Po[l -XpoT] 


cos® )S cos® 7/1 


A^2 + r^2 20^ 


or 


A/Fi® 

Ft . cos® /9 cos® 7 1 , 1 0/2M 

Po|^i ^1x^0+ VAi®'^ri® 


da dr 
da dr 


But by (5) the element of volume is 




T COS® /3 cos® 7/2 2 


Ui 


® r. 


2 Gj 


da dr 


Ai®ra® 

Equating coefficients of r in the two expressions we find 

. cos® B cos® 7 / 1 , 1 ^ 
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§ 11. The Energy §7ri>^je^(l~\e)dcr. 

From (22) and (23) we have 

= - A’ [e" (Ss)* + 32«*// («.)•«/ + fe- _ 2(j) (S,y 


1 -I- \.r,' 


So that 

6® (1 — Xe) = — 

Again from (6) 


e^(S,y + 3^eY^(8,ySf 

I cos® /9 cos® 7 


4- e"^ 


A,®r,® 


ji 

^-2 + fy 


- sol {S, 


J 


I’rrp^p.^da- = W . A ^ f ,^Y 

3 r a Ri'r>2 /? a 2Tn2 


sin®/3 Ai^Fi 
AT® /7c\® 


Therefore 


AT® / 7c\® <1> 

= * ^ U.J ^ ^ A?rv 


§ 7 rp“ 6 ^ (1 — Xe) <Za- = — iV cos /3 cos 7 sin /9 


L“ Ai^r.o 


+ 32cy/ o {4 (4 + 4) - 3(?} (S.)-] 

When this is integrated we may put (k/h^'^ equal to unity. In the 
integral the first term vanishes, and the second term gives 

— § “7 r\ ' " fi^ P‘b 

^ kn COS 8 COS 7 •/ *' r *• 

In the third term we substitute for <I> its value and have 
3 ilf® cos® 8 cos® 7 sin ^ ^ Z'^”' 1/1 1 


TT 


h 


sin® 7 


n il 
. 0 


Ai®ri® VFi® Ai® 


X 


which is equal to 




3ff| (s,Y 


AT® ^ cos® /3 cos® 7 sin /3 f-h'^ 


ko 


e*- 

TT 


sin® 7 


r-h^ ft’ 

3 0 30 


vri«Ai® ri®Ai8, 




d0dcf> 

~aF 


By the definition (8) this is equal to - e^a^. 

/Cq 

Hence the required term in the energy is 

AT® r sin® B ^ ^ 

^ X L 


.( 24 ) 
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c tiv 

§12. The Energy \p Je^-^dcr. 


It is first necessary to determine dVJdn. 

Suppose that the ellipsoid J is coated with surface density S, and that a 
second surface is drawn inside T at an infinitesimal distance r, and coated 
with negative surface density — S', so that the two form a double layer. Then 
rS being a function of the two angular co-ordinates on the ellipsoid may be 
expanded in surface harmonics ; suppose then that 


■ tS = S VSf/ 
0 


Consider the two functions 
Ve = 2 47r/i/ (j'o^ — 1)^ for external space 


F,= 




for internal space 


Since these functions are solid harmonics, the matter of which Ve and. Vi 
are the potentials is entirely confined to the surface of the ellipsoid, and 
since they are not continuous with one another, the ellipsoid must be a double 
layer. 


Now (i^) = (v) j 


dv 


and therefore 




1-W 


(■'.) - w (".) = A- 

- 1)^ (j^o“ 

Hence at the surface of the ellipsoid 

Ve - Vi 47r;i//Sf/ = 47rrS 


i-'pj 


But this is the law found in § 9 for the change of potential in crossing a 
double layer, and hence Ve, Vi are the external and internal potentials of the 
double layer tS. 


Since 


d __ p d 
dn vdv 


d f; ^ ^ 

dn dn 



1 + „ d\^.f d<Bi^ 


Sf/...(25) 


This result will hold good to the first order of small quantities if the 
surface be a slightly deformed ellipsoid, such as was the surface defined by t 
in § 9. 

In the elementary double layer t the density was pe [1 — Xe (s — <)] dt, and 
the thickness was edt, so that the thickness multiplied by the density was 
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p6^ [1 — Xe (s — ^)] Since, however, we only need this to the first order, 

we may take it as pe^dtdt. It will now he convenient to change the meaning 
of hf to some extent, and to write 

= XhfSf 

0 

Thus for the elementary double layer we have 

tB = pdtdfSi 
0 

dV 

It follows that in applying the formula (25) to determine for the 


double system D, we may say that 


d^ dV ^ 47rpoP 


dsdt dn V 


Vo 


(>’.'■ -i)*( 


1-/3; dvo dvo 


Since the right-hand side does not contain t, we have only to consider the 
integral 


n dsdt = f sds = i 

0 Jo 


Thus, for the system D, 
dV 


dn 


f l_>sj'‘‘ dv, dv, * 


This result may also be obtained as follows : — To the first order we may 
concentrate the negative density in the region R on. & surface bisecting that 
region. We may then consider the positive concentration O on J", and the 
negative concentration on the bisecting surface as an infinitesimal double 
layer of thickness We have seen that the surface density -f (7 is 

and that e = — peS^ (in both cases to the first order only). Thus 
the density S of 4- <7 is pe, and the thickness r of our layer is the product 
therefore rB is -Jpe®. 

OO 

Hence tB — j^pe^ = ^p^hfS.f, and thus we arrive at the same result as 

0 

before. 

I now introduce an abridged notation analogous to that used previously, 
and write 

rna g di^4^ 

~ dvo dv. 

We then have by (26) 

dY S 27rpoP cos yS cos v , _ 

( 26 ) 

OO 


where 
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e® = g: 


Assume then 


PoW ek 

co s^/3cos^7 (^a)^ _2^.s^.s 


sm;6i AiTi'' 0 
Multiplying by <l>^/ and integrating, we have 

p/ = r/<^/ 

^ 2)^2 00 ^ .8 ^2 ; i ^2 j 

Hence ^ Sf, and therefore A/ = ^ 

sin /3 0 sm^ (ja 

Substituting in (26) 

= :S2Byope — 


dn 


Now 


and 


dV 

dn 


sin^ /3 (pi 

00 M «.8 

^ |p/ 

sin ^ 0 <pi^ ^ 


Since on integration the terms involving products of unlike harmonics 
will disappear, we have, as far as material. 


dV M w /n -*\2 


Now 


ipp.d,r=^MQJ <^d0d<f, 


Since the term which is being determined is of the fourth order in e, we 
may put k/ko = 1, and we have 


ip j*' 




.2-z^da-=^- 
dn 




CO ffTT rf 

0 J 0 Jo 

(pfY 


e^-r-acr^^ — e^-^l I ( pj 5i/<E> {S^ydOd^ 


Md » 


0 H 


.(27) 


d 


Since {v) = 1> ^ ^Po (^) “ ^ ^ corresponding 


to i = 0 vanishes. 
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§ 13. Terms in the Energy Defending on the Moment of Inertia. 

We have to determine A^, the moment of inertia of the region R con- 
sidered as filled with positive density. 

In order to obtain this result, we must express y'^ + in terms of surface 
harmonics. This was done in § 12 of " Harmonics,” but as a different definition 
of 8^ and 8^ was adopted there from that which I shall use here, it is easier 
to proceed ah initio. 

Let 

and (go)® = I- (1 + — B), ^ (1 + /c^ + J9) 

For both the suffixes 0 and 2 , we have + q'^ — 1, and 



2 - 
1 - 2 g 2 ’ 




1 -3g= 

1 - 2 g 2 ’ 



1 - 2 g 2 


In accordance with equation ( 10 ) of “ The Pear-shaped Figure ” I define 
the harmonics as follows : — 


Now 2 /^ 


8^ = sin^ 0 - go®) (go'® - cos^ 4>) 

^2® = sin® d — q^) cos® <^) 

(v^ — 1) cos® 6 sin® <f), z^ — sin® ^ (1 — /c'® cos® ^) 

1 — Ti , 2 t cos® B cos® 7 

, where ? 


i ;2 = 


sin® yS 


Ax®r, 


and 

Thus 

— p — ( 2 /® + z^') — cos® yS — Tj + sin® 8 sin® 0 — (cos® — Ti) cos® <f> 

-f- (cos® 8 — ^'® — /<^®Ti) sin® 0 cos® <f> 
Let us assume, as we know to be justifiable, 

(y" + = Afif, + + c 

= — [Ago® go'® + Bg 2 ®g/® — C] + [Ago'® + Bgg'®] «® sin® 0 

+ [Ago® 4- Bga®] /c'® cos® 0 — [A 4 B] «;®/c'® sin® 0 cos® ^ 

If we equate the coefficients of sin® 0 and cos® cf> in these two expressions, 
we have 


Aq:-‘ + . Aq.o + Bg/ = 

fC 

The solution of these equations may be written 


Tj — cos® 8 


K 


'2 


A = 


2 I>go® 


cos®/3 

BlI/?J ~ 2iV® ’ 


B 


2Bq, 


1 4 


cos®/S 


4 


B~k^)^ 2Dq^^. 
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The simplest way of finding C is to put sin^ ^ ^ , cos® ^ ^ , so that 

AI fC 

82 = 8^^ = 0 ; we thus find 


?2' 


'2 



C = J(1 + 

cos® / 3 ) — f Ti 

Now for brevity write 



r_ / 

cos® /S \ 

,, sin^ 

41 ) 5 'o® cos yS cos 7 V 


41 )^ 2 ^ cos /d cos 7 

We then have 




Ti 

jg^_2Cos^cos7j^ 

sm/3 

2Dg«'® ’ 

Sin p 


1 + ^ 


cos® 8 


Hence, substituting for Ti its value, 

cos® /3 cos® 7 / 1 82 1 8i D 

A7r\®'^^A?r\® 


Now 

Therefore 


3 sin® 8 


< 3 > 


- 4 t {L^S2 - M^8i) - 2t -^ir 

sin®/g ^ 3 sm®y 8 

_ cos® yS cos® 7 / 1 ^82 1 ^8i ^ M 

_ T- H- 

When we integrate throughout the region JR the limits of t are 
e83-'tff8i^ to zero. 

Accordingly 


Ar 


MK 


h 



2 ws g V . + ^o*' 

sm®/3 ^ ^ 3 sin ®/3 


<E) 


] 


DO 


X eS, + t//'Si‘ 

2 


+ 

H- 


2 (iW, - M^S,‘) + ’!']«’ W 

Sin-* /3 o sim /s J 

cos’ ;8 00s* 7 rjL _ JL J?^l. + IK ® 1 e« (S .)4 (10 dtp 

V’A.’r.’ A.=A»J ^ '■’I 


21) sin® /3 


sin®/S 


= - f IJ { ®°°lf.“°? + 2«’ (£“. - 

I f ^ 9“^ 1^ 4 30., 


, 1 + cos® 8 
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The moment of inertia of the ellipsoid J is 


Aj ■ 




kA 




sin^ 




"1 4- cos® yS _ 2 1 + cos® y3 
5sin®/3 ^ 3sin®/3 


Also 


Ml 3 sin^ /3 
Ato * 4s7rp cos /3 cos 7 


3ilf® 1 sin^yS 
2A;o * 27rp * cos ^ cos 7 


Lastly, to the required order we may put {kjk^^ equal to unity in the 
expression for Ar- 
Then 


^ (Aj - Ar) 


SM^ 80)® 

2/co 27rp 


j(l +COS® sin/3 
( 10 COS /3 COS 7 




-ilf(/2"<^2"+e®a)2®) + 


e® sin® /3 / pa 

4i) COS ^ COS 7 Vg'o'® 



This completes the expression for the lost energy E of the system, which 
may now he collected from (19), (20), (24), (27), and (28), 


§14. The Lost Energy of the System; Solution of the Problem. 


If the several contributions to the energy be examined, it will be seen 
that if i, the order of harmonics in fiSi, is odd, there is no term with 
coefficient e®// in E ; this follows from the fact that the ca and p integrals 
vanish for the odd harmonics. Hence, as far as concerns the odd harmonics, 
E involves only in the form (j^-*)®. The condition that the pear shall be a 
level surface is that E shall be stationary for variations of the /’s and of e. 
It follows that when i is odd // is zero. We may therefore drop all the odd 
harmonics, inclusive of fi, and it is clear that the term — in E (given 

in (20)) vanishes to our order of approximation. 

For the sake of brevity, I adopt a single symbol for each of the coefficients 
of the several kinds of terms in E. Therefore let 


ft + 2f j + i 

2 <p{ 

25/ = + (33/ + 238,) p/- p/ 

0/-(^3-^/) <j>f 


4 "t ^ S , g ■ 
2 


(1 +• cos® /3) sin /3 
10 cos y3 cos 7 


b = Xcog “ Ma>^ 4- 


sin®y3 

42) cos /3 cos 7 


Bl 

qP qP 


c — L(f>^ 

b = where 33/ == OH/ 



d^/ 

dvo ’ 




dvQ dj^Q 
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With this notation 


E = -I ^ I + 2XBif‘eY^ - 2 (7/ (f/y 4- (a + be^ + t/a - h/a^)! 

Let us now make E stationary for variations of e and fy. 

First, by the variation of any_// excepting andya^ we have 


f.s = friL p2 
^ n.n — 


.(29) 


On eliminating all these ff, we have 


® ^ ® IT f W"] ^ - a, (/,)» - G./ (/,»)» 

+ 2^ 

^By the variations of and we have 

- GJ, + 1|, c = 0, - G^fJ‘ - g » = 0 

+ f ‘ = 0 

But from the first two of these equations 

^-^p-Gl’ -or " " '^p 'GJ 


{BiY 


Therefore 


+441*’^ 


J5aC i?a"b 

g: g,^ 


.(30) 


When Sw® has been found, y and f.y are determined from 

/a - e + 


.(31) 


^ 

" C/ ^ 47rp G}] 

A consideration of these formulas shows that it is immaterial what 
definition is adopted for any one of the hai'monics, provided, of course, that 
the same definition is maintained throughout. 

In order to evaluate Ao, we must eliminate 1®/. 


Since 


•* = 23 — 01 '30.» — 

_ 39 .« ^ 

*■ dvo di^o cos /3 cos <y 


we see that 


13/ = 33/ - 


_ sin^yS N 33/ 

cos ^ cos ryj ^/ 
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Hence 

W ^ ~W 


it/ H h'^i^p^y 


^ sin ®/3 Mi (pi^y 

t a .. azr R JL s •■•\o^) 


^ COS /3 cos 7 ^i <f>i 

If for brevity we denote this last expression by [t, s], we have 
- 4 o = ^3 [|- (<r 2)^ 4 - 2^4] -g^o" 4 4 * S \i, 5 ]| ^ 


Bf = {^i coi 4 - ^Mipi) 4 - ^2^3 — 
Ci = - ^i) <f>i 


sin " /3 

2 cos /3 cos 7 


.(32) 


We have now the complete analytical expressions necessary for the 
solution of the problem. * 


PAE-T II. 

Numerical Calculation. 

§ 16 . The Determination of Certain Integrals* . 

The integrals oi>i, pi, <f>i depend on certain others, namely 

2pA2n _ sin^^ 0 cos^" e ' 

Jo Ai^A 

sainSSw , 


Jo 


.(34) 


However we shall see that the integral may easily be made to 

depend on ®A|^, and therefore we shall only consider this latter form for the 
present. 

Since Ay = 1 — /c® sin“ 7 sin^ 0 — cos® y 5 4- sin® /S cos® 0 , where sin 18 = k sin 7 
and Pi® = cos® 7 4 - sin® 7 cos® — cos® 8 — a:'® sin® 7 sin® <f> 

we have ^All, = cosec® jS - cot® ^ \ 


^ 02W-2 ___2L_02n-2 

a:'® sin® 7 a:'® sin® 7 


.(35) 


■* [This section has been rewritten, and in order to retain the old numbering of the equations 
some few numbers are missing J 
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I now write 


ri 

’=f 


A ’ 


T ’ 


r^TT 

Ad 0 

J 0 

•i'Tr 

E ■ 


/ •g'TT 

rd<f> 

It will be found from Legendre’s tables that for 7 = 69 “ 49 '- 0 , 
K = sin 73 ° 54'’2 


log i^= • 4317642 , log.&’= *0355145 ] 

log i^'= - 2047610 , logij 7 '= *1875655 . . 
log ^( 7 ) = * 2117987 , log ^( 7 ) = 9*9856045 ^ 

If we use the fact that (iA = - ^ ^ a-nd integrate 


by parts we find 
“Af = 


( 36 ) 

cos2»»-2 Q gin^ 0 

A 


2/1 


2 /«“ - «'2 


2 n 




0 A 271-2 I ^ 0 A 27^,-4^ 


“ 2 '/i 


2 w, - 2 fK^ - a:' 2 ' 


/c 


'2 


0 271—2 I 

Q ’"TP* 


2 n - 3 /c^ 




.( 37 ) 


2 n — 1 /c'^ ® 

Now write 

^ (1 + sec- /3 H- sec“ 7 ), LT ' — (sec“ ^ + sec^ 7 4 - sec’^ /3 sec® 7 ) 

The values of /3 and 7 are 64 ° 23 '- 7 l 2 , 69 ° 49 '- 0 ; whence log G = * 8679015 , 
log iy' = 1 ‘ 4678555 . Also we require log H — 1*7182664 (see § 3 , p. 323 ). 

By differentiation it may be proved that 

/o ^ A sin ^ cos 0 2 n cos ® /9 cos® 7 2 ( 2 n — 1 ) ( 7 cos®/i 3 cos ®7 

^ 7 ^-^ A®»^ “ 


^ 2 rH -2 ^ 


Af A 


+ 


2 ( 2 n — 2 ) // ' cos® /3 cos® 7 2 ri — 3 


Whence by integration 

OAO — ^ 2 to — 

■‘■^ 271+2 " rr .tVgjj 

n n 


Af‘'“®A 


A- 


In— 4 , 


2 Oj? ^ 

~ H'^Aln-2-^ sec ® /9 sec® 7 ...( 38 ) 


On writing tan 7 V — 1 for sin 7 , we find that exactly the same formula 
holds good for the fl’s. 


To apply this to the determination of ®A®, Xi§, we note that 
°A% = cos® 7 ^ + sin® 7 £’, - sin® 7 ^^^' . 


Also 


1 1 

Tnr A* ^ ci X ->-• / At 




a® 


E' 


K 


K 


rF' 


'2 


.( 39 ) 

■( 40 ) 
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From the formulae given in Cayley’s Elliptic Integrals it appears that 

sin y 




Xlg 


(T) + 


.(41) 


Now »Ag = J', ®A§ is given in (40), and »Af for « = 2, 3, 4 ... are then 
given successively by ( 37 ). 


Again is given by (41), and the successive °A|”' are given by the 
general formula ( 35 ). 

Again (38) and ( 39 ) give 

= 6 ^ - 1 sec 2 ^ sec® y (cos® y F sin® yE) 

"Ag = f OA® - IT' «A» 4- i sec® /9 sec® y i?" 

and by successive applications of the formula ( 35 ), we find the successive 
values of ®A|^. 


The a integrals may apparently be derived by a similar set of formulae, 
but since at each step we divide by a:'®, a small quantity, all accuracy is 
rapidly dissipated. Although we may safely derive one series of Xl integrals 
from a preceding one, we cannot so derive a succession of series, and it 
becomes necessary to find new formulae. 


In order to determine the O integrals, consider the group of integrals 


W2»i, 

2m 


_ sin®”^ <f> 

~Jo ~IT 


d(f> 


y ^ "x COS y tan cb 

If we write ^ = — 


COS /3 


a 


-a A 

= 7 , , we find 

cos ^ 



1 

cos COS®”*'~^ y 



(a® + 

(I+PF 




whence, by some easy integrations. 


■[P'0 ^ 

^ 2 cos J3 cos y 

Wl = -i-- — ^ (sec® ^ + sec® y) 

4 cos /3 cos y^ 

Stt 

16 cos ^ cos 7 ^ + sec* 7 + 1 sec> ^ sec» 7 ) 

On expanding l/P in powers of /c’® we see that 

= 'W'IS; + i*'® ~ k'* TFS-M + . . . 

When m = 0 the W integrals are easily determined. 
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The relationship between successive W integrals is clearly 

W2w _ W-2n,-2 ^ W2W-2 

sin^ y /c'- sin'^ y ^ 

I now write for brevity 

a? = cos /9, 2/ = cos y, z= sin y, X= ^ , <t = - 


w + y 


It appears that if we write 72 , 


1 .3.5 ... (2i- 1) ..12 
“ ' 2 ^ we may put 


o2u_i 1.3.5 ... (2/^- 1) f- 1 ^ 1.2 

2 . 4 . 6 . . . 2n ' 1 ^ n + i (7?r+ xy 2) ' 


1.2.3 

(n + 1) (n 4- 2) ('« 4- 3) 


Q2JI JP I l^r- ^ I ■ ^ 1) 

"" 2xy ■^■^ 14 -^ 2 ,T. . 2«, 


ct, 

«0 + 


1 . 2 a4 1 . 2 . 3 <x,( 

(ft 4 - 1) (ft 4- 2) (ft 4-1) (ft + 2) (?i + 3) 


af = ^ C?on 4- -i-Tr , ^ LL|.:yiX?!^ 

^ 4a;?/ ■ 14-^ 2. 4. ..2ft 


1.25. 


02u_ 8^ r/ . L 1.3...(2ft-l) 

^ 14- ^ “ 2.4 ::: 2?,;~ 


6 . + 7 . + (;r:;rr)-(;rr 2 ) ' 

" C 2 1 . 2 C 4 

ft -f- 1 ^ (ft + i ) (?i -h 2) 


By considering in detail the cases where 'ft = 0 , I find 

jf^Q — — 1 J O'O 1 

i^o ~ “4 " 1 ” ^ f “f — ^ "t" ~') + 1 

= 1 + 5^4 ( I - 2o- + 2cr’) + jL- (1 _ 4<r + - Ji-or> + i<r‘) 

0„=l--|X + iX= 

By some rather tedious analysis, by considering the manner in which 
each XI is derivable from the preceding ones, it may be proved that 


1 - 2<r 
1 -X 


2 w 1.3... (2ft ~ ^) /-j _ 

<r F,n~^ H- <T (1 ~ a) 

2i X^ 


1 ~ 2X 2i - 1 1 - 2X 


Gm.— 


1 

1 -2o- 


.2(1-<t) 2^ . 1 .3 ... (2ft -3) 

o-" 0‘2n-2 4 4- 2 X 4 “7 ^2ft - 2) ^ 


D. III. 


23 
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t •— ^ 

(1 - xya^i- 

1 - 2X 

1 

‘T- IT 211— S + 

1 - 2o- 

1 f 

(1-X)=6.i-,, 

/< 

(M 

1 

r-l 

1 

PI 

> 


^2t— 2 


2i\^ 

2i - 1 

4( 1 -tr y 

-j 

2i-:i J 


^ , 1 • 3 ... (2?i 3) , 


By successive applications, starting from the values for a = 0, I find 
•^. = 1. r,= <r, y. = (1 + ^.-~.r(l+<r+Jo>) 


and generally 
jp 1.3 — (2'?i — 3) 

2.t:t(^“2) 


^ ^Zn-8’’ 


4 - ^^ -3 - 10 ) {2n ~ 12 ) „ . 

(2?i- 3)p'w“- 5y(2n- 7) ‘^ + ... 


^8 + (S'lrJ) (?!^0) ^ (2r^ -10)(27^-12) (2n-1 4) 


■^“‘ + 2a-3‘" + (2a - 8y(2a - 5) _ 3 ) _ 5 ) ( 2 „ _ 7 J 




and generally 


tto 1, 0.2 ~ 1 + X., = 1 + \ + |X 2 

^2^ = 1 + + (^3 3) (2^ - 6) 

2^-1 ^(2i-l)(2i-3)^'^”- 

2z~l ^ ^ (2i _ 1) (24 _ 3) ^ + • •• 

back to the df-ff. ^ greater than 10 or 12 it is easiest to go 

values we havt ^ with numerical values. For the earlier 

1 1 

®“=^+s + p. «==- + y + = 

- -P„ + s J ^ (1 + ^ ^ ^ 

” ^ a^. ^'2-1+X-x-, 6. = l+\ + ^X«-x*, 6.-1 +x + fx»-^x»_jxa 

^8— 1+A,+ ^A2_|. __ |_6 ;^4 _ 




■gtr + J-o-2) 
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ITs - Fs + ~(1 +<r + - cr=*) + ^ (1 -I- <r — 20-2 + |a») 

5cr 

Hiq ~ ^10 + (1 -1- cr + f cr=^ — -'^cr^ — fa-*) + ^(l-fcr + 0.cr2— 2cr* + o-^) 

Co = 1 + -I- Cg = 1 + A — 2A^ H- 'I'X.'’, C4=1 4-A + O.X^ — 2A® + 

Co = 1 + X + |X2 - -|X3 — |X4 _|_ Cg = 1 -h X + ^X^ — |X» — |-|X^ - ^X*' + f X« 

By means of these formulm I then computed a table of the Hi™ 

integrals corresponding to the critical Jacobian for which 7 = 69 ° 49 '- 0 , 
K = sin 73“ 54'-2. 

A little consideration will show that if ®A1]„,, "A|,^, &c. be a series of 

the integrals, and that if we form a table of differences, changing the sign of 
the odd differences we shall find the series of integrals corresponding to 
This fact may be stated analytically as follows : — 

(~y A- «Ai^-2»- = 

I accordingly tabulate the natural numbers of the "Ag^rt integrals, and 
form a table of differences. It seems unnecessary to reproduce these tables 
of differences, but I will just show how they run in the case of one of the 
series. We have 


»a; = 

2-7024906 



”A5 = 

•9505345 

^A<; = 1-7519561 1 


0 

> 

II 

•6559354 

-2945991 

^Ai{= 1-4573570 


«AS = 

•5285432 

"AS= -1273922 

'‘A|t= -1672069 

«A|J = 1-2901501 



&c. 

&c. 


The tables of differences of the other sei'ies of functions Ag, A 4 , A(, are to 
be formed in exactly the same way. 

Before giving the table of i-esults I may remark that it was proved in my 
paper on Ellipsoidal Harmonics (Paper 10 , p. 265, equation 84) that 

-t 2 12 02 

1 _ f. I 


0 A 2W _ 02n— 1 ^ ^ If 

Ao -Z 


K 


2 ‘‘(n- l)(n- 2)2 ! 

— &c. ('a + 1 ) terms 




2 n 


22n 


1 

!. !)■" 


r 1 / 1 1 . 1 

^12 n 


1 1 
^ '■"“I' ■+*•.. 

+ 


+ 


2=*(w+l)l! 1 


11 1 
2+3 + + 


n {%%— 1 ) 


1 1 
f. i 1 . 2 


(n + 1 ) ( 2 n + l) 
23—2 
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+ 


(2n + 1? (2« + 3)^ /4 I /■_ _ 4 A 4 . ^ 4 - . . , 4- - ^ 


n3'^4 


1 + V 4 
I."! 1.2 


+ 


(n + 2) (2« + 




4 


where L = logg — . 

The Ao series of functions was computed also from this formula. 

After the earlier values have been computed, it appears that the 
portion of the formula becomes negligible. If then we substitute tor the 

factorials the approximate formula 


we find 




n‘ 


1 . 1 
1 + .- + 


55 


8a 128?i2 2^“ . 3‘" . a" 


I'* 




(w - 1)1 

The calculation of “Ag^ from this formula agrees within unity in the 
seventh place of decimals with that derived from the rigorous forniula. 


Even the formula | . ^1 + ^1 - - /c'-’j only differs by 2 in 

the fifth place of decimals from the correct result. 

I have found other approximate formula for the other sorioa of functioriH, 
but as no use is made of them they will not be given here. 

The following is the table of results, and it may be noted thnt the Ag, 
series of functions are not required for any higher values than those 
tabulated. 


Table of the A functions (natural numbers)"]'. 


OAfl" 




»A4“ 




i 


j 

1 


0 

'2 

4 

6 

8 

10 

12 

14 

16 

18 

20 


2-7024906 

•9505345 

•6559354 

•5285432 

•4543269 

•4044492 

-3680175 

•3399181 

•3173978 

•2988272 

•2831734 


8-034600 

1-4779482 

•8294118 

•6160958 

•5084364 

•4419004 

•3958484 

•3616261 

•3349328 

•3133708 


30-53878 

2-866414 

1-1590804 

•7537022 

■5844941 

•4909693 

•4306317 

•3878603 

•3556021 

•3295135 


132-38251 

7-149917 

1-8826818 

■9929042 

•6987687 

•5582507 

-4755180 

•4203234 


99 


•2697454 


* See Boole’s Calc. Fin. Biff., Chapter V. 

theUsSte^lS trl differencing certain other functions, and 
0 accura e as I had thought they were. There was rather a bad mistake in 
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Table of logarithms of the Xl functions. 


n 

log Go" 

log 

log ^ 4 “ 

log Go"- 

0 

•2047610 

1 -0302912 

1-8667641 

2-7138142 

2 

9-8993673 

•7715375 

1 -6492558 

2-5319084 

4 

9-7729862 

•6613000 

1-5528790 

2-4473549 

6 

9-6930884 

•5897701 

1-4886134 

2-3893880 

8 

9-6346685 

•5365117 

1-4398970 

2-3446714 

10 

9-5886267 

•4939849 

1-4005014 

2-3080689 

12 

9-5506357 

•4585472 

1 -3673618 

2-2769972 

14 

9-5182995 

•4281522 

1 -3387296 

2-2499642 

16 

9-4901531 

•4015325 

1-3135070 


18 

9-4652355 

•3778480 

1-2909612 


20 

9-4428427 

•3565096 

1-2705764 


22 

9-4226147 





§ 16. The Integrals cr^, ^ 4 *. 

In accordance with equation (14) p. 294 of the “ Pear-shaped Figure ” the 
third zonal harmonic is defined by 

S. = (/*) C3 (<f>) 

where ^3 (fl) = sin 0 (k^ sin“ 6 — cf) 

C3 (cl>) = - a:'2 cos“ (j>) ^(1 - k'^ cos^ <f>) 

and ^2 [-1 ^8 _ rf 

The numerical values for the critical Jacobian are 

= -9231276, g2= -5746736 

It may be observed that if ^3 (/a) =y(/c 2 cos'^ ^), C 3 (< 56 ) = «/*(— sin^ j 
that is to say the form of function is the same, but we have chosen C 3 (</>) so 
that it involves the additional factor k. 


We require the squares of both these functions. 

Now ^3 (gd = («“ -q^-K^ cos^ 0) V(1 - cos“ 0) 

and if we write 

a = (K^- q^)\ /3 = 2a:" (a:" - g") + («" ~ 7 = a:^ H- 2a:" («" - (?"), S 

[^3 (ya)]" = a — /3 cos" 0 + y cos'* 0 — S cos® 0 
On account of the symmetry of the forms of ^3 and C., , if we put 




we have 


a' = ka:", /S' = /3a:" . ^ , 7 ' =• y/c- . ~ , 6 ' = Sa" . -- 

fc ic ic 

[C 3 (4>yT = a' + /S' sin" <f) + y' sin'* <f> + B' sin® <!> 


differencing the functions which gave the Oq functions, and this affected the values from n = 10 
onwards, but as the Ci functions as tabulated were not actually used in the computations the 
mistake did not affect the result.] 

* [This section has been rewritten.] 
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The numerical values of these coefficients are as follows : 

log a = 9-084<3568, log a' = 9-0496186 
log /S = 9-8835606, log = 8-7693310 

log 7= *1748006, log 7 =7*9810796 

log 8 = 9-9305236, log 8 ' = 6*6573112 
It may he noted that a — y9 + 7 — S==0. 

Before passing on we must give another form of (^3)® j il' i® 
(ya)? = Fo sin® 0 - F^ sin^ 0 cos" 0 + F^ sin" 0 cos* 0 
where Fo = (/c" — 5'")", F 2 — 2/c" (/c" — ^"), -^4 = 9^ 

The logarithms of these are as follows : — 

log Fo = 9-0843568 
log F 2 = 9*6026093 
log F 4 . = 9*5188031 


ISTow by (8) and (6) p. 328 we have 

0-,= jj-^(Soyd0dcf> 


where 


5= /3 008> 7 («:“ cos® e + K'‘ sin® <l>) 


A„“r,® Ar 


/(,Ai„) = a »A§, - /3 “A|„ + 7 »AL- 8 »AS„ i 
/(AL) = a»Al,-/3'>A|„ + 7 «A|„- 8 »A|„ ^ 

for n =: 1 2 

/(ay = a' a^ + /S' ai. + / a^ + 8' ol I 
/(ay = a' aL + ^' a^ + 7 ' iiL + S' j 

Then clearly 

< 7 -. = ^ COS® ^ COS® 7 {«« [/(Ai)/(aj) +/( AS)/(a«) - G/(A 0 /(a!|)] 


+ «'= [/(A»/(as) +/(A3)/(a|) - G/(A«)/(as)]) 


In order to find tr, and ^4, must be raised to the fourth power. 
From (8) and (6) 

where 


■-jla(Soyd0d<j> 
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FORMULAE FOR 0-4 AND ^4. 


If then we put for 71 = 2, 3 

/(A«^) = - 2a/3 + (2ay + /3^) «A|„ - (2aS + 2 ^y) "A|, 

+ (2^3 + 7“) "A|,, - 273 ^AZ + 
y’(A|^) = same coefficients with ..., ^’AJ* 

same in form as yCA^,,) but with a', /S', 7 ', 3', and Xl’s 
y(fi|^) = same in form as y(A|^j,) but with a.', 7 ', 3', and Il’s 

We have 

r, = |cos* 0 w 7 [*» [-‘/(A 5 )/(n») + ff/(A 5 )/(ns) + (j/(Ay/(n») 

-^/■(AD/(ns)] 

+ «'« [-/(AS)/(ns) + e/(A;)/(a5) + (9/(Ai!)/(n;) - H/-(A»)/(ni)]) 


Again from ( 8 ) we have 


6 


0-4 = — cos'* /3 CO&’ 7 sin 0 I 1 («'•* cos^ 6 + sin® <i>) 

TT ' ' 


1 , 1 
+ 


' A/i\^ 
3(? 






Thus with the same functions as for ^4 we have 


0-4 


= ^ C03» /3 cos’ 7 sin p {«’ [4/(A’)/(OS) + |/(AS)/(a;) - SG/CAD/Cn!)] 

TT 

+ [|/(AS)/(n’) + |/(A8)/(nj) - 3G/(A;)/(nj)]} 

The computations gave 

0-2 = -0136760, Z == '000092343, 0-4 = -000176218 


These have to be used in a formula which also involves ^. 4 . Now 
denotes or what should be the same thing P/ Qi^. The formuliB in 

the Pear-shaped Figure ” with 7 = 69° 49'-0, k = sin 73° 54'-2 give 

Pi^ Q/ = -351697, PaC%. = *351603 

These functions, which should be identical, differ by about one ton- 
thousandth part of either of them. I think if I had taken 7 == 69° 48''997, 
K = sin 78° 54'-225 (the actual numerical sohition for the critical Jacobian, 
p. 311) this small discrepancy "would have been removed. However, the 
difference is quite unimportant, and as generally means Pi^Qib I take 

the former value and put log ^a = 9-5461687. 

With this value I find the required result, namely 

^3 li (cr^y -i- 2 ^ 4 ] - i<r4 = - -00050051 (43)^ 


■* The discrepancy between this and my computation, in the paper as presented originally, 
is 4 in the seventh place of decimals. 
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§ 17. The Rigor (yiLS Expressions for the several Harmonic Functions 

required. 

In order to obtain the remaining integrals it now becomes necessary to 
evaluate a number of the harmonic functions. 


Eigorous forms have been found in Papers 10 and 11 for all the harmonics 
of orders up to the third inclusive. For harmonics of the fourth order 
rigorous algebraic forms may be obtained in all cases except when s = 0, 2, 4, 
but these are exactly the cases to be considered in this investigation. We 
have, then, to show how these functions of higher orders may be evaluated 
rigorously for an ellipsoid of known ellipticity. 

The only case required is that in which both i and s are even, and 
although all the forms might be evaluated by processes similar to those 
indicated below, I shall confine myself to this case. 

We have seen in “ Harmonics ” that if $ denotes (1 — /c®)/(l + of this 
paper, and /a denotes sin 6, 

= Pf (m) - + ^q.^Pi+<- (/i) - . . . + (-)i ('■- qiPf (j^) 

- + (-f-" q,Pi (fL) 

It is well known that 


and 




1 ^ 

2 ^ i ! dfx. 


(p? - 1)* 


• S ! 

V. ' w (i-s)(^“5-l) 

r l!2*(s+l) 

{% — s){i~s~ 1) {i — s — 2) (i — s~ 3) 

2 1 2^ (s + 1) (s + 2) ^ 

Hence we may clearly write in the form 


(1 - fiy- 



(f) =/o sin^ 0 -/a sin"^-® 0 cos^ 0 sin^-^ 0 cos^ ^ - . . . 

Since when s is not zero P/(1) = 0, and w^hen s is zero Pi (l) = l, it 

follows that fo — qo- For the zonal harmonics (s = 0) this gives 

fo = l. The determination of the other f’s depends on that of the ^’s, which 
we shall consider later. 


Another form of (p) will be useful, viz. : 

(fj) — a — h cos^ 0 + c cos^ 0 — d cos® 0-{-e cos® 0 — ... 
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It is obvious that 


+ 2~T\ 

^ — ./o + 2"7 i ! /* 
&;c. 


^ (^-2 ) . 
2 ^ . 2 ! 


(i-2)_(i^) 
22 . 2 ! 

&c. 





^(,•-2) (^--4 ) 
22 . 3 ! 

&c. 


Thus, when the y’s are computed it is easy to obtain the a, h, c, d, &c. 

We know that (2D/(<jb) (the cosine function of is the same function of 
— k'^ sin2 (p that (/x) is of cos^ 0, except as regards a constant factor. 

Hence it follows that 


(in/ {<!>) = X 


/4 


/e 




a + Z) sin 2 ^ cl — sin® ^ + 

tC“^ fc ic 

where \ is a constant factor. 

Now I desire to define and (JD/ {<f) exactly as in “ Harmonics.” 

This definition has already been adopted as regards (^a), but it remains 
to adjust the constant X so as to attain the same end as regards ^/ (</»). 

When i and s are even, (ID/ {<fi) v\ras defined thus : 

(<p) = cos s<f> + /3p«+2 cos (.9 4 - 2) + ^^Ps-H (s +4i) <f> + ... 

+ /S- Pi cos i<f> 

+ /3p«_2 cos (.9 — 2) 0 H- cos (.9 — 4) <jE> -h . . . + 

Since 

2r ! 2r I 


sin''^’’ tp 


■ 1)2 ) Y f ) J 


cos 2(f> 


+ 


2r ! 


(r - 2) ! (r + 2) ! 
it follows that the term independent of <p in (Bi (4>) is 


cos 4i<f) 


X 


■ . 1 7 1.3 1.3.57 /c'« 

a 4- 2 5 H- 2 _ ^ c + 2 ; 4 ; g d 


— 2\ cos 2(f> 


The term in cos 2<p in <2D/ (^) is 

1 I 7 /c'“ , 1.3 2 1.3.5 3^a:'« , I 

2 ■ 2 ^ /c" 2 . 4* 3 ^ /c^ 2 T 4 .13 ■ 4 “ J 

The term in 00 s 4itf) in (<p) is 

1.3 1.2 1.3.5 2.3 

2 . 4 ' 3 . 4 ^ ■^ 274 . 6*475 


2X cos 4<<p 
and so forth. 


; ^ , 1 . 3 . 5 . 7 3 . 4 ^ , "1 

. «« ■^2.47618*5.6® 
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In accordance with the definition to be adopted, these terms in the three 
cases s = 0, 2, 4 respectively are : 1, cos 2<^, cos 4)<p. Hence X must be chosen 
so as to fulfil that condition. 


Pursuing only the case of (where s = 0) in detail, we have 


1 _ 1 . 3 




c — j 4- ••• 


If, then, 
we must have 


X " ■ /c2 ■ 2.4 K 

(<^) = a' + b' sin^ <j> + c' sin^ <f> + 


a' — Xa, h'—Xh— , 


Xc 


fC 


/4 

13 ’ 


&c. 


Thus when &c., are found, it is easy to compute a, b, c, &c., and 

a', V, c', &c. 

Our formulm tend to involve the differences between large numbers, and 
this defect becomes more pronounced as the order of harmonics increases. 
The fault is mitigated by using the forms 

(/a) = fo sin^ 0 —fi sin^‘~® 6 cos^ 6 + ... 

(,^) = a' ~\-h' sin** 4- o'” sin^ cj> + ... 

In the case of a lower harmonic, however, such as the fourth, we may just 
as well use the form for ^ involving a, b, c, &c., and powers of cos**^ 0. 

We must now show how to complete the evaluation of the f’s for the 
zonal harmonics. 


It appears, from p. 212 of “Harmonics,” that, when i is even, we have to 
solve the equation 

^ i0‘ 11 {i, 2] [i, 3) \i, 4} 

4.1^4‘£r — 4.2“ + cr — ... 

ending with 


- [i, i] [i, ^ - 1} 

-[- cr 


where [i, j] = (i +j) 1 ) 


We are to take that root which vanishes when /3 vanishes. 


Although the equation for a- is of order 4- 1 or 4-(i+ 1), yet at least for 
such an ellipsoid as we have to deal with, it is very easy to solve it by 
successive rapid approximations. 

It is clear that we may write the equation in the form 


<T^ 4 - 



K 81 (i 41 

4 , 2^ 4" CT — 


[i, 5) \i, er 
4 . 3^ -p <T — ... 


l}{i 2} 


An analytical approximation is found by neglecting the continued 
fi:action in the second term on the left, and we then obtain 


o- = -2+2V[H-|/3«(i-l)i:(^‘+ 1)(^4-2)] 
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If this value of cr is used in computing the first term of the continued 
fraction, and if the quadratic is solved again, we obtain a closer approximation. 
We then use the second approximation and include one more term in the 
continued fraction, and proceed until cr no longer changes. 

It is shown on p. 215 of “ Harmonics ” that 


<72 _ 

1 

{i, 3} K 4) 

go 

4 . + O- - 

4*2l^-l-or — 

^q4. 

1 

W- K 5} {i, 61 


4 . 2“ + - 

4 . 3' + cr — ... 


1 

(i 71 (*■. 81 


4 . 3® + <r — 

4 • 4"^ ^ ^ ^ ^ 


It may be remarked that the foctor 2 occurs in each of these equations on 
the left, excepting in the first one; also we are to take qo — 1. 

In the course of the successive approximations for the determination of tr, 
each of these fractions is naturally evaluated. Therefore it is only necessary 
to extract certain numerical values already found in the course of solving the 
equation for a. 

As a verification, which shows whether the equation has been correctly 
solved, we have 

go 1) K 21 

It is now obvious that we are able to find all the ^’s in terms of which 
is unity. We then multiply each q by its appropriate power of /3 or _ , 

JL "*j fC 

that is to say, we form for r—1, 2, ..., and introduce the results 

into the formula for 

A closely analogous method enables us to find all the other types of 
function for an ellipsoid of known ellipticities, but, except for certain har- 
monics of the fourth order, it is not possible to obtain rigorous analytical 
solutions. Approximate analytical forms are given in “ Harmonics,” and the 
approximation may be carried further if desired. 

The following tables give the coefficients in the several functions for the 
critical Jacobian ellipsoid with which we are dealing : — 



TABLE OF COEFFICIENTS. [^ 2 , § 


i 

s 

a 

h 

c 

d 

e 

/ 

^2 

0 

0*603374 

0*923128 





*2 

2 

- 0*039203 

0*923128 





4 

0 

1-000000 

5-442161 

4-892138 




4 

2 

1*769147 

— 36*154264 

- 44-93584 




4 

4 

0*083965 

- 7*984389 

95-562431 




6 

0 

1-000000 

12*45814 

29-56340 

18*53561 



t6 

2 

8*4 

-121*8 

-439-425 

- 320*513 



t6 

4 

3*78 

-338*31 

3680-303 

4482*844 

\ 


8 

0 

1-00000 

23*29297 

! 103-90805 

155*9654 

74*7977 


10 

0 

1-00000 

38*29978 

274-94458 

721*88640 

789 *90^16 1 

306*12784 




i 

s 1 

a * 

V 

1 

c ' 

d' 

p ! 

S ' 

*2 

0 

0*603374 

0*076872 





*2 

2 

- 0*039203 

0*076872 





4 

0 

0-806905 

0*365661 

0-027371 




4 

2 

1-066020 

-1*812415 

- 0-187586 




4 

4 

1-013640 

-8*026680 

8-000000 




6 

0 

0-62544 . 

0'64882 

0*12816 

0-00669 



+6 

2 

1-1408 

- 1*5349 

— 0-4404 

-0-0264 



t6 

4 

1-0305 

-7*704 

6-944 

0-704 



8 

0 

0-440664 

0*854891 

0-317488 

0-396793 

0*001585 


10 

0 

0-289818 

0*924288 

0-552512 

0-120795 

0*011006 

0*0(K)35 


As it is desirable to use the other form of ^ in the higher zonal har- 
monics, I give the coefficients _/o,y2,y*4, &c., in these cases. It will be noticed 
how much smaller are the numbers involved. 


Coefficients of Terms in when expressed in Sines and Cosines. 


i s 

So 

A 

fi 

/c 

1 

/8 

/lO 

6 0 

8 0 
10 0 

1-00000 

1-00000 

1*00000 

9*45814 

19*29797 

33*29978 

7*63713 

40*01416 

131*74546 

0*44035 

14*03323 

116*85134 

0*45235 

22*76398 

0*46728 


* The second harmonics are here defined by 

^2® (m) = eos2 e, 0:2® (0) = _ q2 ^ ^'2 ain^ 0 {s — 0 , 2 ) 

with [1 + Ar2={= ^(i _ upper sign for s = 0 and the lower for 8 = 2 . In the caao 

of i = 4 , s = 2 , I had in the original paper inadvertently changed the sign of ^42^ ^Po**^* the 

same time of ^ 4 ,^, -without, of course, introducing any error. 

+ These functions are only given in their approximate forms. 
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§ 18. The Integrals cof, p/, <fif. 

When i and s are both even, any harmonic Si is given by 

Si = ilji) QL-i {<p) 

where we may write the two factors in the forms 

ifl) — a — h cos“ d c cos^ 6 — ... 

(<j|!)) = a' + h' sin" cj) + o' sin^ <j£) + . . . 

Each series is, of course, terminable, the number of terms in each being 

"4" 1. 

For the determination of the &>, p integrals Si must be multiplied 
by {S,i)\ 

Now we have seen that the scpiarcs of the two hxctors of S-^, which is 
(fl) Cs (</)), are given by 

{/^)y = a — /3 cos“ 0 + y cos'^ ~ S cos" 0 

[Cy (<p)f = a' sin" (fy + y sin^ <j> + B' sin" <h 

We have also seen that for ail the harmonics there are alternative forms 
for (p) and ]|Pa (p), viz. 

(p.) = /„ sin'‘ 6 -fi sin''“" 0 cos" 0 +,/4 sin*"* 0 cos* 0 ~ 

[^Pa (p)]" == Fn sin" 0 — F.J. sin* 0 cos" 0 + sin" 6 cos* 0 

From ( 8 ) and ( 6 ) we have 


O) 


= //mz (&;>» M d<^. pf = iW de d4. 


re 


() 


'F = “ cos" S cos" y (/c" cos" 0 4- /c'" sin" 


' 1 1 __ O " 

1VA>'^ IVAj* l\"Ai"_ 


L 

AF 


■■ “■■'"Ar 


TT 


It can be seen without actmilly writing out the intermediate steps of 
analysis how the several integrals will occur. I write the coefficients as 
follows : — 

la — aa, 4 = + ha, 1^ — ay 4- 5/3 + ca, = aS 4 - 67 4- c/3 + c2c£, &:c. 

mo = a' a', = a'/S' 4- h' a', = a' y' 4- h'^' 4 o'a', m.« — a' B'+ h'y' 4 c'/3' 4 d' a', &c. 

In the alternative form for the integrals with respect to 0, I write 

Next let 

4 — ljiA.%f^ 4 • (n = 1, 2) 
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or an alternative form of the same function, is 

/(A°,) = . 

I^t /( AL) = - • • • 

or an alternative form of the same function is 

/(AL> = A'+"AL - A,^+*A|, + • 

Let /(0«^) = + rngOI^ + + • • < 

/(OL) = moOL + W2OL + + . . . 

Then 


(?i = 1, 2) 
== 1, 2) 

(n =1,2) 
(n= 1, 2) 
(w = 1, 2) 


tuf 


— COS^ yS COS^ 7 {/C^ [y (A|) f (fli) +y (Al)y (^^2) 

+ k '^ [/(A§)/(nD +/(A»)/(n 2 ) - c?/(A»)/ 


6 l«’/(Ai)/(n2) + *'’/(A^“)/(ni)) 

TT sm p 

I have used the rigorous formulae for the harmonics in. the casoB t>f tho 
zonal harmonics (5 equal to zero), because they contribute by far tbo iiuMit 
important terms, also for the sectorial harmonics i = 2, &• = 2 aind i = 2, 

and s = 4. But for the sixth harmonics, where 5=2 and 4, I have n»etl the 
approximate formulae of Harmonics ” with the parameter ^ tiqual to ‘0511)1173 ; 
the values of a, &, c &c., a', V , c' &c. were given above for all these casoH. 

It may be well to remark that po is needed (but not wq), and in thin oiso 
a, = a' —X, and h, 0 &c., b\ c' &c. are all zero. 


It seems useless to go in detail through the tedious operations iixvolvtsd 
in carrying out the processes in the several cases. 


Approximate formulae are given for the 4 >% integrals in § 22 p. 276 o,f ■“ Har- 
monics.” The Jpodo- of that paper is the same as 

of the present one, and the factor there written M is cos /3 cos 7/ Bin® ( 3 * 
Hence it follows that 

“ 47rM “ Harmonics.” 

In order to apply this to the harmonics of the second order, it nniBti hti 
borne in mind that a different definition of (s = 0, 2) is being used lioro. 

If [<^2], [^2“] be the values which would be found from “Harmonics” 
without making this adaptation, and if <^2> 02^ are the required values, wo 
may put 

^2 (p) = O! (p.)], OD, ( 4 >) = y [Of, (<^)] 

or » + ^), - *'» oos= ^ = - 2,. (cos’ ./, + |) 

where a, €, 7, ^ are the coefficients specified in § 12 p. 237 of “ Harmonics.” 
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Then the two definitions will agree if we take co^K^'ja, y — — K'^j€, 
although yja and ^/e will not be rigorously equal to - and - respectively. 
Hence it follows that 

^ > and similarly ^ 

In the table below I have given the approximate values of the (j) integrals 
derived in this way in all the several cases, but I have not thought it ex- 
pedient to trust to the approximation throughout. The approximate values 
for ^2 and have been corrected, as just explained, so as to agree with the 
present definitions of the functions. 

The <p int iegrals may be determined rigorously in two ways. 

First we may find them by our table of integrals as follows : — 

From (6) and (8) it appears that 

sin^ 0) d0d(f> 

In this case we have seen that S/ = (jx) (<jE>), where 
(/^) — a — h cos“ 6 -Vo COS'* Q ~ d cos'* 0 + ... 

or as an alternative 


'^i (H') =fn sin’’ 6 —f.^ 0 cos'* $ + sin*”^ Q cos'* Q — ... 
Also (^) — a -f h' sin“ <f> + c' sin* <p +■ d' sin" ^ -f . . . 

Writing 




X2 

= 2ab, 


2C//0 + 

X« = 2ad ■+• 2i>c, &o. 

or 

-^0 

L. 

— 2/ (^2 j 


2/V. +//, 

&c. 


/Ao = a'**, 

/^2 

= 2a'6', 

^4 = 

•ia'a + b'\ 

&c. 

wo 

have 








X(, — 

- X2 cos^ 

^ + X4 

cos^ 6 — ... 


or 

=r 

Ao sin®'* 6 — 

Ay sin*-** 

6 co8“ 6 ■+ 

' Li sin**'*”'* 6 cos'* 9 — 


[«/(«}■= 

fi(, H- fi. 2 . sin^ 

<p> ■+• //'4 

sin'* ^ -f . . . 



The results here, as elsewhere, have a tendency to present themselves as 
the difierence between large numbers, and the object of the second alternative 
form is to obviate this difficulty in a measure. 

For the fourth zonal harmonic it is immaterial which form is used, for the 
sixth zonal the second form is the better one, and for the eighth zonal it is 
necessary, and for the tenth zonal the use of logarithms of more than seven 
places would become necessary. 

Let us write 


/■(A!|) = Ao'’A‘>-X/AH VAJ 


# ♦ ♦ 
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or as an alternative form of the same function 

/(A») = + i.^‘-*AJ - . . . 

X2^Aq + X^^Aq . • - 

or alternatively 

/ (AS) = A^'AS - Wo + - . . . 

Also + P 2^0 +• + ... 

y* “ A^o '^0 "I" 1^2 ^0 "1“ '^0 + • • • 

We then have 

■#>/ = I {«’/(A8)/(as) + KV(AS)/(nS)l 

The use of these formulae as far as the 10th harmonic necessitates the 
extension of our tables of the series 0 as far as 

The second alternative process is that given in the next succeeding 
Paper, No. 13. 

It is necessary to evaluate the functions there denoted [2w, 2m] from a 
sequence equation. The labour of obtaining these functions in an analytical 
form is practically prohibitive for harmonics higher than the third, but it is 
easy to evaluate them numerically for the particular ellipsoid with which we 
are concerned. 

The results again present themselves as the differences between large 
numbers, but by the exercise of great care in computation with seven-figured 
logarithms it is possible to get a fairly good result as far as the eighth order. 

I have computed these integrals by both the methods explained with 
good agreement of results. 

The following table gives the results of the computations which have now 
been explained. 


Table of logarithms of pf, 


i 

S 

log w/ + 10 

log Pi® -4- 10 

log (hi 

Approx, log 0/ 
from formula in 
“ Harmonics 

0 

0 


7-6310567 



2 

0 

7-6714241 

7-0286816 

9-0051748-10 

9-00518-10 

2 

2 

(-) 5-6818162 

(-) 5-0264000 

7-0397377- 10 

7-03981 — 10 

4 

0 

8-0332932 

7-3558076 

9-6886735-10 1 

9-68861-10 

4 

2 

(-)8-25158 

(-) 7-32157 ' 

1-72739 

1-72729 

4 

4 

8-30779 

7-37092 

3-81610 

3-81612 

6 

0 

7-96786 

7-32449 

9-69177-10 

9-69303-10 

6 

2 

(-) 8-72778 

( - ) 7 -94094 

— 

2-20562 

6 

4 

9-10094 

8-13161 

— 

5-29999 

8 

0 

7-78437 

6-96857 

9-75611-10 

9-76872-10 

10 

0 

(-) 7-9838 

6-6024 

9-8473-10 

9-87800-10 


Note that a>io is 'negative while pxa remains 'positive. 
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The calculation of the integrals for i = 8 and i = 10 was very laborious, 
and as the results tend to present themselves as the differences between large 
numbers, it was difficult to obtain accuracy with logarithms of only seven 
places of decimals. The integrals <f) were much the most troublesome, and 
indeed I do not claim close accuracy for ^f)^. As it appeared to be impossible 
to compute < 561 ,, to nearer than ten per cent, by the formula, I computed the 
several constituent integrals for the tenth harmonic by quadratures and 
combined them to form <f>m. The results derived from the approximate 
formula) of “ Harmonics ” are given for the sake of comparison. They clearly 
give somewhat too large values for the higher harmonics. 

I believe co-^q and pjo to be nearly correct. If allowance be made for the 
difference of definition adopted in this paper from that used in “ Harmonics ” 
•AB regards the second zonal h<armonic, it will be found that 002 , <» 4 , ojio, 

when set out graphically, fall into an evenly flowing curve. 

The corresponding test for the p’s is not quite so convincing, but there 
is nothing which implies a mistake. The values p„, pa, p^, p„ fiill well into 
line, and so also do p.i, pa, p^, p^, but there is a gentle elevation in the 
neighbourhood of p,,. In consequence of this test I recomputed the whole 
again independently, after it had been recomputed and verified once, and 
special attention was devoted to o),, and p,,. 


§ 19. The liigoro'iis Expr'esBum for the Ilarmarncs of the second Jdnd, 

and the integrals 33 /. 

The integral. 1^/ denotes (r,,) <!IX/ ( 7 /,,), and 33/ denotes <!ll/(ro) f ^|J/(r,|). 

(iVi) 

Tdius ^/ is, in fact, the harmonic function of the second kind. 33/ is clearly 
determinable from ^/. 


In the original paper was found by qiuulrature, whicli was not, perhaps, 
a very satisfactory method, and tlio defect will now bo made gt)od by finding 
these integrals in terms of the F and B elliptic integrals. It aj)pears that 
my former results were sufficiently nesir to the truth for practical purposes. 

The functions ^p/ (i/) or P/ (r) are of eight types, determined by the 
oddness or evenness of i and s, and the association with a cosine or sine 
function of </>. In “ Harmonics ” the types are indicated by combinations in 
groups of three of the four letters E, O, G, S — denoting Even, Odd, Cosine, 
Sine; for example, OES means i odd, s even, associated with a sine function. 

All the roots of the equation ^/(r) or P/(i') = 0 are real, and when the 
form of the function has been determined by the method of § 17 the equation 
may be solved. Hence these functions are expressible as the products of a 
number of factors; and it is to be noted that it is not necessary to adopt the 
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D. III. 



harmonic functions of the second kind. [12, § 19 

bTanv consfc^^Ti- T ^ "because the function may be multiplied 

y y constant factor, without affecting' the result. 

For brevity, let 

n(«V-g^») = («V=-5..=)(«V-s/) ... 

The alternative notation will be needed, in which we write 
1 


2 / 


»2 — 


sin’^ -yfr ’ 


1 - qj sin" = 1 - sin" 


sin p „ sm 0 -. At the surface of the ellipsoid we have then 

n = cosec A A/ = 1 - 5 ^= sin. A.= cos»/S 
In this notation 

1 \sin’ -ilrj sinim ^ 

writtrartrws°!^^ Wmonios shows that they may be 

Type. 

EEC, ?||l(v) = 


n («.!/. _ oogg|, 2 » (Aaf) 

EES, — a:®)^ (k^v^ I'i^ "n* 2 ^ 

} K X) 11{k v-~ q^-) = cosec^'^-^^yjrA cos -i/r IT (A^-) 

OOC, (^) == II __ 

J IX q^) = COSec"^+i ^fr cos TI (Aa,") 

00 s, Pf^+Xz.) = (^2^. _ g _ , ^ 

\ j XX {^K V ~ q^ ^ ^ cosec"^+i ^frA II (A^,") 

OEC, ^2|i4-i(z/}= ACZ/ n (/c3j,2 ^ 2\ ^ 

^ q:^) = cosec"^+i ^ n ( A«,") 

OES, P|ra-t-3(z') = «v(A;"l/"— A:")'^('/C" i;' 2— I'vig/- ■> 2 2\ »» 

) K>ci^ 1) n(^“x^^-g,,")=cosec"«+2^AcosT/rn(A^^) 

EOC, P|l'+ 2 (z^)= 1>^ il fzcS 2 ^ 2 \ U 

V 11 (^KV - 2 ^-) = cosec "’-+2 ^ cos ^ H ( A«,®) 

EOS, ft =cosec»+..^Ari(Al.) 

function of^he other lind^we^hifve corresponding 

^ c^^o) (Po) = [p (z/o)j" r — 

Or, changing the variable of integration to 


-'0 L# 
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To effect the integratioii the reciprocal of the square of must be 

expressed in partial fractions. Inspection of the eight forms of functions 
shows that 


1 ,1 1 11 « 1 




~ - q^ 


[1^ (^^)? ~f • g ■ ITT + A • ;cV^ t 3; 

with appropriate values o? f, g, h, A^, B^. to be given hereafter. 

In every case but that of OES some or all of / g, h are infinite. 

In terms of 

- i*:. , T ^ oins f I V ^ fsin^-x/r BxS,i^n.”^fr 

This has to be divided by A and integrated, and the result will be 
expressible in terms of the elliptic integrals 

Accordingly we require certain integrals, which are given on pp. 299, 300, 
of the “Pear-shaped. Figure,” but in somewhat different forms. Here and 
elsewhere /c'‘^ denotes 1 - and denotes 1 - 

The integrals needed are as follows : — 


r ^ = - A F (y) + -A,, E (y) - «■-» T' ' 

J {) /A'’ ' ' «■*/<;“ ^ ■ K ^COS: 


K 


Jo A 
V sin“ -ylr . 

q/-'" q^‘ 


“ COS /d 

!,,E(y) 


K 


.^2 


f 


iF(r)->(7) 

,n(y, ao-Ai'O) 

1 


.(44i) 


/’vsin/'f , 1 __ 

J 0 Aa;* A 2q,J /c 




II (y, Afl.) -H 
1 


The last two of our integrals will occur in the form 

fy sin"* ir J , r, sin“ , , 

io 

and the coefficient of IT (y, Aa.) in this expression is 

1 / 1 


1 /I 1^_ 

sin 7 cos 7 cos /9 


i)F(7) 


E(7)+- 




1 


1 



harmonic functions op the second kind. I 19 

evaluate coefficient vanishes, and at the same time 

and wdtt™. ^ 

(x’‘p~gy IB. 

[^ W? ~A~A <* '’ - 2") + -£ i«^P - qy 

where L need, not be detennined. 

If we write/(^) for the left-hand side of this equation, it is clear that 

^^f(t 
A JW 


Now 


A 

cip 


^^-Jdp^’^Sf^P>’ (f> = | 


log/(/5) = 2 (-^ 

\K^p- 


(P) \ 


^(P) dp~) 

= 2 '^ ^p> - -- (p Mdo 

(k^P _ j 

^ ~ ^ ‘expression assumes the form 0® — 0® Accordine-lv 

JlS™“a """*“' ««* twto. ..d p.,£g 

■where ^', p" denote the first and second differentials of ^ with p = <f/^K 


Hence 


S=Jil 

'c‘W 


The equation (3) of “Harmonics ” (p. 193) is satisfied hv qa / t tvt -r 

we replace the independent vnrisM,. t ^ f satisfied by ^ (v). Now if 

(1 - .■)/(l+.n for A that equation Jay L^iXn J Slows 


+ 




p— IJ/c^J dp J 

i 0 -t 1) [p - ^ - <,) ( A+ff) ^ ^ 0 

we P the value 2 */*= which is one of the roots of ^ = 0, 




r+i(^ 


^ /c® A-S 

H II _l_ ___^ 


Therefore, on reintroducing the suffix 

= 1 


^' = 0 


«®^' 


qa- 


T> Hh 


fc^ 


■qx 



EXPBESHION IN TERMS OF ELLIPTIC INTEGRALS. 


373 


It follows that the II (% A^;) integrals disappear, and we may use this 
value of Bx in the other terms*.] 

The coefficient of F ( 7 ) in this same combination of integrals is 

1 




' 1 1 
: - +. 2B^ 


In this we may substitute for B^ its value, and thus find 
fy sin'‘ fy sin- 7 , , 1 . 

1 p r ^ I 'y 'y ^ 

ql) 

This expression together with (44) give all the required integrals, and it 
only remains to tabulate /] ^r/, h, A x for the several types of function. 

For the sake of brevity I write 

a = - qi^y {q^^ - q^ . , . {q^^ - {x = 1 , 2 .. .n) 

the factor which would vanish being in each case omitted. 

When there is only one q, Ci is to be interjireted as unity. 




Table 

of Values 

of /; 

g, h, ant 

ig; • 


Tyi)C 

i 

order of 
harmonic 

rank of 
harmonic 

,/■ 


it 

h 

xl ijfj 

KEO 

2rt 

-M 

00 


' 

CO 

00 


EICS 

2//, -I- 2 


- * K *^11 (fC-- 
1 


I 

00 


00(J 

2« + 1 

2(5 -f-1 

rjrj 


ri 

I 

QCj 


oos 

2a + 1 

2(54-1 

1 11 

I 


GO 

00 

~(K^-~qY)C\ 

OBG 

2 a + 1 

2(5 

GO 


00 

llqA 

qJCx 

OltS 


2C 

//. 

•J r f *-» 

^ K^K '"11 (/C- 

1 

~ q.ry 

n 

1 

Killqx'^ 

1 ■' 

qY<ix^(<^-qx^)Ox 

EO(J 

27H-2 

2(5 4-1 

oc 


1 

n 

- ilq.A 

1 

- qYqx^Gx 

EOS 

Hh 2 

2(54-1 

k‘4i(k‘-‘- 

1 


GO 

71 

-K^IlqA 

~ qY - (iY)0x 


* This proof is adapted from Heine’s Kugeljunctumen, VoL i., Part ii., Ohaptor 3, § 100, (52. 
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THE 33 INrEGHALS. 


[12,§ 19 


We have generally 33 3^{vq) dv^ ^(^o)- Hence by logarithmic differ- 

Xe:-“ ^ S'™" 

Table of the 33 Integrals. 


Type 

i 

order of harmonic 

s 

rank of harmonic 

3S/-i-2 sin 

EEC 

' 2n 

2t 

n 

21/A,,2 

1 

EES 

2?2,-|- 2 

2t 

i sec2 ^ 4 - ^ sec^ y + :2l / A/ 

1 

ooo 

2n.+ 1 

+ 1 

sec^ y+'S.ljAx^ 

1 

oos 

2n+ 1 

2t+ 1 

n 

^ sec2/S + 2l/Aa.2 

1 

OEC 

2?i + 1 

2t 

fl 

•J- 1 

1 

OES 

271+3 

2t 

■i + ;^ »S6C'^ /3 + 8GC" y -f- !S 1 

1 

i EOO 

271 + 2 

^i+1 

i+i^3ec2 y+.Sl/A;c^ 

1 

EOS 

*r , T 

271+2 

2£+1 

■|+-| sec^ /3 + Sl/A^=^ 

:i 


sin^ 6a; 


oi tne zonal harmonics * i 

for harnaonics of rank 2 one of the ry / • ’ ^ than unity; 

less; for rank 4 t^o of tW axe “st let 

For^the zonal hamaonios there is some gain in simplicity by pntting 
^2 • We then take the equation 

^291 (/U-) = a ~l cos^ (9 -f c cos^ (9 — . . . = 0 

and find all the n roots, say 6^, 0^... 6^^ 

of rank 2 , we find one t^forfo^rtoTefLtt ” H ^tr J>a™onio 

, negative. If this root corresponds 

O . we mnst pnt ,,,, 

s”foth ““ "■ i-gi-ry angles, and 
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Subject to this explanation we may now regard the roots as defined by 

^ 1 } 0^ . , . 6ffi^ , 


aj 5 


Since = 1 - ^0 have Aa,“ = 1 — sin^ y sin‘^ Q^ — \ — sin'^ ^ sin^^, 

and (//-) — cosec'^^ 7 Aj" Aa^ . . . A,t-. 

If we write 

Dx = (sin*-* 6x — sin“ 6^)" (sin“ 0^ — siix=^ d,)’- ... (sin“ 0x — sin® (i% — 1 fectors) 

our former may be written in the form D^-, and the several co- 
efficients in the expression for may be expressed as trigonometrical 

functions — some of which may, however, be hyperbolic. 

We thus have 


= 2 k^'^ ri (1 - sin® /9 sin® 


“n 


F(7) 


1 JDa sin® 6 x cos® 6 x 


n 


E (7) 


n 

4- 


1 Dx sin® 0 x cos® 9^ (I — • /c® sin® 0 x) 
/c® sin 7 COB 7 cos jS 


u rp 


I Dx cos® 6 x (1 — /c® sin® (1 — sin® /S sin® $x) 

This formula agrees with the result given for {s =0, 2) in § 4, p. 300, of 
The Pear-shaped Figure,” although the formula is there expressed in. terms 
of g®, and 1/(a:® — (f) is replaced by its equivalent (1 — 

In the case of the even zonal harmonics of order i, all the 5*’s are real 
angles, and it facilitates the solution of the equation for 6 to note that, with 
rough approximation (improving as the order of harmonic iiicreasos). 


e. 


Stt 


1 2r 




(i — 1 ) TT 


The following numerical values apply to the critical Jacobian cdlijjsoid 

For the fourth harmonic 0i =20" 15^ 9«= Gl" 11'; the rough apixroxiniation 
gives 22“ 30' and 67“ 30'. 

For the sixth 0^. ~ 14“ I'd), O.j, — 42“ 1.2'‘2, 0 .j = 71" 8''(> ; the rougli approxi- 
mation being 15", 46°, 75”. 

For the eighth = 10° 43'*!, = 32° ll'-8, ^„=5;:r51'-2, 70° 21'’8; 

the approximation being 11° 45', 34° 15', 56“ 45', 79° 16'. 

For the tenth 0, = 8° 40', 0., = 26° 1', 0^ = 43“ 20', 0, = 61° 3', 0, = 79° 28' ; 
the approximation being 9°, 27°, 46”, 63°, 81°. 

The values of the several ^’s found by the quadratures used in this 
paper in its original form were in every case too small ; the correct values 
are given in the table below. I find that for ^4 quadratures gave too small 
a value by a -g^-^ jjth part ; for by a -y|-(cth part ; for by an -gVth part. 



376 


TABLE OP THE ^ AND 33 INTEGEALS. 


[ 12 , §20 


The method which I have given above fails for the tenth zonal harmonic, 
nn ess we use logarithms of more than seven places ; and it is not worth 
while to so heavy a piece of computation. I conclude by extra- 

po ation that for quadrature (carried out on exactly the same plan as in 

reproduced here) gives too small a result by a 
7 ^th part of itsel£ I therefore augment in this case the result of the quad- 
ratures and and = 0ai640 ; this enables us also to compute 

The following table gives the results of the whole computation : 


Table of Logarithms of and Integrals. 


i s 

log -f- 10 

log aSi** 

2 0 

9-6931231 

•0929494 

2 2 

9-3330037 

•4066504 

3 0 

9-54617 

•20462 

4 0 

9-4332383 

•2657402 

4 2 

9-24250 

•39602 

4 4 

9-04753 

•43121 

6 0 

9-2701270 

•3263106 

6 2 

9-14462 

■39612 

6 4 

9 -00632 

•42458 

8 0 

9 -15836 

•35745 

10 0 

9 ‘06595 

•36897 


§ 20. Synthesis of mimerical results; Stability of the Pear. 

-ulta.Moh occur in the 


i s 

(1) 

^3 - a/ 

2 0 

- -141617 

2 2 

T36410 

4 0 

-080629 

4 2 

-176913 

4 4 

•241787 

6 0 

•16543 

6 2 

•2122 

6 4 

•2502 

8 0 

•2077 

10 0 

•235 


( 2 ) 

=log cy 


-8-1562893-10 
6-1745839 - 10 

8-5946258 - 10 
•97615 

3- 19953 

8- 91050-10 
1-5323 

4- 6983 

9- 07354-10 
9-21888-10 


(3) 

w 


2cOS/? 008*7 

•0029766 
- -000024745 

- -0012020 
- -000012702 

•0050195 
- -0057115 
-0053573 

- -0025629 
•0023591 

- -0026433 

•0039673 
- *01829 
•03081 

- -0023753 
•00982 

- -01524 

•001936 

- -001047 

~ -000653 

- -000450 


(3) + (4) 


B 


•001776 

-00001204 

-0024666 

•0033524 

•0027140 

•0015920 

•00847 

•01557 

•000889 

•001103 
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For all harmonics higher than those of the second degree is the 

coefficient of stability’-. Since in all these cases the expression is positive, 
the ellipsoid is stable for all such deformations. 

If ?7 4- S be the energy functions for the pear, whose variations for 
constant moment of momentum are considered by M. Poincare, we have in 
our notation 

l/ + SU'=-iJ + i{Aj-Ar)(<a'‘ + Sm^) 


It is easy to show from our analysis that for the deformation 


SM- 




and that the corresponding expression with in place of C- holds good for 
the deformation fsS.f. 

Forestalling the results obtained below, it may be stated that for flS., 


BU: 


¥ka 


{f,f {- *014 4- *040} 


and for y*?>SV“ 


BU 


“BMl 

2A''o 


[-00015 4- *00002] 


Thus in both cases BU is positive, and this shows that the Jacobian 
ellipsoid is also stable for the ellipsoidal deformations. The fact that BE (the 
variation of my function of energy for constant angular velocity) is negative 
for the deformation >S\, illustrates the truth of M. Poincare’s remark {Acta 
Moih., VII. p. 365) : “ Si an contraire la rotation de la masse fluide etait detcr- 
minee par celle d’un axe rigide (comme dans les experiences de Plateau par 
exemple), tout d6placement produirait une resistance passive et Tellipsoide de 
Jacobi serait toujours instable.” 


I have written in (32) 






sin’^ /9 

4 cos /3 cos y 



The following table then gives further stages in the work : — 
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[ 12 , § 20 


i 

s 

(1) 

[i, s] 

(2) 



(1) 4- (2) 


2 

0 

■000138868 

- *000219736 

- *000080868 

-*12382 

2 

2 

•000000717 

*000000970 

*000001687 

- *08056 

4 

0 

■000092542 

■000154732 

•000247274 

•06273 

4 

2 

*000001908 

*000001190 

■000003098 

- *000355 

4 

4 

*000000012 

*000000000 

•000000012 

•0000017 

6 

0 

•000031204 

*000031146 

*000062350 

-019564 

6 

2 

*000003422 

*000002107 

*000005529 

- *000229 

6 

4 

•000000014 

*000000000 

*000000014 

*0000003 

8 

0 

•000012905 

*000006671 

•000019576 

•007505 

10 

0 

- *000001030 

•000007358 

*000006328 

- -00667 

- -^-1 


Sum of colximn (1) + (2) *000265000 

^3 B + 2^4] - ^0-4= - *000500513 


Numerator — *000235513 


Note that except in the case of the harmonics of the 


second order yi*= 





The next step is to find 

2- sinyg / cps"/ 3 > j.. siii /3 / cos^/gN 

4)^0^ cos /3 cos 7 V D + kV ’ 4^2^ cos cos 7 V'^ i> — /cV 

where D^ = l — k^k'^. 

The numerical values are 

log jD = 9*9840165, log £ = *6454565, log Jf = *9591963 
From these we obtain c = £^ 2 , tj=M4>2~; whence 

^ C=- *0553908 

L/2 

*-fei)(= -0008037 

t) = -0316007 

Denominator = — *0229864 


In accordance with (32) the Numerator divided by the Denominator is 
— Sa)^l4Trpe% and I thus find 

It was found in | 7 of the “ Pear-shaped Figure” that the angular velocity 

2 

of the critical Jacobian was given by =*1419990. Accordingly the square 
of the angular velocity of the pear being a>® -f- So^, we have 

0 )^ 4 - * 14430666 ^] 
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From the formula (31), I then find 

/a = -1959796^ fi = -6031776^ 


The other are equal to 



and are given in the preceding table. 


From (28) and the definitions of a, b, C, IJ it appears that the moment of 
inertia of the pear is 


A-j 


Ar 


3M^a 

27rpki 


'[ 


a a-' 


With log a = 9'8559759, I find 


= + -157786^] 

The angular velocity of the pear is 

V(co^ + S«“) = ® [1 - -0721586^] 


Multiplying these last two expressions together, we have the moment of 
momentum of the pear ; it is 


[1 + *0856336“] 

It follows that, while the angular velocity of the pear is less than that of 
the critical Jacobian, the moment of momentum is greater. This restilt 
would afford a rigorous proof of the stability of the pear if the. numbers wore 
based on a complete solution of the x)roblern. But as we have not determined 
an infinite series of harmonic terms, it becomes necessary to consider how 
the result might differ if the hitherto uncomx)\itcd terms wore added. 

If € denotes the hitherto uncomputed x)ortion of the infinite series 
3 s] + {Bfy/Gf}, and if A denotes the addition to be made on that 
account to any of the results as already comjnited, wo have 

^ \i^p) ~ •0229864 •0229864 x *141999 

Whence A [\/(ci)“+ Scw“)] = — a> [1 + 3()G‘367e6“] 


Since 


Then 


^ ^47rpa,’ •'■■* 






(J,/ ivrp Gy 


A/a = -^r A 


C . 


A J-o ^ A 

A/./ — — A ; 

^ ' (7,,“ 47rp 


= - 


A(A,-A,) = 




r h 

i A/a-- A/a“ 

n a 


2 'rrpkQ 
3ilf“a r oAc.nKoi ■ 

^ , f— 805*953] ee 

^TTpICo 


3if“n 
J “ 27rp/c„ 


[- 846-3()2 + 40*349] 66“ 








STABILITY OF THE PEAR INFERRED. 
Therefore a/(q)^ 4- Ba>^) = co [1 — •072153e'2 4- 306-367ee‘'^J 


[ 12 , §21 


^ 4 , it .^1 ni 


3M^a 


.j - = 27rpko - 805'953ee=^J 


By nuiltiplication we find that the moment of momentum is 

SM^aco r- 

~ 27rpko “ 499-586ee"] 

The coefficient of will be positive, and the pear stable, provided that 

499-5866 < -085633 
or e < -0001714 


The eighth zonal harmonic gave a contribution of -00001958 and the 
?AAm -00000633.^ These are respectively 1/8-7 and 1/27 of the critical total 
00017. The pear is then stable unless the residue of the apparently highly 
convergent series shall amount to more than 27 times the contribution of 
the last term computed. M. Liapounoff, as explained in the Summary below, 
claims in effect to prove that this is the case, but to me it seems incredible. 
1 look for the discrepancy between our conclusions in some other direction. 


§ 21. Second Approadmation to the Form of the Fear. 

Extracting the numerical values of the /’s from our results, we find that 
the inequality of the critical Jacobian ellipsoid is 

4- [-19598 4- -60318 Si 4- -06273 S^ — -000355 Si 4- -00000017 Si 

+ -01956 S^ - -000229 Si + -0000003 Si - ? Si + -0075 8^^ - -0067 

In order to give this expression a clear meaning, it is well to define the 
several ^ s. 

S^ = («2 sin» sin 6) {q'^ - k'^ cos^ 4>) V(1 - cos^ </>) 

«" = -923128, ^^=-574647 

= -076872, q'^ = -425353 

For the other harmonics we have 

Si = (a-b cos^ 0 + c cos" 0-d cos6 0+...)(a'+b' sin^ 4> + c' sin"«^4- d' sin" + 
where the values of a, b, &c., a', b', &c. are as given in a table on p. 364. 

The surface of the pear is determined by measuring a certain length 

surface of the ellipsoid. By equa- 
n“mal I in the direction of the positire 


where 


Po 


'eS, + S//&V + 4.’ (--L + A _ 26 U ^ i 

AiTi KAi^n 
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In order to construct a figure it will be convenient to adopt as unit of 
length c, the greatest axis of the ellipsoid which is deformed. We know that 

^ 7 7 j ^es 'V ' , I , * - - 

c = ^ ~ p. «. = that b — c cos /3, a = c cos y, and the mass 

of the ellips<3id is ^7rpc‘* cos /3 cos y. But since the mass of the pear is 

. , cos /S' cos <7 , , ^ , . . 

%7rpJC(i ' — — whore A-v' = k (1 -f e-o-.j), it follows that it is 

SIO,' /IJ 

fTrpc" COS ^ cos 7 (1 4- *0136760e^) 


Hence the mass of the pear is a little greater than that of the ellipsoid whose 
deformations we shall draw, and the protuberances above the surface slightly 
exceed in volume the depressions below it. 


We have 


Po 


c cos j3 cos 7 _ 


tit T VS U O *1 Y \ 


c cos ^ cos 7 

O /1\A / •> .1 




and the expression for the orthogonal sire, measured from the ellipsoid to the 
pear, is therefore 

1 1 
2 (1 — sin’'’ yd Hin“ 0) 2 (cos- y + sin“ 0 coa“ <jE>) 

^ (1 + sec*^ /3 + sec** 7)| +• Syi^'TSv'j 






It appears to me that it will afford a sufficient idea of the corrected form 
of surface if I draw two principal sections, namely, first, a section through the 
axis of rol/ation and tlie longest axis of the ellijisoid, and, secondly, a section 
jit right angles to tlui axis of rotation. It is not worth while to consider 
the t.hird section drawn through the axis of rotation and the mean axis of the 
ellipsoid, since it will Imrdly differ sensibly fi-om the uppermost figure shown 
in the “ i’ear-shaped Figure,” p. 314. 

^For the sakes of brevity I will call the first and second sections the 
nuu’idiiin and the e(piator. 


'■fhe three ellipsoidal co-ordinates j/, 0, ^ of any point are connected with 
a;, y, z by the relationships 

aa = c sin y . {k^p^ - 1)'^ (1 - /c^ siiF 6)^ cos </> 

y = G sin 7 . « (r“ — 1)- cos 0 sin 

1 . 

z —c sin 7 . KV sin d (1 — /c'** cos*^ <55))- 

1 1 

The equation to the surface of the elliT)Soid is r = - ; = . 

^ ^ K am 7 sin p 

'^rhe e(piation to tiho meridian plane in rectangular co-ordinates is simply 
y — 0, tliat to tlu? eipiator is a‘=(). 
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In ellipsoidal co-ordinates the equation to the equator is simply <jE> = Jtt, 
but the equation to the meridian is peculiar, for it is in part represented by 
6~\7r and in part by ^ — 0. 

The curve 9 = which defines the limit between the two regions 

where the equation to the plane has different forms, is clearly the hyperbola 


In the region from 5 ?= oo and oc small down to this hyperbola the equation 
is 6 = ^7r; and between the origin and the hyperbola it is <j£> = 0. 

If we follow the arc of the ellipse from the extremity of the c axis we 
begin with 6 = ^ir, <^ = J‘7r, and 9 remains constant whilst ^ falls to zero. 
Then <f> maintains a constant zero value whilst 6 falls from -^Tr to zero. 

On the side of the origin where 2 is negative, 9 is of course negative and 
undergoes parallel changes. 

The hyperbola 6 = ^ = 0 cuts the ellipsoid so near to the extremities 

of the c axis that an adequate idea of the deformation may be derived from 
the two extreme values of <j>, namely, and 0. I have also thought it 
sufficient to compute the deformations for ^ = 0, 30®, 60®, 90®. We thus 
obtain the following scheme of values of 9, <p, together with the corresponding 
rectangular co-ordinates (with c taken as unity), at which to compute the 
deformation : — 

Meridian (^= 0 ). 

0 = 90®, ^ = 90°; .0=1, ^r = 0 
0 = 90®, 0; ^= -961, £r= -096 

0 = 60®, (^= 0; .0= -832, -191 

0 = 30®, 0; .0= -480, -303 

0= 0, <j)= 0; .0 = 0, 0!= -345 

It did not seem to be worth while to compute the deformations due to 
the eighth zonal harmonic, since it would be quite impossible to show them 
on a drawing of any reasonable scale. 

In order to exhibit the magnitudes of the contributions of the harmonics 
of the several orders, I give the normal departures Sn at the points z~ ±1, 

£13 = 0, 3/ = 0. 


Equator (x==0). 

0 = 90°, ^ = 90®; 0=1, y = 0 
0 = 60°, <^ = 90°; 0= -866,2/= *216 
^ = 30°, ^ = 90®; 0= -5, 2/= 

e == 0, (/) = 90®; 0=0, y= *432 
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Term of first oi*der . . , . 


± -1482276 


Terms of second oi-der ]:)ro- 




portional to ..... 


■080440 

- -010986 




•000890 



•076544 




•000596 



>SY 

■000000 




•028189 



cv ‘> 

-001657 




•000001 




-187377 

-•011870 

- -011876 



•175r)01«2 



The following- are then the results for the normal (le|)arturcs at the several 
points whoso rectangular co-ordinates are apecifiefl*^: — 


Moridi an (?/ = 0). 


2 = ± 1 , 

a: = 0, 

Bn, 

= ± -14826 + -17236“ 

^ i -Obi, 

a: = -GOO, 

Bn 

= ± •09326 4- -08686“ 

2! = in -832, 

.«= •191, 

Bn 

= ± -OlSOe 4- -01036“ 

z = i •480, 

«;= -S03, 

Bn 

= T -02236 - -00336“ 

3! = 0, 

-345, 

Bn 

= + -00466“ 


Equator 


2 ~ ± 1, 

?/ = 0, 

B'n 

= ± -14826 4- -17236“ 

Z=± •8()(), 

•216, 

B71 

= ± ■03006 4- -12656“ 

z — ± -5, 

y— *374, 

Bn 

= T -03546 - -02206“ 


0, -432, Sn= ~'0095e^ 

In order to draw a figure I take e = ^. 'li’hroiig’hout most of the arc of 
the ellipsoid the approximation is probably good, but at the vertices, which 
arc; just the points of most interest, it is pretty clear that we are using a 
somewhat extreme value for e. The results are : — 


* [Down to this point I have corrected the numerical vahies in consequence of my revision of 
the computations. But as, even at the two extremities of the axis, the corrections are far too 
small to be allowed for in a diagram, I have permitted the original computations to stand in the 
following table and in the flgures by which the results are illustrated.] 
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FIGURE 

OF 

THE PEAR ILLUSTRATED. 



[12, 

§ 21 



Meridian (y = 

0). 




Equator (.v=0). 




= 

h 

X = 

0, 

Bn 

=: + 

■117 

z = 

1, 


0, 

Bn 

== 4” 

•117 

^ = 

■96, 

X = 

•096, 

Bn 

== + 

■068 

^ = 

■866, 

y = 

■216, 

Bn 


•047 

z — 

■83, 

X — 

'19, 

Bn 

= + 

•012 

z == 



■374, 

Bn 

==: — 

•014 

z = 

■48, 

X = 

■30, 

Bn 

= — . 

•Oil 

z == 

0, 

y = 

•432, 

Sw, 

= — 

•002 

^ = 

0, 

X = 

■345, 

Bn 

= + 

•001 


% 

y== 

•374, 

Bn 

= + 

•003 


- -48, 

X = 

■30, 

Bn 

= *+ 

•010 


■866, 

y = 

•216, 

Bn 

= + 

•017 


- ■ss, 

X “ 

•19, 

Bn 

= — 

•007 


1, 

2/ = 

0, 

Bn 

= _ 

•031 

^ = - 

- -96, 

X — 

■096, 

Bn 

z=: — 

•025 


—For z 

= ± 

■866, Bn 

is in 

both 


-1, 

X = 

0, 

Bn 

= — 

■031 

1 

cases 

positive. 





These numbers are set out graphically in the annexed figure. It will be 
noticed that whereas the protuberance at the positive end of the z axis is 


B 



A 



Second approximation to Pear-shaped Figure. Upper section “ eq[natorial,” lower “ meridional.’^ 


great, the deficiency at the negative end is almost filled up. We may 
describe the general effect by saying that the Jacobian ellipsoid is very little 
changed, excepting at one end of its longest axis, where it shoots forth a 
protuberance. 


Summary. 

If a mass of liquid he rotating like a rigid body with uniform angular 
velocity, the determination of the figure of equilibrium may be treated as a 
statical problem, if the mass be subjected to a rotation potential. 

The energy, say W, lost in the concentration of a body from a condition of 
infinite dispersion is equal to the potential of the body in its final configuration 
at the position of each molecule, multiplied by the mass of the molecule and 
summed throughout the body. In the system, as rendered statical, it is 
necessary to add the rotation potential to the gravitation potential before 
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elEfecting the summation. That portion, say T, of the whole lost energy 
which arises from the rotation potential is simply the same thing as the 
kinetic energy of the mass, when the system is regarded as a dynamical one. 
If we replace W -jr T by E to denote the whole lost energy of the statical 
system, the condition that the surface shall be in equilibrium is that the 
variations of E for constant angular velocity shall be stationary. E must 
then be a maximum or a minimum, or a maximum for some variations and a 
minimum for others. 

It might appear at first sight that the condition for the secular stability 
of the figure is that E should be a maximum for all variations, and this is so 
if certain constraints are introduced; but in the absence of such constraints 
the figure may be stable although E is a minimax. 

It has been shown by M. Poincar4 that the stability must be determined 
from the variations, subject to constancy of angular momentum, of the total 
energy of the system, both kinetic and potential. The two portions of the total 
energy, say Cf, are again W and T \ but whereas E involves the lost energy 
hr of the system under the action of the gravitation potential, TJ involves the 
potential energy which is equal to — W. Thus U is equal to ■~W+ T. 

The variation of U with constant angular momentum leads to results for 
the determination of the figure identical with those found from the variation 
of E with constant angular velocity. But there is this important difference, 
that to insure secular stability U must be an absolute minimum. It appears, 
in fact, that, in the case of the pear-shaped figure, while E is actually a 
maximum for all the deformations but one, it is minimum for that one, 
which consists of an ellipsoidiil strain of the critical Jacobian ellipsoid from 
which the pear-shaped figures bifurcate (§ 20). 

But M. Poincard has adduced another consideration which enables us to 
determine the stability of the pear by means of the function. E, without a 
direct proof that XT is a minimum for jrll variations. For ho has shown that 
if for given angular momentum'’ slightly less than that of the critical Jacobian 
ellipsoid, the only possible figure is the Jacobian, and if for slightly greater 
angular momentum there are two figures (namely, the Jacobijin and the 
pear*), then exchange of stability between the two seri,e.s must occur at the 
bifurcation. If, on the other hand, the smaller momentum corresponds with 
the two figures and the larger with only onci, one of the two coalescent series 
must bo stable and the other unstable. Now it has been jn’oved that the 
less elongated Jacobian ellipsoids are stabUs, so tlnit if the first alternative 
holds the stability must pass from the Jacobijui series to the pear series ; and 
if the second alternative holds the pear series must be unstable throughout. 
The question of stability is then completely determined by means of the 

For the sake of wo may speak of a single pear, instoad of two similar pears in 

a/.imuths 180® apart. 


JD, III. 


25 
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angular momentum of the pear; if it is greater than that of the critical 
Jacobian the pear is stable, and, if less, unstable. 

It suffices then to determine the figure by means of the variations of JS 
with constant angular velocity, and afterwards to evaluate the angular 
momentum. 

It was proved by M. Poincard, and repeated by me in my previous paper, 
that the first approximation to the pear-shaped figure is given by the third 
zonal harmonic inequality of the critical Jacobian ellipsoid — zonal with 
respect to its longest axis. In proceeding to the higher approximation I 
suppose that the amplitude of the third zonal harmonic is measured by a 
parameter d, which is to be regarded as a quantity of the first order. We 
must now also suppose the ellipsoid to be deformed by all and any other 
harmonics, Wt with amplitudes of order eV In the first approximation the 
^t ei^rgy is proportional to e®, but it now becomes necessary to determine 
W as far as the order A change in the sign of 0 means that the figure of 
equihbrmm is rotated m azimuth through 180°. Such a rotation cannot 

a ec ® and it thus becomes obvious that the odd 

powers o e must e absent from the expression for W. We have further to 
nd the moment of mertia of the body as far as the terms of order and 
thence to find the kinetic energy T. The function £! is equal to W+ T. 

reimrf degree of accuracy, it is convenient to 

ellinsoid simila"^ t up in an artificial manner. I construct an 

itsdf uLes^W eoneentric with the critical Jacobian, and therefore 

^ouvh to eneW 'it condition that it shall be large 

S Jled « T V “d the petr 

eing called JJ, I suppose the pear to consist of positive density throiurhont 
J and negative density throughout R (§ 1). nensuy thioughout 

J with Lt'lM^isIned wUh ““t*' “V hr.r ; of 

itself, say iRR. This last eontXlu toTetZ-mift’ b“1i1 '' 
several portions. It was the evaluation nf IT? 7 ? broken into 

M. Poincare’s solution came to my help. bafiied me, until 

If we imagine the ellipsoid J to be intersected hv ^ r. u z- 
quadrics, and if we suppose for the moment tbnt of orthogonal 

positive density, we may further i' ^ ^ 

orthogonal tube to he transported a In matter lying inside any 

surface of J iu the I™ oTl couderit t of ' ‘‘^deposited on the 

The mass of + 0 is equal to that ot“Tto 

the actual system H is filled with neo-e+; ’ i ^ ^ ■, differently arranged. In 
add to this two equal and opposite surfac7derfeT‘“_7orj. 
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Thus the matter lying in the region R may he regarded as consisting of 
negative surface density — 0 on J, together with a double system, namely 
negative volume density — i2 in conjunction with equal and opposite surface 
density 4- G. This double system, say D, is therefore G — R. The lost 
energy ^RR may be considered as consisting of three parts ; first the energy 
of — (7 with itself, say |(7(7; secondly that of Z) with itself, say ^DD', thirdly 
that of —G with D. This third item is obviously equal to — GG + CR, and 
therefore ^RR is equal to - GR-^^DD. 

It follows that the gravitational lost energy of the pear may be written 
symbolically in the form 

IJJ - JR + GR- IGG 4 -IDJD 

In this discussion no attention has as yet been paid to the rotation, but 
fortunately it happens that the introduction of this consideration actually 
simplifies the problem, for if wo suppose ^JJ and JR to mean the lost 
energies of J with itself and with R on the supposition that the mass is 
rotating with the angular velocity of the critical Jacobian, the formulae 
become much more tractable than would have been the case otherwise. 


The inclusion of part of the angular velocity in this portion of the function 
E, only leaves outstanding the excess of thc) kinetic energy of the pear above 
the kinetic energy, which it would have if it rotated with the angular velocity 
of the critical Jacobian. If oo denotes the latter angular velocity, and 

(a)“ 4 the actual angular velocity of the pear ; if Aj be the moment of 

inertia of J] and .^^1^ that of R considered as filled with positive density, we 
have 

E - yj - JR 4 GR - ^GG 4 4 i {A^- Ar) So" 

In this statement I have omitted a term which arises from the displace- 
ment of the centre of inertiir from the centre of the ellipsoid ; it is duly 
considered in the paper, but is shown to vanish to the re(|uisitc order of 
approximation (§§ 2, 14)). 

The co-ordinates of points {ire determined by refertmee to the ellipsoid J, 
which envelopes the whole pear, and the formula for the internal gravitation 
of J, inclusive of the rotation <w, is of a simple charaettir. The size of J is 
indeterminate, and therefore the formula) must involve an arbitrary constant 
exjH'essive of the size of J. But the final result E cannot in any way depend 
on the size of the ellipsoid which is chosen as a basis for measurement, and 
‘therefore this arbitrary constant must ultimately disappear. Hence it is 
justifiable to treat it as zero from the beginning. It appears then that we 
are justified in using the formula for internal gravity throughout the investi- 
gation. If the artifice of the enveloping ellipsoid had not been adopted, it 
would have been necessary to take note of the fact that the pear is in part 
protuberant above and in part depressed below the ellipsoid ot reference. 
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M. Poincard did follow this last plan, and then proceeded to prove the 
justifiability of using the formula for internal gravity throughout. The 
argument adduced above seems, however, sufficient to prove the point. 

Although the constant expressive of the size of J is put equal to 
25ero — ^which means that the pear is really partly protuberant above the 
ellipsoid — I have found that a considerable amount of mental convenience 
results from always discussing the subject as though the constant were not zero, 
so that the ellipsoid envelopes the pear, and I shall continue to do so here. 

When an ellipsoid is deformed by an harmonic inequality, the volume of 
the deformed body is only equal to that of the ellipsoid to the first order of 
small quantities. In the case of the pear, all the inequalities, excepting the 
third zonal one, are of the second order, and as far as concerns them the 
volumes of J and of the pear are the same. But it is otherwise as regards 
the third zonal harmonic term, and the first task is to find the volume of such 
an inequality as far as e®. When this is done we can express the volume of 
J in terms of that of the pear, which is, of course, a constant (§§ 3, 4). 

By aid of ellipsoidal harmonic analysis we may now express the first 
four terms of E in terms of the mass of the pear, and of certain definite 
integrals which depend on the shape of the critical Jacobian ellipsoid 

(i 5. 6. 7). 

The energy ^DD presents much more difficulty, and it is especially in 
this that M. Poincar^^’s insight and skill have been shown. The system D 
consists of a layer of negative volume density, coated on its outer surface 
with a layer of surface density of equal and opposite mass. 

Two surfaces, infinitely near to one another, coated with equal and opposite 
surface densities, form together a magnetic layer or a layer of doublets. The 
change of potential in crossing such a layer is 47 r times the magnetic moment 
at the point of crossing, and is independent of the form of surface. To find 
the difference between the potential at two points at a finite distance apart, 
one being on one side and the other on the other side of the layer, we have 
to add to the preceding difference a term equal to the force on either side of 
the magnetic layer multiplied by the distance between the two points. This 
additional term is small compared with that involving the magnetic moment, 
provided that the distance is small. If the magnetic layer coincided with the 
surface of an ellipsoid the force in question would be exactly calculable, and 
if it lies on the surface of a slightly deformed ellipsoid the force remains 
unchanged by the deformation as a first approximation. 

Thus it follows that it is possible to calculate the difference of potential 
at two points lying on a curve orthogonal to an ellipsoid, when one point is 
on one side and the other on the other side of a magnetic layer residing on 
a deformation of the ellipsoid. Further, if the two points lie on the same 
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side of the magnetic layer the term dependent on magnetic moment (■which 
would represent the crossing of the layer) disappears, and only the term, 
dependent on the force remains. 

Two equal and opposite layers of matter at a finite distance apart may he 
built up from an infinite number of magnetic layers interposed between the 
two surfaces. Hence by the integration of the result for a magnetic layer we 
may find the change of potential in passing from any one point to any other 
lying on the same orthogonal curve in the neighbourhood of a finite double 
layer. 

Again, the system D, consisting oi — R and + C, may be built up by an 
infinite number of finite double layers. Hence by a second integration we 
may find the difference between the potential of JD at any point inside It and 
the point lying on J where the orthogonal curve through the first point cuts 
the surface of I. 

Finally, it may be proved that the lost energy ^DD is equal to half the 
difference of potentials just determined multiplied by the density and inte- 
grated throughout the region R. The required expression for this portion of 
the energy is found to consist of two pai-ts, of which one depends on magnetic 
moment and the other on the force (§ 9 ). The reduction of this part of the 
energy to calculable forms is not very simple ; it is carried out in §§ 11, 12. 

The calculation of the moment of inertia of the pear is comparatively 
easy, since it only involves those harmonic inequalities of J which are 
expressible by harmonics of the second degree (§ 13 ). On multiplying the 
moment of inertia by we obtain the last contribution to the expression 

for 

The energy function cannot involve since the vanishing of the 
coefficient of that term is the condition whe.nce the critical Jacobian, was 
determined. If /' denotes the coefficient of any harmonic inequality other 
than the third xional one, the part of JH independent of Bo>‘^ is found to contain 
terms in e?, €“f and (/')“■*. The coefficient of consists of a constant term, a 
term in <3“ and terms in and where these /’’s denote the coefficients of 
the second zonal and sectorial harmonics. This last part does not contain the 
coefficient of any harmonic of odd degree, and in the first part the coefficient 
of the term in for all such harmonica is found to vanish. 

The condition for the figure of equilibrium is that the variations of E for 
•variations of and of each f shall vanish. On differentiating E with respect 
to the/" of any harmonic of odd degree and equating the result to zero, we 
see that that /"must vanish. Hence it follows that the pear cannot involve 
any odd harmonic excepting the third zonal one. Again, the symmetry of 
the figure negatives the existence of any even functions involving sine- 
functions of the quasi-longitude measured from the prime meridian (as I may 
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n„,ll M of symmetry through the axis of rotation. The same oousidoration 
uegatiles, the existence of even functions involving cos.no 
raA. Accordingly the only functions to he considered are the even 
even rank, involving the cosine functions of the longitude. 

The equation to zero of the variations of E for all the /’s, excepting 
f.,A\ gives at once all those /’s in terms of e*. The equations to xcro of the 
variations for give three equations for the determination ■ A A 

as multiples of We thus have the means of finding the 
and all the /’s in terms of the parameter e, which measures the amount oi 
departure of the pear from the critical Jacohian ellipsoid (§ 14). 

It seems unnecessary to give here any explanation of the methods 
adopted for reducing the analytical results to numbers, and it may suttice to 
say that the task proved to he a very laborious one. 


The harmonic terms included in the computation were those of dc gi<^ 2 
and ranks 0 and 2, of degree 4 and ranks 0, 2, 4, of degree 6 and ranks 0,^ 2, 4, 
and of degrees 8 and 10 and rank 0. The sectorial harmonic of degree 6 was 
omitted because its contribution would certainly prove negligible, and all the 
tesseral harmonics of degrees 8 and 10 for the same reason. 

The expression for is found in the form of a fraction, of which the 
denominator is determinate and the numerator consists of the sum of an 
infinite series. Eleven terms of this series were computed, namely, a constant 
term and the contribution of the ten harmonic terms specified above. I 
found, in fact, that it would only change the numerator by about onc-^ 
twentieth part of itself, if all the harmonics excepting the zonal ones of 


degrees 2, 4, 6, 8, 10 had been dropped. 


The result shows that the square of the angular velocity of the pear is^ 
less than that of the critical Jacohian ellipsoid in about the proportion of 
1 — to 1. On the other hand the angular momentum of the pear is 
greater than that of the ellipsoid in about the proportion of 1 + to 1. If 
this last result were based on a rigorous summation of the infinite series, it 
would, in accordance with the principle explained above, absolutely prove 
the stability of the pear. The inclusion of the uncomputed residue of the 
series would undoubtedly tend in the direction of reducing the coefficient 
given in round numbers as and if it were to reduce it to a negative 
quantity, we should conclude that the pear was unstable after all. 


The contribution of the eighth zonal harmonic to the series above referred 
to was about *00002, and that of the tenth about -000006, and I find that if 
the contribution of the uncomputed residue should amount to -00017, the 
apparent stability of the pear would just be reversed. The pear is then 
stable unless the residue of the series shall amount to 27 times the contribu- 
tion of the last computed term. 
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Since the convergency of the series is obviously rapid, it seemed incredible 
to me that the inclusion of the uncomputed residue could materially alter, 
much less reverse our result. I regarded it then as proved, but by something 
short of an absolute algebraic argument, that the pear-shaped figure is stable. 

[However in> Vol. xvii. No. 3 ( 1905 ), of the Memoirs of the Imperial 
Academy of St Petey'shii^rg, M. Liapounoff has published an abstract of his 
work on figures of equilibrium of rotating liquid under the title “Sur un Pro- 
blfeme de Tchebychef.” In this paper he has explained how he has obtained 
a rigorous solution for the figure and stability of the pear-shaped figure, and 
he has pronounced it to be unstable. 

The stability or instability depends, in fxct, on the sign of a certain 
function which M. Liapounoff calls A, and which is the same as that which I 
denote Aq -1- 2 (B/)‘YC/, where Ao is equal to ^3 + 2^4] — -|cr4 -f 2 \i, s]. 

M. Liapounoff tells us that, after having seen my conclusion he repeated 
all his computations and confirmed his former result, tie attributes the 
disagreement between us to the fact that I have only computed portion of an 
infinite series, and have only used approximate forms for the elliptic integrals 
in the several terms. He believes that the inclusion of the neglected residue 
of the infinite series would lead to an opposite conclusion. 

In my computation the function ^3 [-^ -f 2^4] — ^0-4 is decisively 
negative, and being numerically greater than 2 {(B/)®/Ci* -1- \i, 5]}, which is 
positive, the sum of the two is negative. As indicated above, the inclusion of 
the neglected residue undoubtedly tends to make this whole function positive, 
but after making the revision (incorporated in the present edition of my 
paper) I still feel unconvinced that the neglected resicfiie can amount to the 
total needed to invert the sign. 

It may be worth mentioning that in revising my work I notice that 
(o'a)** + 2^4] — |<r4 owes its negative sign to the term —^cr^. This term 
arises from the energy of the double layer, called ^DD. It comes from the 
portion of the term fTTpYe® (1 — Xe)<£cr, which gives rise to a term in e* with 
a negative sign. This term involves under the integral sign the factor 

f ~ other factors being positive. If we attribute to 0 

and to <jf> various values between ^rr and zero, we see that in part of the 
range the factor is positive and in other parts negative. A general inspection 
does not suffice to determine whether the positive j)ortion outweighs the 
negative, as in fact it does. Therefore, in order to feel abundantly sure that 
no gross mistake had been made, I computed by quadratures the eight con- 
stituent integrals involved in the final result, and confirmed the correctness 
of the value found by the rigorous evaluation. 

The analysis of the investigation has of course been carefully re-examined 
throughout, and I have, besides, applied the same method to the investigation 
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of Maclaurin’s spheroid, where the solution can be verified by the known 
exact result*. 

As a further check, the formulae of the present paper have been examined 
'on the hypothesis that the ellipsoid of reference reduces to a sphere. The 
several terms correctly reproduce the analogous terms in the paper on 
Maclaurin’s spheroid, but in effecting the comparison it is necessary to note 
that the variable r of this paper reduces to (1 — whereas in the paper 

on Maclaurin’s spheroid the corresponding variable t denotes ^(1 —r^/a% 
where r is radius vector and a the radius of the sphere. 

Dissent from so distinguished a mathematician as M. Liapounoff is not to 
be undertaken lightly, and I have, as explained, taken especial pains to ensure 
correctness. Having made my revision, and completed the computations as 
set forth here, I feel a conviction that the source of our disagreement will be 
found in some matter of principle, and not in the neglected residue of this 
series. I can now only express a hope that some one else will take up the 
question, and I will proceed to discuss the subject further as though my 
results had not been subjected to this criticism.] 

The numbers obtained in the course of the determination of the stability 
afford the means of giving a second approximation to the form of the pear. 
The result is shown graphically in the figure of § 21, where the largest value 
of e is adopted which seemed to secure a fair degree of approximation in the 
result. I originally called the figure “pear-shaped,” because M. Poincard’s 
conjectural sketch in the Acta Mathematica was very like a pear. In the 
first approximation, shown in my former paper, the resemblance to a pear was 
not striking, and it needs some imagination to recognise the pear shape in 
the second approximation shown here ; but a distinctive name is so con- 
venient that we may as well continue to call it by that name. 

The effects of the new terms now added are almost entirely concentrated 
at the two ends. All these terms, excepting a very small one arising from 
the second sectorial harmonic, tend to augment the protuberance at the 
stalk and to fill up the depression at the blunt end. It is true that there is 
a small term, arising from the square of the third zonal harmonic, which 
diminishes the protuberance and increases the depression, but this cannot be 
regarded as a new term, since it only represents the effect of the fundamental 
harmonic carried to the second order of small quantities. 

The new zonal harmonics furnish by far the most important contributions. 
The second zonal harmonic denotes that the ellipsoid most nearly resembling 
the pear is longer and less broad than the Jacobian. The largest contribu- 
tion of all is that due to the fourth zonal harmonic, and this may be regarded 
as the octave of the second zonal term. The ratio of the contribution of the 


*■ [Paper 14.] 
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sixth zonal harmonic to the fourth is about -1; of the eighth to the sixtb, 
and of the tenth to the eighth about 

The general effect is that the protuberance at the stalk of the pear is 
much increased, and the depression at the other end nearly filled up. Over 
the greater part of the whole surface the depressions and protuberances are 
less conspicuous than they were. The nodal lines where the surface of the 
pear cuts that of the ellipsoid are entirely shifted from their former positions. 
It did not seem worth while to attempt to specify their new positions, 
because the choice of the ellipsoid to which we refer influences the result so 
largely. The ellipsoid on which these figures are constructed is that which is 
called J in this summary. Its volume is a little less than that of the pear, 
so that the protuberances are a little greater in volume than the depressions. 

I think it is hardly too much to say, that in a well-developed '‘pear” the 
Jacobian ellipsoid has nearly regained its primitive figure, but that it is 
subject to a small tidal distortion due to the attraction of a protuberance 
which it shoots forth at one end. I venture to give here a conjectural sketch 
of a further stage of the development. 



Conjectural Sketch. 

If we look at this figure and at those drawn by Mr Jeans in his striking 
investigation of the parallel changes in the shape of an infinite rotating 
cylinder {PJiil. Trans. Roy. Soc., Vol. 200, A (1902), p. 67), we can hardly fail 
to be reminded of some such phenomenon as the protrusion of a filament 
of protoplasm from a mass of living matter. 

Notwithstanding the caveat which M. Poincard enters as to the dangers of 
applying these results to heterogeneous masses and to cosmogony, I cannot 
restrain myself from joining him in seeing in this almost life-like process a 
counterpart to at least one form of the birth of double stars, planets, and 
satellites*. 


* [Sed Dido. Paper 15. ] 
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APPENDIX. 

Note on the Stability of Jacobi’s Ellipsoid. 

(An abstract is contained in Proceedings of Royal Society, Vol. 82, A (1909), 

pp. 188—9.) 

[It is known that Maclanrin’s spheroid of rotating liquid becomes unstable 
when its eccentricity reaches the value sin 54“ 21' 27'^ This is a form of 
bifurcation, and for increasing momentum the stability passes over to Jacobi’s 
ellipsoids. The discussion of this problem by the method of the preceding 
paper is valuable, because we are able to see that the method gives correct 
results, even when only a small number of terms in the infinite series are 
computed. Moreover we are able to compare in detail the series which gives 
the result in this case with that found previously. Although it is impossible 
in this way to prove my conclusion, as against M. Liapounoff’s contention, yet 
I think it tends to indicate that I am right. 

In this problem we use spheroidal harmonic analysis applicable to an 
ellipsoid of revolution of eccentricity sin B, where 8 = 64° 21 ' 27". The deter- 
mination of the gravitational energy of the deformed spheroid follows exactly 
the lines of the old work, and the required result may be written down by 
transliteration. 

The ellipsoidal coordinate v is replaced by ^ V— « becomes 1 , 

sin 7 = sin ^ = \/(“l) f 2111 S, and cos 7 = cos = sec 3 

Also or 1 — sin^ 7 sin- ^ becomes 1 + tan^ 8 sin® 0, and I will now use A® 
to denote 1 + tan® 8 sin® d ; the old A becomes cos and E becomes unity. 

There is no need for the black-letter notation for dBf, but it may be 
retained, denoting P/ (^ 0 ) Q/ (^ 0 ), and 33/ being Q/ (^ 0 ) <^P/ (^o)/<^^o* 

The deformed spheroid is given by 

T = -eS^-2ffSf 

where < 8 / = P/ (/z.) cos s<p 

The condition for the limiting stability of Maclaurin’s spheroid is 

and the solution of this is 3 = 54° 21 ' 27". 

Thus wherever in the old analysis ^3 or occur we must replace them 
by ^ 2 ® or ^ 1 . 

In translating the old work V— 1 will occur frequently, hut these imaginary 
signs take care of themselves, and we need pay no attention to them. 
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Thus the old result for the gravitational energy holds good except in two 
respects j first that the suffix and the affix 2 replace the suffix 3 , and the 
suffix 1 replaces the suffix and affix 1 , and secondly that the coefficient 
sin" /3/cos /3 cos 7 becomes sin^ B. 

Thus we have for the gravitational energy 

- SC/ 

where [-^ (o-,)^ + 2 r 4 l - -Jo-, + S [^, s] 

2 

+ (332^ — ^ sin^ S) pf 

0 / = 

The integrals involved in these formulae may be derived by translation 
from the old results. 

The formulise for the rotational term in the energy is however quite 
different, since the rotation takes place round the z axis. 

I find that 

^CBco^ — I 2 ^ - {} tan B + (po sin® B — p^ sin® 3 — <»2 tan 3) — |/m (^2 tan 3} 

It appears that all the /’s vanish except those for which i is even and s 
is zero or 4, and all the /’s except /a may be eliminated. 


Idle equations for finding /» and Sw® l>ecome 

- _ il _2 Bar ^ ^2 tan 3 

0.2 ^TTp ’ 0-2 


/I 4_ V / 

XI, 0 "T" -w y. Y u 
2 


?. ^2 4- ■ — " 1. 


4- (po — P-i) ‘‘’iff" ^ ~ < 5^2 tan 3 — ~ <^2 tan 3 J = 0 


Before stating the numerical results I will give the values of the several 
integrals. 


If as already s bated we write A® = 1 + tan® 3 sin® ^ = 1 + p.® tan® 3 


m sec® 3 




Pi = 27 cosec 23 7 ^ (1 — [P^ (p)? 


^^ = i^^,jiaec^S 


1/1 3 


4 ) (1 - ^^P' 


r= sin 3 sec® 3 J 


0 VA« 4AV" 

, . [1 / 5 _ 3 + cos® 3 

” A^^ 


(1 — ■ /i^y dp. 



S 
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The integral < 7-3 is the same as <Oo- The integrals coi^, pi* only differ from 
i, pi in having the coefficient outside the integral sign half as large, and 
i^ (/a) of course replaces (/a). The integrals <»/, pf vanish unless s = 0 or 4. 


Lastly 



3 

27+1 ’ 


_ 3 ^ + 4 ! 

~2(2i + l)7-4! 


I only carried the computation as far as the eighth harmonics, and 
found that 


/2=-84346e^ /4=8-4700e% fa=- 1-1067 fs = 'ZS58e^ 

//=•076910e^ // = - •0019225e^ /s" = -0001372262 

The coefficients of the sectorial harmonics are very small, but as they are 
to be multiplied by P/ (ya), which involves a large numerical coefficient, these 
terms are quite as important as the zonal terms. 

I find that = ~ 2-3146e2 

4!7rp 

The angular velocity, say coq, of the critical Maclaurin’s spheroid is given 
by ay^J4i7rp = '09356, and since — co^ + Sco% we have 

o) = (Do (1 - 1 2-37062) 

The moment of inertia is found to be 

C = tan 8 (1 + 47'124e2) 

Hence Oco = y - tan 8 (1 + 34*7 54e2) 

IOtt 

Hence the angular velocity of the Jacobian ellipsoid is less, and the 
angular momentum greater than in the case of the critical Maclaurin spheroid. 
This shows, as in the case of the pear-shaped figure, that the Jacobian 
ellipsoid is stable. 

In order to test the correctness of the results I have calculated the axes 
of the ellipsoids given by this analysis, corresponding to 7 = 55°, 57°, 60° (see 
Paper 8 , p. 130). Even for so long an ellipsoid as the last the result is very 
nearly exact, for I find 



Computed axes 

Correct axes 

Error as fraction 
of correct -value 

a 

1-3747’ 

1-3831 

+ 1/165 

b 

1-0584 

1-0454 

-1/80 

c 

-6873 

-6916 

+ 1/161 


The chief point of interest is, however, to consider the series which is 
analogous with that found in investigating the pear-shaped figure. 
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For Jacobi’s ellipsoid there are two series proceeding viz. the 

zonal and fourth tesseral series. For these I find the following results : — 


i 

Zonal harmonics 

OhriGi+U, 0] 

Ratio of each term 
to the next 

2 

37-2393 

37 

4 

1-0077 


6 

•15.'>4 

9 

8 

•0170 



% 

Eourth tesseral 
harmonics 

Ratio of each term 
to the next 

4] 

4 

3-3307 

10 

6 

■3352 

13 

8 

•0253 



In the case of the pear-shaped figure the corresponding numbers are 
extremely small fractions, but this is without any signification since it merely 
depends on the definitions which have been adopted for the harmonic 
functions. Here we need only consider the zonal terms, since the sectorial 
terms are clearly insignificant. We had: — 


i 

0] 

Ratio of each term i 
to the next 

2 

4 

~ -000080868 
•000247274 

3-9 

0 

•000062350 

3-2 

8 

•00001.9576 

3-1 

10 

•000006328 



M. Liapounoff contends that if I had taken more terms into account, the 
conclusion as to the stability of the pear-shaped figure would have been 
reversed, because the series is so slowly convergent. It would seem, however, 
as if the uncomputed residue of this series should be about •000003. It is 
true that the series is less convergent than those which arise in the case of 
Jacobi’s ellipsoid, but I cannot think that it can converge so slowly as to 
justify M. Liapounoff. It seems to me then that the present investigation 
should lead us to look with suspicion on an argument which would show that 
my former conclusion was incorrect.] 
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ON THE INTEGEALS OE THE SQUARES OF ELUPSOIDAL 
SURFACE HARMONIC FUNCTIONS. 

[Philosophical Transactions of the Royal Society, Vol. 203, A (1903), 

pp. 111—137.] 


This paper forms a sequel to the three preceding papers in the present 
volume. I shall refer to them as “ Harmonics,” “ The Pear-shaped Figure,” 
and “ Stability.” 

In “ Harmonics,” the functions being expressed approximately, approximate 
formulae are found for the integrals over the surface of the ellipsoid of the 
squares of all the surface harmonics. These integrals are of course required 
whenever it is proposed to make practical use of this method of analysis, and 
the evaluation of them is therefore an absolutely essential step towards any 
applications. 

The analysis used in the determination of some of these integrals was 
very complicated, and is probably susceptible of improvement. Such improve- 
ment might perhaps be obtained by the methods of the present paper, but I 
do not care to spend a great deal of time on an attempt merely to improve 
the analysis. 

In “ Harmonics ” the symmetry which really subsists between the three 
factors of the solid harmonic functions was sacrificed with the object of 
obtaining convenient approximate forms, and I do not think it would have 
been possible to obtain such satisfactory results without this sacrifice. But 
this course had the disadvantage of rendering it difficult to evaluate the 
integrals of the squares of the surface harmonics. 

All the harmonic functions up to the third order inclusive are susceptible 
of rigorous algebraic expression; and indeed the same is true of some but 
not of all the functions of the fourth order. Accordingly in these cases 
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rigorous expressions for the integrals should also be obtainable, and the 
object of the present paper is to complete the preceding investigation in 
this respect. 

It will be well to begin by a restatement of the notation. That used in 
“ Harmonics ” was convenient for the approximate and asymmetrical ex- 
pressions involved, but the notation used in the two later papers seems 
preferable where the formulae are rigorous and symmetrical. 


In “ Harmonics ” the squares of the semi-axes of the ellipsoid were 

14 -/ 0 ' 






1-/0 


, (v^ — 1), c® = 


The rectangular coordinates were connected with the ellipsoidal co- 
ordinates V, fjb, <f) by 


ar 

k- 


1 — ^ f 1 "I” ^ 

r +^ V ” 


)(m» 


1 - 4 - 13 
1-/0 


cos“ </) 


(v^ — 1) (/a“ — 1) sin'-^ ^ 


-V i ^ ^ 

The throe roots of the cubic 


/yt. 


+ r-'-r- - 4 - 


a- r- u 6“ 4- to + u 


1 


were 


/ / ., .. 7 .. I — ^ 20 

Ui = k~i^“, u.j — k-jj.-, t/y = lc“ p ~ 


Lastly V ranges from oo to 0, fju between + 1, 0 from 0 to 27 r. 
In the two hiter papers I j)ut 


o „ 1 - 


l -( c \ V 


1 


/u = SI n 


K Sin y 

and for convonicnce I introduced an tiuxiliary constant /0 (easily distinguish- 
able from the /0 of the previous notation) defined by sin J 3 — k sin 7. 

The squares of the semi-axes of the ellipsoid were then 


k'-^ cos“ <y , .. /;'■* cos*-^ 

tt-= , b^= v,- . 


0 

sin“ /0 ’ " sin‘” /S ’ 

The rectangular coordinates became 


siid /0 


COS”^ 7 . o /1^ .. , COS" y 0 Zi • . 

— j n _ gin-* d) cos- 0, 7-- = . COS'* 6 sin-* 0 

sm ^ /3 ^ / T-j ^ T - 


k^ sin'-* /0 


sin‘^ 0 (1 — k '‘^ COS** 0) 
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The roots of the cubic were 

% = ^3 = ^ (1 - cos'" <^) 

This is the notation which will he used in the present paper. 

If d(T be an element of surface of the ellipsoid, and p the central perpen- 
dicular on to the tangent plane, it appears from the formula on p. 326 of 
“ Stability ” that 

pda- _ k^ cos cos y cos^ 6 4- sin^ ^ 
d6d<f> sin'* /3 * 

where = 1 - a :2 gin^ ^/2 cog 2 

In the previous papers I have expressed the two factors of which a surface 
harmonic consists by or P/(a 6), and {<f), C/ (</>), or S/(<^), 

one of the two P- functions being multiplied by one of the four cosine or sine 
functions. 


Taking a pair of typical cases, the integrals to be evaluated are 

and 

As it will be convenient to use an abridged notation, I will write these 
integrals (cos) and (sin), according to an easily intelligible notation. 

These functions involve integrals of even functions, and therefore we may 
integrate through one octant of space, the limits of 6 and 0 being to 0, 
and multiply the result by 8. 

It is clear then that 


Tf T r fi" cos’* e fi’' (®/)« 

sin’/3 Lio A “r 

Jo 


Similar expiessions are applicable to all the other forms of function, but 
we may proceed with this form as a type of all the others. 


This formula shows that the variables are separable, and since we might 
substitute ^TT ~ i/r for cf> without changing the result, the <f> integrals are of 
the same type as the 0 integrals. 


It has been stated above that two of the roots of the cubic equation are 
proportional to K^siia?6 and (1 — K'^coB^(p). By the nature of the harmonic 
functions it follows that if (^)]2 is proportional to a certain function of 
K Sin 6, [^/ (^)]^ is proportional to the same function of (1 — cos" <^). 

It follows that if = F - /c^ sin^ 0) = F cos" 0), 

= aF («:" — 1 -f- cos" <p) = olF (— k''^ sin" ^) 
where ot is a constant, which for the present we may regard as being unity. 
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If then 

= -^0 + cos- 0 + cos^ 0 + A-iK^^ cos® 0 + ... 

we must have 

[^i* = Ao~ A^k'^ sin^ ip + A^fc'"^ sin^ <p — A^k^ sin® p + ... 

Accordingly if there is a term. cos-’''+=“ (9 ^ in J/c^cos“ HWff- 

and a term (—y^ArnJ^'~''”' sin^^** p ™ in , then there must be a term 

AmjA^‘^cos^^‘^0^ in and a term (—y An p ~ . It 

follows that the coefficient of (—y"'A^t,A.m in Zf (cos) is 

^ sin®y8 


J ^m+2 cos=*^^+“ ^ 'F 


- (—y^~'^«-~^^ J cos-^'^'’ & ~ j /c'-’^+‘-' siii'^^‘+^ p ^v 

For the sake of brevity I call this function [2^^ 4- 2, 2m], and we may 
state that one term in the required expression is (— [2}z + 2, 2m], 
whei*e [ ] indicates the above function of the four integrals. It follows that 

r„y. V 8Ar‘ cos /3 cos w 
I/(cos)-T- - . 7 ^ 

sin® /3 


.( 1 ) 


: Ao® [2, 0] - A,A^12, 2] 4- A,A.^ [2, 4] 

+ AjAo[4, 0]- A,“[4, 2] + 4] 

+ A,A. [6, 0] - A,A, [6, 2] + A./ [6, 4] 


Since 

[2'a, 2m] = J /c'"*' cos®"' 0 J sin®'" p 

- (-y™ Ja:®"* sin®"'' & ^ Ja:'®" sin®" p 

it is clear that [2'rt, 2nt] — — [2'/n, 2/i] 

Hence if n and m differ by an odd numbtir [2n, 2m] = [2';?«-, 2n], and if 
they differ by an even number [2w, 2'tii] — — [2m, 2^i]. Also [2n, 2'n] = 0. 

Let us write 


(2 a} 


\7T 


/C®" cos®" d 

A 


A 


rS" cidi 

, {2n}' — I /c'®" sin®" p 

J 0 ■•• 


so that [2«, 2m] — [2a} [2‘itiY — (— )" [2n\' {2m} 

We must now evaluate these functions. 


D, III. 


26 
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A. 

dd 


Since A® = 1 — sin^ 6, we have by differentiation 
[A sin 6 cos^’^~^ O'] 

1 

= ^ |(2n — 1) /c2 cos2« e — {^n — 2) (/c^ — k''-^) 0 — (2w — 3) cos""”^ 6} 

Integrating between -^tt and 0 and multiplying by we have 

^ 2!! - 1 - 2} -f {2n - 4] 


and by symmetry 
[2ny= ~ 


(*" - «'“) 12« - 2)' + 12« - 4,}' 


Multiplying the first of these by [2m}' and the second by - (-)«-»" {2m] 
and adding together we have 


271-2 


[2u, 2m] = W - « 0 [271 - 2, 2m] 4- [2«, - 4, 2m] 

By successive applications of this formula we may reduce any function 
[2n, 2m] until it depends on [2, 0], but the result becomes very complicated 
after a few successive reductions. 


Now {0}=!^ ~ = F, {0Y = pJ~ = F' 


dO 


(2} = de = F- Fk'\ [2]' = cZ(/) = E' - 


.v'2 aiT.2 


Then [2. 0] = (2) <0)' - (-)' (2}' 10) 

= EF' + F'F - FF' 

But it. is well known that this combination of the complete elliptic 
integrals with moduli k and k is 

Hence [2, 0] = ^ 7 r. 

It seems unnecessary to reproduce the simple algebra involved in the 
successive reductions, and I therefore merely give the results, as follows : — 

[O’ = [2, 0] = -^TT |-2^ ^ |-4^ 2j ^ ^3^,2 , 


- [0, 4] = [4, 0] = I - «' 2 ) . 

[ 0 , 6 J = [ 6 , 0 ] = (8 - 23 

- [ 0 , 8 ] = [ 8 , OJ = (^2 _ ^^ 2 ) (6 _ 1 1 ^ 2 ,,' 2 ) _ 

[4, 6] = [6, 4] = J K . ^TT 

6 


[2, 6] = [6, 2] = ~ KV'2.|7r 


[2, 8] = [8, 2] = (24 - 'ZI /c2k'2 , 


[6,8]= [8, 6] = ^K6K'0.^7r 


• [4, 8] = [8, 4] =— (k:2 _ k'2) 

See for example DuiAge’s Theorie der ElUptischen Eunctionen, p, 293, 
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These are the only functions of this kind which are needed for the evaluations 
of integrals in this paper. 

When these functions are introduced into ( 1 ) and the terms re-arranged, 
I find : — 


If (cos) -T 


cos yS cos <y 


sin" ,8 

= Af - H- -h - ... 


-I- 2 (/c" — /c'") 


1.3 


AqA'j 




4 


3.5 


7 . 9 


K^k'^A»A4,-\- . .. 


itIts AoA., - ^ [4- (4.6)- 5" k^k'^A.A:, 

+ [4 (6.8) - 7=^/c"a:'"] k‘^h:'^A.,A.,- [4(B-10)- 


+ 5:7-iox n - - . 


+ ^ ^ g (192 - 816/6" /c'" -I- 525/c^A^) A^A^ 


•( 2 ) 


In this result a good many terms are added which are not deducihle from 
the table of functions given above, but every term as stated here has actually 
been computed. The laws goveiming the succession of terms in the first six 
lines seem clear, but I do not claim that the proof of the laws is rigorous. 
I do not perceive how each series is derived from those preceding it, and I 
have no idea how the scries beginning with A^ /I 4 would go on. With sufficient 
I)atience it would no doubt be possible to determine the general law of the 
series, but I do not propose to make the attempt at present, since we have 
more than enough for the immediate object in view. 

This result ( 2 ) is, of course, equally applicable to the integrals of the typo 
If (sin). 

In order to effect the rtMjuired integrations we must define the functions, 
and I take the definitions (with a few very slight changes) from § 2 of “ The 
Pear-shaped Figure.” In order to use the preceding analysis it is necessary 
that the square of the P- function and the square of the cosine or sirie function 
should be the same functions of k~ cos" 0 and of — k'^ sin" <p. But as in the 
definitions to be used this symmetry does not hold good, a difficulty arises, 
which may, however, be easily overcome. If the P-function be multiplied by 
any factor jf, and the cosine or sine function by any factor g, the integral will 
be multiplied by /'■‘g-. I therefore introduce such factors f and g as will 
render the residual factors of the squares of the P and cosine or sine-functions 
symmetrical in the proper manner. 


26 — 2 
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It seems desirable to show how the results found here accord with the 
approximate integrals as found on pp. 276 — 7, § 22, of “ Harmonics.” In this 

cos cos ^ 

connection I remark that ^ — - , when written in the notation of 

sin® /8 

“Harmonics,” is u — 1)^ ~ i ~ — factor which I denoted in that 

paper by M. 


It does not seem necessary to give fall details of the analysis in the 
several cases, since it is sometimes tedious, and it merely involves the 
substitution in the formula of the values of Ao, A^, &c. 

We will now take the several harmonics successively. 


Harmonic of the Order Zero. 


This harmonic is simply unity, so that Ao=l and all other A’s vanish. 
The formula is 


r _ 4'7rA® cos /3 cos 7 

ioVOOSy — 

sin® /3 


.(3) 


This is obviously right since the integral is of which this is the 

known value. 


Harmonics of the First Order. 

Here we have all the ^d’s zero excepting Aq and Ai, and when the functions 
have the proper symmetrical forms, we have from (2), 

^ /cos\ 47rA:® cos id cos 7 r . „ . „ ^ . 

UJ“ + (6- = 0, 1) 


(1) The Zonal Harmonic. 

I define this thus : — 

ifT) = sin ^ = f (/c® — /c® cos® 6>) - j 

(</>) = (1 — cos® (f)^ = g {k^ 4- /c'2 sin® 0)^' f 

where f= ^ , g — \, 

fC 

On squaring {g), it is clear that 

' Ao = a :®, Ai = ~1 

Y , N 47r/c® COS B cos fy ^ 

(cos) = qT=-^ 5~5 — ~ 

3 sin®/3 


.( 4 ) 


Whence I find 
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Since with definition (4) = 1 , 

j- , V 47r/c3 cos iS cos w 

/i (cos) = — (5) 

3 sin® /3 ^ 

In “ Harmonics ” this harmonic is defined by 

= /^ ; Cl (<}5)) = -v/(l - ^cos20) (6) 

Now we must take for /and g values such as to bring the two definitions 
into accord. This is the case if 


and a:® = 1 + y 3 . 

Hence / (cos) = (1 + /3) (7) 

agreeing with the result on p. 277 of “ Harmonics” for the case ^ = 1 , s= 0 , 
type OEC. 


( 2 ) The Sectorial Gosme Harmonic. 
I define this thus ; — 

Pi^ (/a) = (1 - sin® 6)^ 4 - /c® cos® of 


where /= 1 , .<7 


(^) = cos 

1 


g (/c'® — sin® 


.( 8 ) 




By symmetry with the last result 


(cos) 


47 rA;® cos ^ cos 7 47 rA;® cos B cos 7 

- - ' J “g^K^ = - — — ~~‘ 


3 sin® j 'j ^ 

In “ Harmonics ” I defined the functions thus : — 


(9) 


PiH/.) = P/ (/^) ('f 




^ ( 


X 


~ ^ 


1.4-3 


sin® Q 


...( 10 ) 


W = cos <p 


If we take /■ 


, n + j3\^ 


.1-3 

(cc 


, gK — 1 , the two definitions agree, and we have 

14-3 


1-3 


Ittm: (1 -f 23 -b 23®) (11) 


This agrees with the result on p. 277 of “Harmonics” with 1 , 5 = 1 , 
type OOC. 
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.( 12 ) 


(3) The Sectorial Sine Harmonic. 

I define this thus : — 

(yu.) — cos 6 = fic cos Q ) 

( 0 ) = sin cf>—g\/—l.K' sin <p) 

1 1 

where/=-.5r=;^,^. 

On squaring we find .ilo == 0 , Ax — l, and 

7 - . . . 47 rA;® cos y 8 cos 7 . 47 rA;^ cos /3 cos 7 

In “ Harmonics ” the definitions were the same, and therefore 

It} (sin) = f ttM (14) 

This agrees with the result on p. 277 of “ Harmonics ” with i = l, s = l, 
type OOS. 


Harmonics of the Second Order. 

In these the only coefficients are Ao, A^, As, and ( 2 ) becomes 

Iz ( - ) — '• — [-do" — /C ^Aj} A i K *As~ 

Vsm/ sm^/9 u 0 z 1 « t 2 

+ 1- («^ — AqUi ~i%- (/c® — K^) k^k^A^As + (4 — 9a;°/c‘'^) A o-d.2] 

with 5=0, 1, 2. 


( 1 ) and (4) The Zonal and Sectorial Cosine Harmonics. 

P0 

These are defined thus : — 

^ 2 ® {fl) — sin^ S — q^ 1 

{4>) = q'^ - /c'^ cos" 4>, (5 = 0 , 2 )J 

where g" = ^ [1 + «" + (1 — /c^/c'a)^]^ with upper sign for 5 = 0 and lower for 
5 = 2 ; and g'"= 1 — g". 


.(15) 


Writing = /c" — g" = g 


'2 _ ^'2 _ j. r 




^ 2 ® (/y) = / (i" — K- cos" 6) 

(iDa" (</>) = 9 {t^ + sin" 4>\ (5 = 0 


. 2 )} 


.(16) 


where /"—I, g — It may be noted that P is a symmetrical function in 
/c" and — 


Squaring ^ 3 ® we find 


= ^, = -2!{", ^2 = 1 
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After reduction I find, for s == 0, 2, 

If (cos) = [^8 _ ^ -H (4 - P 


Now 


3^2 = /c2 _ + (1 _ K‘^K'-^)h 

= 2 - 5a.®«:'=* ± 2 (a:^ - k'^) (1 - 
27i« = (4 - '7k‘^k''^) {nf - k'^') ± <4 - 13/c-^«'‘^) (1 - 
81^8 = 8 - ^Ok^k'-^ + 41/c‘‘/c'* ± 4 (2 - 5/c“/c'“) («" - (1 - 

Whence on substitution, with 


47^^"’ cos (B cos <7 28 

33 


// (cos) = ~ 4 : [(1 - ± (1+ i (/C^ - « ^) (1 - .8 


5 sin® /3 

( 16 ) 

The upper sign being taken for the zonal (s — 0), the lower for the 
sectorial harmonic (s = 2). 

If these expressions be developed in powers of «' as lar as three terms of 
the series, I find, on reintroducing the factor 

J, (cos) = 6 Mn?,a • 6* )/ v 

= km . (1 - 4^ + (17) 

. 47r/c® cos /3 cos w . ,..,11 /IN .r.> .> 

U (cos) = - - g . K" (1 - + } 1 <C ‘)/V’‘ 

= km . i (1 - 2,8 + •J/-8»)/V“ (IH) 


In " HarnK.nics ” I made the following definitions 

(/•) = I\ (/.) - i8/v (/a) = 1 - e (1+ 48) oos“ e 1 

<aD^ (<^) = 1 _ 1/9 cos 2<^ = 1 - I /3 + 1/3 sin“ J 

In order to make the two forms of definition agree we must take 

Thus /V = i (1 - 38 + K8‘) 

Now on development 

= ( 2 )4 (1 _ 5«0 HA ^'4) ^ (■01 (' l _ 10/3 + ' < /38) 

Whence + 7/9 + •&/- /3“‘) 

Introducing this I find 

/a (cois) ■= I'TtM (1 -f 3/3 4- 3y3®) 


.(19) 


.( 20 ) 
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agreeing with the result on p. 276 of Harmonics” with i 
type EEC. 

Again in “ Harmonics ” 


[IS 
2, ,9 = 0, 


^2^ (P') = S/SPa {/m) + Pa^ (ya) = 3/8 + 3 (1 - y8) COS?^ 0 'j 

^2^(^) = |-/8 + COS 2^ = 1 + l-yS— 2 sin^ </) j ^ ^ 

In order to make the two definitions agree we must take 

//C2 = — 3 (1 _ |y3)^ g^'2 ^ 2 

/=-3(l + i^-/3“), ^ = 

So that/y = 2> . 8= (1+ ^ - i0‘). 

Introducing this in (18) we have 

(cos) = -f ttM . 12 (1 — /9 + /:1“) (22) 

agreeing with the result on p. 276 of “Harmonics” with ^ = 2, s = 2 
type EEC. 


(2) The Cosine Tesseral Harmonic, 
This is defined thus : — 


Pa' (ya) = sin ^ ( 1 - sin^ 6'^ =f {k^ - cos^ 6)^ {k'^ + cos^ 9)^ | 

Ca" (c^) = cos (1 - /c '2 cos" 4>)^ = ^ («2 + k'^ sin" {k'^ — /c'^ sin" cf>)^ j * * 

where/=-,^=-l . 

Squaring we find 


A 0 = a:'", a, = («" - a:'"), Aa = - 1 

On substituting in the formula, I find, on putting /"n" 1 and re- 
ducing, 

J.‘ (C 03 ) = ^ 1 


5 sin" y8 ■ 3 
In “ Harmonics ” the definitions were 


( l + jS 2\ 1 1 

3 (r^) sin ^ (l - sin" 

Ca" (4>) = (1 _ ^ COS 2<f>)^ COS (f> =‘ (1 + /3)^ cos (f> fl 

\ 1 "4“ 

In order to make the two definitions agree we must take 

^ _ Q /I + /3 


cos" <p 


.(24) 


.(25) 
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SO that = 3- = 3“ (1 + 3y8 + 4/3=^). On multiplying (24) by 

this factor, we have 

(cos) = f ttM . 3 (1 + 3y3 + 4^) (26) 

agreeing with the result on p. 276 of “Harmonics” with i = 2, s = l, 
type EOC. 


(3) The Tesseral Sine Harmonic. 

This is defined thus : — 

(yu,) = sin ^ cos ^ =//t cos ^ (/c^ - cos® <9)^ 1 

(<^) = sin ^ (1 ~ cos® ^)2 = g V— 1 . K sin <p («® 4- k'" sin® <^)2 J 

where/=l.i7 = ^, 4 j. 


Squaring we find 

.d-o == 0, jIj — /c®, JLi^ = — 1 
whence, on putting — 1, 

. _47r/c®co8^coa7 1 

^ '3 

In “ Harmonics ” the definitions were 


(28) 


Pa’ (a^) = Pii (a^) = ^ sin $ cos B \ 

S.; (cf>) = sin cos 2(j!>)^ = (1 + /3)^ sin </> (^1 - cos® J * ’ 

Therefore, to make the two definitions agree, we must take 

//c® = 3, .(/«' V- 1 = (1 + ^)^ 

Therefore — /®^®«:‘‘/c'® = 3®(l 4-/3), and on multiplying (28) by this factor 
we have 

// (sin) = IttM . 3 (1 4- ^) (30) 

agreeing with the result on p. 276 of “Harmonics” with ^ = 2, s = l, 
type EOS. 


(5) The Sectorial Sine Harmonic. 

This is defined thus : — 

Pb® (/x) = cos 6 {1 — sin® B'^ 

Sa® (<56) = sin ^ cos <f> 

If in the last integral we had written ■^tt — 6 for and — for 6, and 
fc' for K, pa’ would have become Sa®, and Sa® would have become Pg®. There- 
fore the result (28) gives what is needed by merely interchanging k and k'. 
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Therefore 


_ „ . . . 47r/c® cos ^ cos 7 1 

(sin) = K ■ 3 


5 sin® /3 

For the purpose of comparison I must put 


.(32) 


( ft ) —/k cos 9 (k^ + cos® 9'p, <S» 2 ^ (^) = g \J— 1 . k' sin cf> (k^ — /c'® sin® 


and 


,4 

(31) 

I. (sin) = (- (3S) 


6 sin® /S 

In “ Harmonics ” the definition was 
/IM 2 \^ 


— 5 

l-yg; 


cos oil — ^ sin® 9 


1 + ^ 


<^ 2 ® (0) = sin 20 = 2 sin 0 cos 0 

In order to make the two definitions agree we must take 

'l + yS\^ 


1 c 




Thus — y‘®^®/c®A:'^ = 2® . 3® ^ ; introducing this in (33) we have 

/a® (sin) = f ttM 12 = IttM 12(1 + 2/3 + 2/3®) (35) 

agreeing with the result on p. 276 of “Harmonics” with i = 2, .9 = 2 
type EES. 


The Harmonics op the Third Order. 

In these the only coefficients are -d-i, A^, A^, and (2) becomes 

^^/ Cos\ 47rA:® cos ^ cos 7 , ^ . 

(.sin) ’ sin3;3 {-i." 

+ 2 («® - /c'®) J.0^1 — -^^/c^/c'^AiAq + -^^/c'^/c'-^A.jAa] 

+ T% (4 - 9«® a:'®) AoA,- (12 - 25 /C® «'®) , A 

+ A(^^-'c'^)(4-5^^,c'^)A,A,} (.9 = 0, 1, 2, 3) 


(1) a«.d (4) The Zonal and Second Tesseral Cosine Harmonics. 
These are defined thus : — 


^ 3 ® (fji) = sin 9 (/c® sin® 6 — q^) 

O./ (0) = (q'^ - /c'® cos® 0) (1 — /c'® cos® 0)'^, (s = 0, 2) 
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where o'® = f [1 + T (1 — with the upper sign for s — 0 and the 

lower for s = 2, Writing 

t^ = — q^ — 

= ^ [3/c" - 2 ± (4 - 7/^2 + 4/c'‘)^] = i [1 - 3/c'^ ± (1 - ic'^ + 4a:'^)^] 

^3® (/t^) — cos^ <9) — /c2 cos^ 6)^ I 

Cs^ (ot>) = q sin^ <b) (k^ + k'^ sin^ <b)^J 


where f—-, g — 


fC 


/»• (cos) = - - A (1 - *“ + T*-s (4 - 25«'= + 33«'0 ^ 

Sin* yo 


Squaring we find 

jIo = udi = — (2/c^ Hh i®) -da = 215** + /c®, -dg 

After some rather tedious reductions I find (for s = 0, 2) 

47r/6-’‘ cos yS cos 7 „ f ^ 

d" T^l?' (.^ d ^^/c^/c f"g‘‘ 

Now writing D = (1 — H- 4«'^)^’, 

5^2 = 1 _ 3^/i ± jT) 

= 2 - 7/c'“ + IS/c''* ±2(1- 3/c'“) D 
5H^' = 4 - 21/c'" + 48«'" - 63 a:'« ± (4 - 19«'“ + 31«'^) D 
54^8 == 8 _ 5(5^'2 + 177,,'. _ 314/c''’ + 313/c'« ± (8 - 52«'" + 136«'" - 166«'«) D 

On substituting these in the above expression, and noting that will 

be unity with the definition adopted, I find 

A (coa) = /J [(1 - ■Ik-’-) (1 - «'» - S + (1 - + ««'0 ^^[ 

/a®(cos) = the same with the sign of 2) changed 


.(38) 


If these expressions be developed in powers of k, and if the factor K^f^g^ 
be reintroduced, I find 

h (coa) = ? (.|)‘ (1 - 2«'“ + 


7 sin,-* /3 

■f ttM (I)" (1 _ 4/3 + V 


/.f (coa) 


4>rrrk^ COS /3 COS y 1_ 

7 siri'* )3 '3.5 




- ^ttM . (1 - 2/3 + 

In “ Harmonics ” I defined 

M = P> M M = sin e [f sirf 0 (1 + 1/9) - f (1 + 1^)]. . .(39) 
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In order that our previous definition may agree with this we must have 

fKf =1(1 + 1^), f,C- = 1(1+ f 
Now = 2 a :'2 _ + 4/c'4)] = s [i _ ^ 

= f[l-/9-f^^] 

whence y/c = -1(1 +|^y3 + 5/S”), and this value of jf/c satisfies the second equation. 
In “ Harmonics ” I defined 

Cg (</>) == (1 — /3 cos 2cf>y^ (1 — f yS cos 2<f>) 

2/3 


(1 + /3)-S (1 + 1/3 - 5/3 cos® (^) 1 


cos- 




..(40) 


1 +/3 

In order that the previous definition may agree with this we must have 
gq'<‘ = (1 + /3)i(l + f/3) = 1 + 3^ + f/3* 


= 5/S (1 + 0)i 

But g'= = l_ 2 S = |(l+3^+|^!>) 

and thence ^ = |(1 _ 1 - |y 3 _ 

This value of g will he found to give the correct value for gx''^. 

Then fgn: = (f)® (1 + 5y3 + 

and = (f)^ (1 + 10/3 + if^/3®) 

Introducing this into the value of (cos), we find 

I, (cos) = ^ttM (1 + 6 yS + 15y8®) (41) 

agreeing with the result on p. 276 of “ Harmonics ” for i = 3 , s = 0, 
type OEC. 

Again in “ Harmonics ” I defined 

^ 3 ^ (a*') = 15/3P 8 (/*) + Ps^ {fP) = 15 sin 6{1 — |-yS — (1 — f/ 3 ) sin® 3 ]. . .(42) 

To make the former definition agree with this we must take 
/a:^® = - 15 (1-1/3), /A:=^ = -15(l-fy3) 

In the present case 

t = I- [4 - 2«'® + V(1 — «'® + 4« ^)] = 1 - + f /c'4 + 

= l-/3+f/3®-f/3« 

Omitting the term in /3=* we find, with this value of 5 ®, 

/■« = — 15 (1 — f ,3 — 3y3®), and that the second equation is satisfied. 
Again I defined 

Cg® (^) = (f/3 + cos 2<f) (1 — /S cos 2 < 5 £))^ 

= (1 +/3)^ (2 cos® <jf) — 1 + f/3) ^1 — cos® ...(43) 
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Hence to secure agreement we must take 

gq- = - (1 - |^)(1 + /3)4= - (1 - /3 - lp‘) 
gK'^ = - 2 (1 + /S)i 

Now = 1 — cf = ^ {1 — f /3 + and therefore 

fl' = -^(i+i^ + i/3=) 

The second equation is satisfied. 

We have then 

= 2^3^ = 2^ 3^ 5H1 - 0 . /3 - ^3^/30 

Introducing this into the value of (cos), we find 

(cos) - IttM . 3 . 4 . 5 (1 - 2^ + 3/32) ( 44) 

agreeing with the result on p. 276 of “ Harmonics ” for ^ = 3, s — 2, type OEO. 


(2) and (6) First Tesseral Gosine Harmonic and Sectorial Cosine Harmonic. 


These are defined thus : — 

Pj» (^) = (/c® sin^ • g2) (1 — sin^ 6)^ 

(£D/ (0) = cos <)b (f/2 — cos2 (^), {s — 1, 3) 

where (f = ^ [1 + 2/c2 + (1 — /c^ + 4At:‘*)-]. with upper sign for s = 1 and lower 
sign for s = 3, and = 1 — (f. 

Writing - q'\ 

P/ (jj,) = /(i5'2 -f a:“ cos’-* ^) (ac'*-* 4- a:’-* cos’-* ^)^ 1 ^ 

(<5^) “ 9 (^ “ *5^) J 

1 

where /= - 1, ^ = - -7 ■ 

rC 

It is clear that [P/ (/a) <2D/ (^)]“ (a = 1, 3) has the same form as 
[^/ {jx) C.J (</>)]'■* (.S' = 0, 2) when in the latter we interchange 0 with ^tt — <p, 
and K with F. The interchange of the variables of integration clearly makes 
no difference in the result, and therefore we need only interchange k and k', 
and replace t by t'. 

In the present instance 

= k'^ — q'‘^ = ~ ^ [1 — 3«‘-* + (1 — +• 4/c^)^] 

This shows that is the same function of that was of k'‘^, but that 
//(cos) is analogous with 732(008), and //(cos) with /8(co8). Thus we may 
at once write down the results by interchanging tc and k' throughout. 
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Let D' = (1 — /c"'^ -f- 4/c^)^ 

Then putting — 1, we have by symmetry with (38) 

(cos) = ■ I [(1 - - (1 - K) (1 - 5«^)] , 

(cos) = the same with the sign of D' changed 


.(47) 


If these expressions he developed in powers of k I find, on reintroducing 
the factor 

Iz (cos) * 3 . 5 ^ ^ y^g^ 

OT 

= f ttM . (1 - V 

j. „ . . 47rA;'* COS /3 cos <7 1 ^ . ^oo /.x /, /. 

-Ts' (cos) 7 sin^ /3 " 27^ ^ ^ 


■f-TTM . 


2/3 


2 . 5 VI + /3, 

In “ Harmonics ” I defined 


:)Vl-3,S+i/^,S=)«:'W 


P.* W = 






[-?»■ (/^) - */3 (1 + J/S) P 3 ’ (a-)] 


V- 1 - 


^ sin* S)* [sin» 0 (1 + f/S + A^) 


1 + /S 


j (1 + 1^,13 + (48) 


But we have defined it above by 

P 3 I {fx) =/(l - sin" e)^ (/c" sin" 6 - 2 ") 


Therefore 


ftc^ _ (1 + + 5%/3") 

Z'?' = t (l^)^ 


J-/3x 

Now = i (1 - - i|«'^) = -K1 - i/3 - tV/3") 

Whence /= (1 -I- + -ig8^«/S") 

This value also satisfies the expression for /a:". 

Again I defined 

(^) = cos <jE> — (1 + |/3) cos 3qE) 

= cos <f^[l+ + 1-1/3" - |y3 (1 + f/3) cos" <jE>] (49) 

But we have defined it above by 

— Qx^' cos (f) (/c'" cos" <p — 
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- (1 + + 1-1/3*-^), = - |;Q (1 + f/80 

With the above value for q- we have = -|(1 + -|/3 + ; whence 


Therefore 


[1 + V -;8 


and I find 4' (cos) = . 6 (1+ .(60) 

asrreeing: with the result on p. 276 of “Harmonics” with ^=3, s=l, 
type OOO. 

In “ Harmonics ” I defined 






15 (^l 




C|y3 (1 + i/3) iV (/^) -h iV (/^)] 


1-/3 
1 + /3 


sin--^ e ) “ [1 + ?^/3 + - sin“ ^ (1 + |/3 - H/SO] ■ ■ -(51) 


But 

Therefore 

Now 


P/ (^) =/ (1 - sin'^ <9)^ (/c*' sin^ 6 - cf) 




15 (1 + .|y3 _ = - 15 (1 + |/3 + 


3 . 3 ,, 21 , 

1 — ga >« “ + 2^ ‘ + 


Therefore (f = 1 - »/8 + 

and /= - 15 (1 + 

This also gives the correct value to /k^. 

Again <!Da® {</>) — |/3 (1 + |/S) cos <p + cos 3q£> 

= cos <f> [4 cos'* <jt> — 3 (1 — 1/3 - (52) 

But (ids'* (<P) = QK cos 0 (/c'** cos’^ <p — 

, 4 


Therefore 


^ir/c 


/c 


, and ff/c ' . q'-^ = 3 (X - ^/9 - 


If we eliminate qx, these equations give the correct value for f/X 

60 


Then 

Therefore 
Hence we find 




/C 


(1 + + 1 1/3“) 


f-g-- ( 1 + 

rC 


L/ (cos) = . 360 (1 4- 1/3 + f f/S**) (53) 

agreeing with the result on p. 276 of “Harmonics” with % = 3, 5=3, 
type OOO. 
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(3) and (7) First Tesseral Sine Harmonic and Sectorial Sine Harinordc. 


These are defined thus : — 

W (/^) = cos ^ sin® ^ ] 

Jbs* ( 0 ) = sin (p {<i'^ — cos® (s = 1 , 3 )j 

where 5 ®= -I [2 + + (4 — k^k^)^’\, with the upper sign for s = 1, the lower for 

s ~S, and q'^ = 1 — q^. 

Writing P = zc^ _ 

W (f) = a cos 0 - H? cos® 6) \ 

/' ■ if / 

<^8® (<J^) = 9f<^' ^J— 1 • sin ^ (if® + /c'® sin® <f>)} 
where /=i, 9 ^;^^- 


.(55) 


Squaring ^a® we find 

j4o = 0, Ai=t‘^, A^ — ~-2t^, J.;, = 1 

On substitution in the formula for harmonics of tlie third order 1 find 


rw . V 47r/c® COSySoOSW r. 


[F - A («’ - *'») if + t9» (12 - 


+ (/C® - /c'~) K^k'H'^ + i-f\ffK^K'^) 


If we write X> = (1 - 

I ^® = 1 - 2«^® + F 


± ,54 ^ 2 - Jf-«®«:'® ± 2 (1 - 2/^'®) D 
~ ^0 = 4 - a:®a:'® - -yi/c'® ± (4 - -^^'Ia:® a:'®) D 

= 8 - 34a:'® + -Yf a:'^ - ^I^a:'" + ii/iK “ ± (« “ 25 a:'® + 51/c' ‘ - 34/c"*) /i 

On substitution I find, on putting — /■®^®a:®a:'® = 1, 

r, / ■ \ 47r/r* cos cos w 2® p,, , . . / \ 

/a^ (sin) = • 37 ^, [8 “ 14/c® /c'® + 

+■ (a:® - a:'®) (8 + 3a:® a:'®) (1 - | a:®/c'®)^] | ' * 

li (sin) = the same with the sign of the square root reversed . 

Developing these expressions in powers of k‘\ reintroducing tlie factor 
and reverting to the notation of “ Harmonics,” 1 find 


A. (sin) = 3^1 (1 - 1.'» + 


4irM 


g-®g3(l -W + WW (-/■'^‘*=«'’) 
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4»(sin) = ^ 

= firM gig a - ^ + WyS") (-/V” 

In “ Harmonics ” I defined 


W (f^) = W - */3 (1 - f /3) i"/ (yu.) 

= i/cos^[sin^^(H-|-/3-.f^^2)-^(H-.|/3-^f^2)] (67) 

To make our former definition agree with this we must take 
A . (1 + iJ3 - ; A . = I (1 + t/3 - 

Hence f/c = ^ (1 + + f-|/90- 

It will be found that ^ (1 — that /k . (f has the above 

form. 

Again I defined 

S/ (^) = sin <j£) — g/3 (1 — -|;S) sin H<p 

= sin </>[!- H- -IfyS^ + .|;3 (1 - W) <^] (58) 

I\> make our former definition agree with this wo must take 


f/K' v'- 1 . = 1 - V/3 + ^1/3“ 

= - t/3) 

It will be found that (1 - ^f/3 + 

Whence //«' V— 1 = f (1 4- ,|/3 — r//c' V-“ I • the correct 

form. 

Therefore fgx-x- 1 — “ (1 4- 4 




a: 


f-2 


3 a 


K4 

fj 


2 " 


(1 4-J4--/3 4 


Whence A (sin) = f^rM 6 (1 4 fyS - A^“) (69) 

agreeing with the result on p. 27 6 of '' Harmonics ” with i — 3, « = 1 
type OOS. 

In “ Harmonics ” I defined 

W ig) = ¥/3 (1 - -liS) Pi ( 4 ) + P/ ( 4 ) 

== 15 cos ^ [— (1 — ysi/S 4 f i-y9“) ain'^ 4 1 — f/3 4 ---(dO) 

27 


D. m. 
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In order that this may agree with our former definition we must take 
//c . /c2 = - 15 (1 - J^/S + ff/32), = p 4- 

Whence //c = - 15 (1 + i/3 - 

W' 

It will he found that 

= 1 ~ + ••• 

= 1 - 

so that fic . ^ has the correct form. 

Again I defined 

(<^) = f /Q (1 — 1/9) sin + sin 3<f) 

= 3sin^[H-i/3-^3^/3^-|sin^^] (61) 

In order to make our former definition agree with this we must take 
gK V— 1 . = 3 (1 + i/9 — gK V— 1 . /c'^ = — 4 

Therefore gK' sj— 1 = — 

It will be found that t‘^ = — f (i + _ ^3^/3^), so that gK V- 1 • has 

the correct form. 

Then fgicK,' V— 1 — (1 + i/3 — ii/S^) 

and (1 + i/S - «/S“) 

rC 

Whence (^ 3 ^^) = f-7rM . 360 [1 - 3 ^ -f ^ 02 ) 

agreeing with the result on p. 276 of “Harmonics” with ^ = 3, s = S, 
type OOS. 


(5) The Second Tesseral Sine Harmonic. 

This is defined thus : — 

Ps"" (/^) = sin 0 cos e (1 - /c^ sin" <9)^ =/a:cos «"cos" ^)^(«'" + /c"cos" 6>)^ 

S3® (<?£>) = sin<^ cos<^(l- a:'2cos"<^)^ sin<^(«"+/c'"sin"<^)i(A:'"~A:'"sin"</)) 

^ ^ (63) 

where/=.-, ^ = 

Squaring P 3 " we have 

Ao = 0, A2 = «:" — /c'", ^3 = — 1 


4 
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(eo.) = [_ ^ 

- - ws («" - « 

+ T^ (12 - 25a:^/c'0 k^k'^ 2 •Pg'^ 

Reducing this expression and putting — — 1, we have 

. 47r7c» cos /3 cos 7 1 

(«os) = 7Bi.g;3 • 3T5 

In “ Harmonics ” I defined 




/1+S ,,2\ h 

1 -^ ^ r 

\1-H? / 


Pi (/“-) = 15 ir+^ ^ ^ ^ 




To make our former definition agree with this we must take 


Again I defined 

(^) = (1 — /3 cos 2 < 5 t»)^ sin 2<p = 2(1+ jS)^ ( ^ "~ ^ ^ 

( 66 ) 

To make the former definition o-groe with this we must take 

=2(1 +J3'>^ 

Therefore 

/oa:2«'“ V- 1 = 2 . 3 . 5 

(1 - /3)^ 

and - ^/c^/c'-* = 2 ‘-^ . 3‘-^ . 5‘^ == 2 '^ . ;+ . fy^ ^ + 4 ^ 2 ) 

Hence in the notation of “ Harmonica ” 

Ly (sin) = ^ttM 3 . 4 . 5 (1 + S/3 + 4y3“) (67) 

agreeing with the result on p. 276 of “Harmonics” with i = S, .9 = 2, 


It may he convenient, as furnishing a kind of index to the foregoing 
investigation, to state that the 1 + 3 + 5 + 7 integrals for the harmonics of 
orders 0, 1, 2, 3 are given in equations 3, 5, 9, 13, 16, 24, 28, 32, 38, 47, 56, 64, 
corresponding to the definitions contained in 4, 8, 12, 15, 23, 27, 31, 36, 45, 
54, 63. 


27—2 
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MR HOBSON’S METHOD. 


[13 


The definitions of the harmonic functions as given in my paper on 
Harmonic Analysis are repeated in 6, 10, 19, 21, 26, 29, 34, 39, 40, 42, 43, 
48, 49, 51, 52, 57, 58, 60, 61, 65, 66. Corresponding to these latter definitions 
the approximate integrals are given in 7, 11, 14, 20, 22, 26, 30, 35, 41, 44, 50, 
53, 59, 62, 67 ; and the results confirm the correctness of the general 
approximate formulae for the integrals given in 1 22 of the paper on Harmonic 
Analysis. 

It must he ohvious that the method exhibited here may be applied to 
higher harmonics with whatever degree of accuracy is desired ; but it is also 
clear that the labour of evaluating the integrals increases very much as they 
rise in order. It is probable that the approximate results of the previous 
paper will suffice for most practical applications. 


Postscript. 


Mr Hobson has shown me how these integrals may be evaluated hy a 
simpler method of analysis, without the intervention of elliptic integrals. As 
an example of the method he suggests I take the integral (cos) evaluated 
above. 


The solid ellipsoidal harmonics are given, except as regards a factor, in 
§ 3 of “The Pear-Shaped Pigure.” 

In (19) of that paper we find 




+ (1 — 22^) y® — -t- 




where A is the factor to be evaluated so as to agree with the definitions 






(/^) 


/cV 


< 2^2 {<!>) = - /c'" cos" cj> 


The ellipsoid over which we desire to integrate is defined hy v—1 /{k sin y), 
and the extremity of the c axis is defined by ju, = sin 6 — 1, <l> = -^tt. 

Hence at this point 

^2 == (cosec" 7 — q^) («" — g") q'^ 

But at the extremity of the c axis 


Therefore 


as=0, = 


k 

^ ^ ic sin 7 


(coseo= 7 - (f) (*' - f) q'~- = (- ^ 


v^2 


+ 




sin-" 7 




k^c[ 






(cosec^ 7 — (f) 
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Therefore A = — ^ 


and 


S., = - if) 

Let us assume 


!f I - (1 - 22=) «= I + q'V I - 


f, k COS 7 s, 1 k cos B 

X = = — : y = hri= . 27 , 

a: silly'’ /csmy 

Then when £6’;, y, z is on the ellipsoid we have 


z 


cr = 


7 c 


/c sm 7 


Thus we may regard 77, ^ as the coordinates of a point on a sphere of 
unit radius, or as direction cosines, if it is more convenient to do so. On 
substituting for x, y, z their values in terms of 77, ^ we find 


8 , = (cosec*^ 7 - f) - f) [- - (1 - 2 f) f -P H 

On performing the same operation to the points on the boundary of an 
element da of surface of the ellipsoid, we find 

^ j , cos (3 cos 7 , 

pda= aocdoi) = -7% dco 

siir' /3 

where dco is an element of the surface of the sphere of unit radius, or an 
element of solid angle. 

Since on the surface of the ellipsoid, ^2 (v) = cosec'-* 7 — ■ r/, it follows that 

&, w = («= - 2=) [- <fp - (1 - 2</) y + </= r=] 

Hence 


Z, (cos) = («» - j=)=/[- 2=r - (1 - 22") + 2'"f"P da, 

It is easy to prove that 

J^'‘‘dco = Jfdco = J^^dca = -| 7 r 
yf^“dco — J ^“^“dcd = J^‘-^fda> = fj^Tr 


Therefore 


Lj (cos) = 


47r7c-’ cos 8 cos 7 
5 sin* 8 


4 i 7 r/c' cos 8 7 

5 siif' 8 


J(*"- 2 “)"[ 32 * + 3 ( 1 - 22 ")" 

+ 32"" — 22 ^" (1 — 22") ~h 22" (1 “ 22") — 22 = 2 ^"] 

|(«"- 2 “)"( 1 - 32 " 2 '") 



ME HOBSON S METHOD. 


On substituting for f its value, viz., | [1 + /c® - (1 - )*], and effecting 

reductions we arrive at the result given in (16) above. 

It is obvious that this process is considerably simpler and more elegant 
from the point of view of theory, but to carry these operations through for 
all the integrals given above would entail a good deal of algebra. I think 



n.VA iimm 


done. 


Mr Hobson has further remarked that all the integrations maybe avoided 
by the Mowing theorem 

J'n(E ’ll 0 ^ solid spherical harmonic function of E »i, of degree n, 




2".?i!„/0 3 3 






Considering, however, how simple are the integrals involved in his firat 
method, it may be doubted whether this would save trouble. 
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THE APPROXIMATE DETERMINATION OP THE FORM 
OF MACLAURIN’S SPHEROID. 


[Trmsactwis of the Americcm Mathematical Society, iv. (1903), pp. 113 — 133, 
with which is incorporated a paper entitled “Further Note on Mac- 
laurin’s spheroid,” ibid., ix. (1908), pp. 34 — 38.] 


Preface. 

Spherical harmonics render the approximate determination of the figure 
of a rotating mass of liquid a very simple problem. If p he the density, e the 
ollipticity, and co the angular velocity of the spheroid, the solution is 

ci)“ _ 8 
''i^p ~ 16 ® 

This result is only correct as far as the first power of the ollipticity, but 
M. Poincar6 has recently shown* how harmonic analysis may he so used as to 
give results which shall he correct as far as squares of small quantities ; and 
I have myself used his method for the dotormination of the stability of the 
pear-shaped figure of equilibrium f. 

Both these papers involved the use of ellipsoidal harmonic analysis, and 
it would be rather tiresome for a reader to extract the method from the 
complex analysis in which it is embedded. It therefore seems worth while 
to treat the well-worn subject of Maclaurin’s spheroid as an example of the 
method in question. It will apj)ear below that it would have been possible 
to obtain a more accurate result than that stated above, even if the rigorous 
solution of the problem had been beyond the powers of the mathematician. 

My own personal reason for undertaking this task was that I desired 
a sort of collateral verification of the very complicated analysis needed in the 
case of my previous investigation. 

* Philosophical Transactwis of the Royal Society, Vol. 198, A (1902), pp. 333 — 373. 
t [Paper 12.] 



426 


THE LOST ENERGY OF THE SYSTEM. 


[ 14 , § 3 


The lost energy of the system clearly involves the lost energy of each of 
these three with itself, and the mutual lost energy of the three taken two 
and two together. Thus the lost energy may be written symbolically 

^SS + ^GG + ^DD-SG + SD-GD 

Since D is G — M, the last three terms are equivalent to 

- SG + (S-Cr){G - B) = - SR+ OR - CG 

Thus the gravitational lost energy is 

SR + CR- ^GG + ^JDJD 

The lost energy of the system, as rendered statical by the imposition of a 
rotation potential, is clearly where C is the moment of inertia of the 

spheroid about the axis of rotation. 

If Os denotes the moment of inertia of the sphere S, and G^ the moment 
of inertia of the region R considered as being filled with positive density + p, 
we clearly have 

C==Gs-Gr 

Thus if R denotes the lost energy of the system as rendered statical by the 
imposition of a rotation potential 

E = -SR-^GR- ^GG + ^DD -i- ((7^ _ a^) (3) 


§ 3. The energy ^88 ~ 8R A- GR- ^GG. 

It is in the first place necessary to obtain certain preliminary analytical 
and numerical results. 


If we write da for dgdfj:), it is clear that an element dv of volume is 
given by 

dv ~ a^drda = drda 

4i7rp 

where M is the mass of the sphere 8 ; for we may obviate the negative sign 
of dv by taking the limits of t from t to zero. 

When we integrate throughout the region R the limits of t are 

— eSs — y>S '4 — to zero 

I now define certain integrals, viz. : 

^ = J; f(S,ySfd,r, <r. = d<r 

It is well known that 


[Pi- (M)r di^ 


2 (^ -I- s) 1 

2t + i (t — 5 ) ! 
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and since in every case, excepting that of S 2 , = P/ (ya) s<p, we have 

Sin. 

(f>.« = ^ ii+s)l 

2i + l {i~s) \ 


Since 8^= — |Pa (/a), the value of <^2 is derivable from the same general 
formula. Hence we have 


(f>Q — 3, <i&2 — 4>i — -0- (4) 

Since involves either cos s<f) or sin S(j>, cof vanishes unless s — 0; hence 
we need only consider a>i. 

The function (S^)- may he expanded in terms of zonal harmonics. Assume 
then 

Multiplying both sides by 3^i/47r, and integrating throughout angular 
space, wo find 

= and 

<Pi 

But, by actual substitution, 

(^ 2 )^ = -£^ 81 ) ~£f 82 + 

ft),) _ 4 <»2 _ ^ ^ 

_ - S5 

and all the higher co’s vanish. 

It will be noticed that &>„= <p 2 , hence we have ofto/^o = ■^^ 2 - Also 

4 16 8 


Therefore 


.(4) 


^0 ^ ^ ^ 


S’.STT’ “■* 3.5.7 


.(4) 


Next we have 
3 


/(«.)•■ A/ 


ft),) Q, ft)2 Q, ft).l Q, 

Oo T- X + Zl 




whence 


ft)2 

<f-2 ' <?5>4 

16 _ 
3“7';o 


° 

<P0 ^4 


.(40 


It is now necessary to determine the volume of the region It ; it is 

JJdr da — — I [eS-j + + ^f£S£'} da = 0 

From this it follows that the mass of 8 is equal to that of the spheroid, 
and therefore M is the mass of the spheroid. It is this result which makes 
the choice of t as independent variable so convenient. 

We are now in a position to determine the several contributions to the 
lost energy. 



430 


THE LOST ENEBGY OF THE DOUBLE LAYER. 




Again adding this to (5) we have 

Ti I — 

^8S -SM + GR- ^GG 


a 




1 


.( 9 ) 


It remains to determine the value of the term ^DJD, and for this end we must 
apply the theory of double layers, according to the ingenious method devised 
by M. Poincar6. 


§ 4. Rouble layers*, 

[For the discussion of such a system I refer the reader to § 9, p. 335 of 
Paper 12. 

The result'given in equation (21), p. 340 is as follows : — ] 

^DD — %7rp^ J(e® — - Xe^) dcr + da- 


§ 6. The energy \RR. 

The element of surface of the sphere is written da- in § 4, but in oi’der to 
accord with the notation used elsewhere we must now write it a!^da. 

The first term in ^RR is 


^*(6* — Xe"*) da 

and when the notation for the element of surface is changed we may write it 


a 


j (e^ — Xe^) da 


In this expression e is the length measured along a radius from the sphere 
8 to the spheroid. We have denoted the outward normal by 7 i, and therefore 
to the second order of small quantities. 


— dn = — dr = a{l + 2t) dr 

The distance measured inward from the sphere to the point defined by t 
in the region R is, to the first order of small quantities, — n — ar. Again 

e = — J dn = a J(1 + 2t) dr 

- - a [e8^ (S,jf] 


* [In the paper as originally printed the investigation of the double layer was reproduced.] 



THE LOST ENERGY OF THE DOUBLE LAYER. 


431 


Since — n is what was denoted es in the general investigation referred to in 
I 4 (sec p. 338), we have 

cZ-y = — , (1 + \n) dndcr 

= a® (1 — Ao-t) (1 + 2t) drdcr 
= 0.® [1 + (2 — Xa) t] drdcr 
But since dv — a? dr da, we have \ = 2ja. 

Therefore 

6® = - a» [e® (»S\)® + 3ey +■ {S.f 8i^ - 3e^ (>S,)^] 

Xe^ = 2a^e^(S.2y 

Whence 

63 _ xe'* = - a» [e« (S,y + SeY(8,yS, + {8,y] 

This must be multiplied by ^Mp/a and integrated throughout angular 
sx>ace. Idiua this contribution to the energy becomes 

[ — 


a 


The accond term 


ipf^ 


dn 


da 


in |.£)I) remains for consideration. 

In or<lor to evaluate dV/dri it suffices to imagine the volume density - p 
in the region R concentrated on a surface bisecting the space between 8 and 
the Hjjheroid, We may then treat the system D as an infinitesimal double 
layt‘.r of thickness |e and with density + C or - pa {e8._->r f 8^ -\-%fi Si) on its 
outer surf ICC. In the present instance it suffices to consider only the leading 
terms in tlui density and thickness. Hence by (10) the product denoted rb 
in the goruiral investigation becomes 


(— ^aeSi) (— pcieS-i) == -\pa^e^ 




Wc, thus have tB exjjanded in surface harmonics. 
Now consider two functions 


V.==SAj^8i, 


for space external to 8 
Vi = - Sf, for internal space 


They arc solid harmonics and as such satisfy Laplaces 

HP Jr Hence they are the cKternal and internal potentials of a 

of matter on S, hut since they are not continuous, while their differentials 

arc continuous, that matter constitutes a double layei. 
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At the surface r — a, 


Ve- 


But this must be equal to 47rT§. Hence 
27rpa^e^ \ ^<p^So + ^S, + ^ S, 

L ^2 04 


•^4() ^ dA.2 

= — r ^0 ^ 


S,+ 


^-^•4 ct 


Therefore 


Now 


<»4 

'4 


Ao — . ^<f>2 j Ag — ^ j A 4 — — 

*p 2 ' <50, 

dr dr 

= -Xi(i + l)^8i^ 


Then since 


■ ^ L 


6 I 2 0 

f ^2 # >^4 

02 04 


P6*a= = pa-e» (S,)» = e> b.#., + 


we have (on writing a^da- for the da of the general investigation referred to 
in § 4) 


J ^ 


dn 


da = — 


9itf^ 

32'7ra 




a 


^2 ^ <Pi 


.( 12 ) 


Adding (9), (11) and (12), we have for the whole gravitational lost 
energy 






5 (®4> 


4. 5 2 ^ 

+ 0 lS<^4j 


+ il«'/<»4 - - S (//)= 


.(13) 


I 6. Moment ojf inertia. 

Since ca- is of order e, the moment of inertia must he determined to the 
cubes of small quantities. 

We have, to the square of t, 


+ r® sin2 9 = 


3Jf 

4i7rpa 


The region R is to be considered 
element of mass is 3ifdT£Zo-/47r. 


(I 4- Sa) (1 — 2 t — T^) 

as filled with density + p, and the 
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Hence the moment of inertia of the region li is 
= i f fi^|. ^ — 2t — T^) drdcr 


’’ \4!7rJ pa, 

fSMy 1 


I'iv ) pa I +-^‘ + 

+ 2e/S,S, + 2Xe/i^jS,S/ - (S^y] da 


/ ^ M\ 1 r 

fc) pivp <'*“>' + S 

+ 22«/i* (S,y Sf + |e> (S,y - |e> (S,)> (S,)*] d<r 

+• 6“ ((Dn + •|•<^2) — 6'* H” fi^4) ’t" 2^(jt)J 


3M‘-> 

iirp 


The moment of inertia of 8 is Therefore 

3ikf“ 


a = 


(I) 


Then 


a=.a^-Gr = 


Whcncti 


47rpa 


* 47rpa 

[| + e4)‘2 + e® (tWo + — e* (-|€02 + ^<^4) + 




l-CVt)''® = ^ [i^ + (-^tOa + ^ 2 ) — 6'* (^<^2 + ■2’^4) . .(14) 

(tf 4b7r j) " 


§ 7. Sokition of the problem. 

Introducing the numerical values of the several integrals we have from 
(13) and (14) 


4 


64 


16 


104 


^ = - 3> - 3«:i:7 - 3^;^ 


_l_ 


(O' 


3 2 4 .. 

+ F e + jr->7 e- • 


8 .. 8 

e-< + ef 


4yrrp\J^5 ^S.7 S\5.7 5.7 

'^riits conditions for a figure of equilibrium are 

^J?-A ^-0 ^=0 

~de~^’ df~^’ dfy 

with ft)'-* constant. 

The last of these gives at once fi^ — 0. Neglecting all terms in E of 
higher orders than the second, the equation dEjde = 0 gives as a first 
approximation 

4 




dE 


liTrp 3 . 5 


Then the equation = 0 gives 

aj 


104 , 2 . 03^ ^ ^ - 0 

3‘C5C7® 3“-^'^47rp‘5.7^ ^ 


D. in. 


28 
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[ 14 , § 7 


Therefore, by means of the first approximation for at, 


JT 4 . 
/=>F® 


.(15) 


Substituting this value of / in the expression for E we have 


E 


a 


64 


352 


3.6^ 


3^ 5^ 7 


3» . 5^ 7^ 


4- 


CO-' 

47rp 


+ 


'3 2 ^4 
5 5 D - / 


808 

3^5.72 


.(16) 


dE 


On equating to zero we find 


at^ 


AiTrp |_ 

Whence 


20 . 404 

I 1 -f 6 + wP &“ 


3.7 3^7® 

£»= 


3.5 
4 


1 4 


8 


6 + 


176 


3.7 3^7 


- e 


47rp 


tV (i-^^+- 


4 

3.7 




.(17) 


It follows from (16) that the equation to the surface of equilibrium is 

[-1 ^ H- ' (18) 

It remains to verify that the solution given by (17) and (18) is correct. 

The equation to an ellipsoid of revolution, whose equatorial and polar radii 
are Oi and Ui (1 — ei), is 


cos“^ 


+ sin- 0 


(1 - e,f 

If we determine r* by developing this expression as far as e/, it appears that 
the equation to the ellipsoid may he written in the form 

r® = (1 — 0 i) [1 + 3 (^i + ^2 + (1 + TT^) ^84 “ •f t 

Since the volume of this ellipsoid is (1 — ei) and that of our spheroid of 

equilibrium was fTra® it follows that 

C&3 = (%“ (1 — ei) 

If then we write 


g = gj + f ei®, e® = ej® 

the equation to the ellipsoid of revolution becomes 

r® = a® [1 + SeS., + (1 + -/^e) e® S,] 

and this is the form determined above in (18), but only as far as squares of e. 
If the eccentricity of the ellipsoid be denoted sin 7 , we have 

cos Y = 1 — €1 
sin® 7 = 2 ej. (1 — ^ei) 
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whence 

cos 7 sin^ 7 = (1 - = 2e(l - ^e + e=) 

cos 7 sin"* 7 = 401^ (1 — 2e^) = 4ie^ (1 — V"®) 
cos 7 sin” 7 = S^i” = Se-^ 

Now it is known that the rigorous solution for the angular velocity of 
Maclaurin’s ellipsoid may be written in the form 

“ ( 2 n— l)!sin ^^'7 

47;^P - 7 ^ ( 2 w + l)X 2 n +~By[(n - . 

Taking the first three terms 

2 . , 3 ■ . 5 . „ 

4 = g sm^ 7 cos 7 H- sm^ 7 cos 7 4- ^2 ^ Tjr sin” 7 cos 7 

This agrees with (17), and the solution is found to be correct as far as 
cubes of small quantities, thus verifying the previous work. 


28—2 
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ON THE FIGURE AND STABILITY OF A 
LIQUID SATELLITE. 

[Philosophical Transactions of the Royal Society, Vol. 206, A (1906), 

pp. 161—248.] 
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Preface. 

More than half a century ago i^douard Roche wrote his celebrated paper 
on the form assumed by a liquid satellite when revolving, without relative 
motion, about a solid planet"*. In consequence of the singular modesty of 
Roche’s style, and also because the publication was made at Montpellier, this 
paper seems to have remained almost unnoticed for many years, but it has 
ultimately attained its due position as a classical memoir. 

The laborious computations necessary for obtaining numerical results 
were carried out, partly at least, by graphical methods. Verification of the 
calculations, which as far as I know have never been repeated, forms part of 
the work of the present paper. The distance from a spherical planet which 
has been called “ Roche’s limit ” is expressed by the number of planetary 
radii in the radius vector of the nearest possible infinitesimal liquid satellite, 
of the same density as the planet, revolving so as always to present the same 
aspect to the planet. Our moon, if it were homogeneous, would have the 
form of one of Roche’s ellipsoids ; but its present radius vector is of course 
far greater than the limit. Roche assigned to the limit in question the 
numerical value 2’44 ; in the present paper I show that the true value is 
2’455, and the closeness of the agreement with the previously accepted value 
affords a remarkable testimony to the accuracy with which he must have 
drawn his figures. 

He made no attempt to obtain numerical solutions except in the case 
of the infinitely small satellite. In this case the figure is rigorously ellip- 
soidal, but for a finite satellite this is no longer the case; nor do his equations 
afford the means of determining exactly the ellipsoid which most nearly 
represents the truth. These deficiencies are made good below, and we find 
that even in the extreme case of two equal masses in limiting stability the 
ellipsoid is a much closer approximation to accuracy than might have been 
expected. 

It is natural that Roche, writing as he did half a century ago, should not 
have been in a position to discuss the stability of his solutions with complete- 
ness, and although he did much in that direction he necessarily left a good 
deal unsettled. 

In 1887 I attempted the discussion of some of the problems to which this 
paper is devoted, by means of sj)herical harmonic analysis f. Poincard’s 

* “La figure d’une masse fluide soumiae 3. I’attraction d’ua point 61oign<5,” Acad, des Set. de 
Montpellier, Vol. i., 1847-50, p. 243. 
t [Paper 9, p. 135.] 
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celebrated memoir on figures of equilibrium* was published just when my 
work was finished, and I kept rny paper back for a year in order to apply to 
my solutions the principles of stability enounced by him. The attempt is 
gi\ren in an appendix (p. 180) to my paper, but unfortunately I failed to 
understand his work completely, and my investigation, as it stood, was 
erroneous from the fact that one term in the energy was omitted. The 
erroneous portion of the Appendix is not reprinted in this volume. 

The analysis of the present paper is carried out by means of ellipsoidal 
harmonic analysis. In the course of the work it becomes necessary to refer 
to previous papers by myself, all republished in this volume, namely, 
Papers 10, 11, 12, 13. These papers are hereafter referred to by the 
abridged titles “Harmonics,’' “The Pear-Shaped Pigure,” “Stability,” and 
“ Integrals.” 

The analysis involved in the investigation is unfortunately long and 
complicated, but tlie subject itself is not an easy one, and the complication 
was perhaps unavoidable. 

The principal inducement to attack this problem was the hope that it 
might throw further light on the form of the pear-shaped figure in an 
advanced stage of development when it might he supposed to consist of two 
bulbs of liquid joined by a very thin neck. The arguments adduced below 
seem to show that such a figure must he unstable. 

M. Liapounoff has recently published a paper in which he states that he 
is able to prove the instability of the pear-shaped figure even when only 
infinitesimally furrowed*f'. In view of my previous work on the stability of 
this figure, and from other considerations it seems very difficult to accept the 
correctness of this result. 

At the end a summary is given of the conclusions arrived at, and this 
last subject is discussed amongst others. 


* “ Sur l’^(iuilibre d’une masse Amde anim^e d’an mouveruent de rotation,” Acta, Math., 7 : 
3, 4 (1885), pp; 259—380. 

t “ Sur un probl&me de Tchebyclief,” Acad. Imp. des Sci. de St. Petersbourg, Vol. xvii., No. 3, 
(1905). 
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Part I. Analysis. 

I 1. The Btahility of Liquid Satellites. 

This paper deals with two problems concerning liquid satellites which 
possess so much resemblance that I did not for some time perceive that 
there is an essential difference between them. One of these is the determi- 
nation of the figures and of the secular stability of two masses of liquid 
revolving about one another in a circular orbit without relative motion of 
their parts. We may refer to this as the problem of “ the figures of equi- 
librium ” ; the other may be called “ Roche’s problem,” and it differs only 
from the former in that one of the two masses of liquid is replaced by a 
particle or by a rigid sphere. However, in the numerical solutions found 
hereafter, Roche’s problem is slightly modified, for the rigid sphere is replaced 
by a rigid ellipsoid of exactly the same form as that assumed by the other 
mass of liquid in the i^roblern of the figures of equilibrium. Thus, with this 
modification, the two problems become identical as regards the shape of the 
figures ; but, as we shall see, they differ widely as to the conditions of secular 
stability. This difference arises from the fact that in the one case there are 
two bodies which may be subject to tidal friction, and in the other there is 
only one. 

If in either problem there is no solution when the angular momentum 
has less than a certain critical value, if for that value there is one solution 
and for greater values there are two, then the principle of Poincarti shows 
that the single solution is the starting point of a pair of which one has one 
fewer degrees of instability than the other. If, then, one of the two solutions 
is continuous with a solution which is clearly stable, it follows that the 
determination of minimum angular momentum will give us the limiting 
stability of that solution ; and this is the point of greatest interest in all 
such problems. 

Our two problems differ in the value of the angular momentum of which 
the minimum has to be found. For, if in Roche’s problem the second body 
is a particle, it has only orbital momentum; if the second body is a sphere, 
it must be deemed to have no rotation ; and, finally, in the modified form of 
the problem, the rotational momentum of the rigid body must be omitted 
from the angular momentum, which has to bo a minimum for limiting 
stability. 

It will be useful to make a rough preliminary investigation of the regions 
in which we shall have to look for cases of limiting stability in the two 
problems. For this purpose I consider the case of two spheres as the analogue 
of the problem of the figure of equilibrium, and the case of a sphere and a 
particle as the analogue of Roche’s problem. 
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Let p be density, and let the mass of the whole system be |7r/oa=* ; let the 
masses of the two spheres be ^7rpa^A-/(l +X) and -|7rpaY(l 4-X), or for Roche’s 
problem let the latter be the mass of the particle. 

Let r be the distance from the centre of one sphere to that of the other, 
or to the particle, as the case may be ; and co the orbital angular velocity. 

In both cases we have = f Trpa® 

The centre of inertia of the two masses is distant r/(l 4-X) and \ 7 ’/(l 4- X) 
from their respective centres, and we easily find the orbital momentum to be 

In both problems the rotational momentum of the first sphere is 

X 


KfTrpaOa^ 


1 -|- X 


)■ 


O) 


In the first problem the rotational momentum of the second sphere is 

1 


I (f TTpa®) a® 


CO 


(1 + X)®/^ 

and in the second problem it is nil. 

If, then, we write for the total angular momentum of the two spheres, 
and X2 for that of the sphere and particle, we have 


Li — ^rrrpaPcd 


L2 = ^'TTpat^Ci 


5 1 + X«^2 

1 ^( 1 + X)^" 

i 


+ 


+ 




(1 -p X)--^ a“J 
Xr=2 


•(0 


(l+Xy^'^ (l-i-A/a® 

On substituting for m its value in terms of r, these expressions bee 


3Come 


Li = a-TTpy'^ 


ar 


(i^p) 


3/2 


(1 + 

(1 -f* X.)^ 


1 + x*») (1 + X)»» (ij'" + X (tj'" 


Va, 


To determine the minima of these functions, we differentiate with re. 
to 7% and equate to zero. 

Then, if ri, 7*2 denote the two solutions, we find 

6 


espect 


_ 

\a/ ~ 


^(i +x=/Y(i + xy/=^ 
*y = AA2/3(i +xy/s 


Whence 


Minimum Z, = (^Trp'fP a® . 4 + X-V» )V^ 

Ms 5^ (H-Xy=^A2 

Minimum Z^ = [47rp)®/^ a® . 4 (~— 

MS-^^ (l_j_X)23/ll 
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f \ 1/4 

The I'atio of the minimum of to that of Xg is f +- 1 j . Thus as X 

rises from 0 to oo this ratio falls from infinity to unity. 

All the possible cases of the first problem are comprised between X = 0 
and X = 1. When X = 0, ri = oo ; and when X = 1, 


^ = = 1-738 

Thus, in the problem of the figures of equilibrium, if one of the two 
masses is large compared with the other, the two must be far apart to secure 
secular stability. This is exactly what is to be expected from the theory of 
tidal friction, for limiting stability is reached when there is coalescence of the 
two solutions which correspond to the cases where each body always presents 
the same face to the other 

The result when the two masses are equal becomes more easily intelligible 
when it is expressed in terms of the radius of either of them. That radius is 
a/2^/‘‘, so that when X = 1 

r = l-738a = 2-191 

Thus, in the latter case, limiting stability is reached when the two 
spheres are nearly in contact with one anothei-, for if r were equal to twice 
the radius of either they would be touching. 

When the two bodies are far apart, the solution may be obtained by 
spherical harmonic analysis, and has comparatively little interest. But when 
the bodies are equal or nearly equal in mass, limiting stability for the figure 
of equilibrium would seem, ifom this preliminary investigation, to occur when 
they are quite close together. Accordingly, in finding numerical solutions 
hereafter, I have devoted more attention to this case than to any other. 

Turning now to the solution of the analogue of Boche’s problem, we see 
that when X = 0, ra = 0. This would mean that a very small liquid satellite 
could be brought quite up to its planet without becoming unstable. But we 
shall see that, when the satellite is no longer constrainedly a sphere, instability 
first occurs through the variations in the shape of the satellite. This 
preliminary solution does not, therefore, throw much light on the matter, 
excepting as indicating that we must consider the cases where the satellite 
is as near to the planet as possible. 

Next, when X — 1, we have 

r, = . 2>f') a = = 1-649 (A) 


* See noy, Soe. Proc., Vol. xxix., 1879, p. 168 [Paper 5, Vol. ii., p. 196], or Appendix G (b) 
to Thomson and Tait’s Natural Philosophy . 
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Thus, when the two masses are equal, their distance apart is only about 
1-| radii of either, and they will overlap. Here again it would seem as if 
stability would persist up to contact, but, as before, instability first sets in 
through variations in the shape of the satellite. 

Finally, when X, is large, also becomes large. This case is the same in 
principle as that considered in the problem of the figures of equilibrium, for 
it means that if a large liquid body (formerly called the satellite) be attended 
by a small rigid body (formerly called the planet), secular stability will be 
attained when the small rigid body has been repelled by tidal friction to a 
great distance from the large liquid body. As this case may be adequately 
treated by spherical harmonic analysis, it need not detain us, and we see 
that the most interesting cases of Roche's problem are those where X lies 
between 0 and 1. 


§ 2. Fig'iires of Equilihrimn of a JRotating Mass of Liquid and 

their Stahility. 

A mass of liquid, consisting of either one or more portions, is rotating, 
without relative motion of its parts, about an axis through its centre of inertia 
with angular velocity a>. We choose as an arbitrary standard figure one 
which does not differ very widely from a figure of equilibrium, and we suppose 
that any departure from the standard figure may be defined by two para- 
meters e and f, which may be called ellipticities. It is unnecessary to 
introduce more than two ellipticities, because the result for any number 
becomes obvious from the case of two. We also assume a definite angular 
velocity for the standard configuration. 

Let F (e,/) denote the gravitational energy lost in the concentration of 
the system from a condition of infinite dispersion into the configuration 
denoted by e, f. 

Let I (e, y), <» (e,y) denote the moment of inertia and angular velocity 
about the axis of rotation in the same configuration. 

The initial values of these quantities are those for which e=/=0, and 
are F(0, 0), -/"(O, 0), «b(0, 0). These all refer to the arbitrary standard 
configuration ; they are therefore constants, and I shall write them F, I, co 
for brevity. 

Let ellipticities e,y be imparted to the system, and let the angular velocity 
be so changed that the angular momentum remains constant. 

Then I (e,f) a> (e, y) = Z (0, 0) to (0, 0) = /to 

The hinetic energy of the system is half the square of the angular 
momentum divided by the moment of inertia j and since the angular 
momentum is constant it is equal to ie,f). 
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Thus the whole energy of the system, both kinetic and potential, is 
equal to 

— V(e f) + 

If V (e,y^) — V + SV, J (e,y) = J + BI, the expression for the energy as far 
as squares of small quantities is 

- ( r + S F) 4 - = - F + ^Ico‘^ -BV-^o>^BI + 

The first two terms may be omitted as being constant and of no interest, 
and the energy with the sign changed, so that it is the lost energy of the 
system, becomes 

Since co is constant, we may write this 

On developing this by Taylor’s theorem, it becomes 

The condition for a figure of equilibrium is that the first differentials of 
the energy with respect to the ellipticitics shall vanish. If, therefore, ^o, /o 
denote the equilibrium ellipticitics, the equations for finding them are 


0 Jy 


'd 


a 


d-^ 




i y.‘ ^ /w I 1 -rx r 1 f 

I [""(si) 3/ 


I 

(£!•" 




0 / 0 / . 
0 e 0 / 


0 /Y 

w) 


0 


0 


Multiplying the first of these by e and the second by /, and adding them 
together, we find 




0 

¥ 


ee, 4 - (F; + e,f) 


dedf 


4 - 


0 )“ 

/ 


(F4- W 

/ 0 /'\® / X , j..dldl J.J, fdlY 

U?) + > We W w) J 


[ 


On substituting this in the expression for the lost energy, it becomes 
(e — 20 o) ^ 4 - {ef— ef , — e^f) 4 - (/ — 2 /o) ( F 4 - 


CO" 

/ 


L 


e {e - 2 e„) 4 - 2 (e/- efo - e,f) 4 -/(/- 2 /o) 



the condition for secular stability. [15, I 2 

Now let Be, Bf be the excesses of e and / above their equilibrium values 

605/0, so that e~eo + Be,f=f^+Bf. Then on substitution in the expression 
for the lost energy it becomes 


i {(^6/ — 00^} 


0g2 + {BeBf- eofo] ^ {(S/)^ -/^ (F + ^a>H) 





9 /" ^ W'^ I\df 


- i Y (^y + 2 !S.S/- ../„) II + {(s/)« -/..J (l)^’ 

Since eo,/o are constants, the portion of this involving eo,/o explicitly is 
constant, and may be dropped. 

Thus the variable part of the lost energy may be written 

Kdedf Idedf)] 

noo TT 

+ i m 

This is a quaxlratio function of the departures of the elliptioities from 
their equilibnum values, and the form is obvious which the result would 
nave 11 there were any number of ellipticities. 

^ Since the condition for secular stability is that the energy shall be a 
minimum, the lost energy must be a maximum, and therefore this quadratic 

function of Be, Bf, &c., must always be negative in order that the system may 
possess secular stability. 

If IS a quadratic function of n variables, x^, &c., so that 

^ CtiplTj -f- 2c(rx2XiXQ -f- 2cC'igXiXg -i- ... 

+ a22i^2^ + 2a23X2X3 -h . 

+ ^*3“ -f- . . , 

it is known that the condition that shall always be negative for all values 
of the variables is that the series of functions 



^11 ? 

Cli2 


^11 y 

^22y 

^13 



^22 1 


^12 y 

^22 y 

^23 





^13 y 

^23 y 

^32 


( 2 ) 


that a 

2 


shall be alternatively negative and positive. 

Since we might equally well begin with any one of the variables, it follows 

all be negative; also 
On Osaitas--. must all be negative if S' is always to be negative. 

Now, suppose that r is the function of lost energy for a system with » + 1 
degrees of freedom, but that a constraint destroys Z of the degrees. If the 
system has secular stability, the „ determinants must have thefr appropriate 
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signs, and when the constraint is removed, the new additional determinant 
must have its proper sign in order to secure secular stability. It follows that 
stability can never be restored by the removal of a constraint if the system 
was unstable when the constraint existed ; but stability may be destroyed by 
the removal of a constraint. 


§ 3. On the Possibility of joining Two Masses of Liquid 

by a thin Meek. 


This whole investigation was undertaken principally in the hope that it 
might lead to an approximation to the form of the pear-shaped figure of 
equilibrium of a rotating mass of liquid at the stage when it should 
resemble an hour-glass with a thin neck. It seemed probable that such 
an approximation might be obtained in the following manner : — 

Two masses of liquid are revolving in an orbit about one another without 
relative motion of their parts, so that they form a figure of equilibrium. 
Imagine them to be joined by a pipe without weight, through which liquid 
may flow from one part to the other. A flow of liquid will in- general take 
place between the two parts, but there should be some definite partition of 
masses, corresponding to a given distance apart, at which flow will cease. 
At this stage we should have an approximation to the hour-glass figure of 
equilibrium. 

In this section a special case of this problem is considered, in which the 
detached masses, to be joined by a pipe, are constrained to be spheres. 


If the notation of § 1 be adopted, it is clear that the system is defined by 
the two parameters r and In accordance with the notation of § 2 we 
denote the lost energy of the system by V and the moment of inertia by I. 
It is easily shown that 


V = (-f 7rp)“ a® 


a 1 -h 
H~ -f 


(1 +xyr ' ^(1 -f 


For brevity write 


I =-^rrpa^ 


X r“ .^1+ X’^l^ 

(1 '+xy a“ 




X 

(i f xf ’ 


G 


1 + 

(T-kX)®/* 


and let F', G', F", G" denote their first and second differentials with respect 
to X. 


The equations for determining the configuration of equilibrium 


dV 

dr 


-P <0 * 


dl 

dr 


0 , 


dV 

dX 


, .,dl ^ 
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The first of these gives at once 


00‘‘ 


i'rrp 




For determining the form of the second we have 


F=(|7r/o)2a® 


a 


F-+iG 


r = 


f TT/aa® 






If we differentiate these with respect to snhstitute in the second equation 
of equilibrium and give to co^ its value in terms of r^, we find that the 
result is 


Now, 
F' = 


(1 +xy’ 


G' 


„ - 1 


§2+3 

(? r 


and 


0 


G' 


1 + 4- X"/® 

(1 H- xy/« (1 H- Xi/=*) 


Hence the equation for determining r for a given value of X is 


a** 


9 


1 + X^/« + X=*/3 


a 


+ 3 = 0 


.(3) 


- (1 + X)V3 (1 + V/3) r 

This cubic has three real roots of which one is negative and has no 
physical meaning; the second gives so small a value to r that the smaller 
sphere is either wholly or partially inside the larger one. The third root is 
the one required. 

In order to present the result in an easily intelligible form it may be well 
to express it also in terms of the radius of the larger of the two spheres, say 
aj, where 


a. 


a® 


1 + X 


The following is a table of solutions for various values of X 


\V3 

?Va 

r/ai 

r/ai - (1 + \V3) 

0-0 

1-304 

1-304 

0-304 

OT 

1-323 

1-323 

0-223 

0-2 

1-368 

1-371 

0-171 

0-3 

1-426 

1-438 

0-138 

0-4 

1-486 

1-517 

0-117 

0-5 

1-543 

1 -604 

0-104 

0-6 

1-590 

1-697 

0-097 

0-7 

1-625 

1-793 

0-093 

0-8 

1-649 

1-893 

0-093 

0-9 

1-662 

1-995 

0-095 

1-0 

1-666 

2-099 

0-099 


The solution is exhibited in fig. 1, the larger sphere being kept of 
constant size and the successive smaller circles representing the smaller 
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sphere. Many of the circles pass nearly through one point, and it has not 
been possible to complete them without producing confusion. 

The foui’th column of the table gives the excess of r above the sum of the 
two radii of the spheres, and it shows what interval of space is unoccupied 
by matter. It is remarkable how nearly constant that interval is throughout 
a large range in the values of X. 



Fig. 1. Solutions for two spliores of liquid joined by a wciglitless pipe, for eucoessivo 

values of 


In the case where the two bodies are no longer spheres, the equation 
corresponding to the cubic (3) becomes veiy complicated. It is therefore 
desirable to discover whether in any given solution of the figure of equilibrium 
the two detached masses are too firr apart to admit of their being joined by a 
weightless pipe, or whether they are too near. This may be discovered in 
the following way : — 

Let To be the solution of /(a/ro) == 0, where 


^ / aA a’* 1 + X^^'* + A.®/* a 

/ [j:j — “a - v prTirxp''’(rT^o r 


(4) 


There is only one aohition of f — 0 between r equal to infinity and the 
case when the two spheres touch. Hence we can determine on which side of 
To any given value of r lies by merely considering whether / changes from 
positive to negative or from negative to positive as r increases through the 
value ro. 


Mow if ~ + S f--'] 

ro \7'J 


be any neighboui*ing value of ™ 


we have approximately 


/ Uy ~ \j-} h ^ ^ ^ 
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If we express in terms of ro/a Iby means of tho CHpiation for Pi, , this 

may be written 

9 r 




a. l+X’/”)® 


C-) 


where as before 


ai 


3 — 


a» 


1 + X 


N^ow the fourth column of the table shows that 1 + — r/ai is iM*^at.ivt‘, 

and the last term inside the bracket is also negative. .Iltuiee if ^5 ( is 

negative, is positive, and vice versd. But if S vt*, r is 

greater than Vo and the two masses are too far apart to admit of junctiorj, 
and vice versd. 


Therefore if for a given solution for detached masses /(a/r) is |)oHi|.iv«\ the 
masses are too far apart to admit of junction by a weight! es.s pilH*, anfi if it 
is negative they are too near. 

When in the general case we form a function /(a/r), suc.h l.liat. wlnui ilici 
ellipticities of the two masses are annulled, it reduces to tin* ai)ovo fitnotion, 
its sign will afford the criterion as to whether the masstis ai*(^ t«>o far or t*Jo 
near to admit of junction by a thin neck of liquid. I return to this Htiliioet 
below in § 13. 

The solution of the problem when the two masses ari^ {^onstraJiiedly 
spheres is so curious that it seems worth while to consichir itis .stability. 
This may be done by the method of § 2. 

The system depends on two parameters r and X, and the Htabilit.y will 
depend on three functions, which are defined as follows : 


fr rl = ?lZ . «Y3/Y 


|r, A| — ^ ft)® 


3r9x 
a^F 


a/ a/ 

a^’ax I Wr ax 


{X, X} = 1 ^2 f' 

1 , t ax,» ax‘ T I 


'dIV 
dX 


These fonotions correspond to a„, of (2) in 8 2. aral wo soo fchnt for 
secular stability [r, r] and IX, X) must be negative, and 

A ■= {r, r] {X, X} - [{r. x}p 


must be positive. 
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Without giving the details of the several differentiations, I may state 
that if we write 








so that H is essentially positive, we find 


\r, r\ 

-Jj-- 


an — v L- • 

o2 5 


W' 




') 


{A, A} _ a^ 
H ~ F 




^.1 


From the equation 


a-* 


1+3^ 

F' a 




a? 


^"5 + *® 


4" yt'/ — 1-3=0 

(r r 


we find, after some reductions, 


. T-.,/ T~ , „ 7''^ n/ d , F' 

On substituting for F' , (¥ their values in terms of A, I find that this 
expression reduces to 

(1 - A’/O^ 


(1 -P A) ‘ a-’ 


an essentially positive quantity. 
On substitution in A I find 




( J^)L. f a Q _ F — 3 ( F' 4- 1 

XV3 (1 q-x>‘ a--* I" aV V a'^ J 


.(5) 


The factors outside [ ] are essentially positive and do not alfect the sign 
of A, and it is clear that A can only be positive — Ff'^ji^- is positive. But 

A must bo positive for secular stability ; hence stability can only be secured 
by — F/‘‘-*/a“ being positive, and it is not necessarily so secured. But if this 
function is positive, so also is {r, t], and if this last is positive the system is 
unstable. lienee stability is always impossible. As a fact, in all the solutions 
given above {r, 9 *} is positive, and we should have to move the spheres much 
further apart to make it negati ve, and therefore on this ground alone the 
system is always unstable. But A is sometimes positive and sometimes 
negative and vanishes for a certain value of A. As the Vfinishing of A puzjjsled 
me a good deal, I propose to examine the matter further. 

Before doing so, however, I will show that the instability of the system 
may be concluded from other considerations. 


D. III. 


29 
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It was proved in § 1 that two spheres, nncoimected by a pipe, are in 
limiting stability when their distance apart is given by 

This is the condition that [r, r] should vanish. 

When X is zero the two spheres in limiting stability are infinitely far 
apart, and when X is unity they are as near as possible, and r— l‘738a. 

Now the table of solutions in the case where the two are connected by a 
pipe shows that they are furthest apart when X is unity, and that then 
r = l*666a. 

The removal of the constraint of one degree of freedom may destroy 
stability, hut cannot create it. Hence, when two spheres revolve about one 
another, the opening of a channel of communication between them may 
destroy stability, but cannot create it. When two equal spheres revolve 
about one another at such a distance that they could be connected by a pipe 
and yet remain in equilibrium, their distance is 1'666 ; but they are then 
unstable, because 1*666 is less than 1‘738. The opening of a pipe between 
them, being the removal of a constraint, cannot make the motion stable. 
A fortiori the like is true when the two spheres are unequal in mass. 

Hence the system of equilibrium of two spheres joined by a pipe is 
unstable in all cases. 

I will now consider the meaning of the vanishing of A. 

Having evaluated the angular momentum of the system corresponding 
to the several solutions tabulated above, I found it had a minimum when 
•^i/s_ 0-264. Such a solution is a critical one and is the starting point of two 
solutions of which one must have one fewer degrees of instability than the 
other. The vanishing of A must have the same meaning, but it remains to 
he proved that minimum angular momentum is secured by the vanishing 
of A. 


The angular momentum is Ico, and is therefore proportional to /x, where 






Va 


■ ^ 


3/2 


djjb 


On equating ~ to zero so as to find its minimum, we have 


2r 




/yui 

+ ^ -f 
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dr' 

dX 
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Now since 
we have 


X 4 - 5 . _ i — o 

o T <5" f \J 
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3 ^ a 


G-' a 


^ (1 - (1 + X )-* 

dX 
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On Hubstitutirig this value in the eqviation dijuldx = 0, I find that the 
rcssult ni.iy be written 

X ( 0 (7 _ ir j^Q~( F'-- + ( ^G'- 4- F''] ~ 0 

X*/=' ( I -f Xy a“ V’ aV ^ a- V a'-" ^ A® ^ a ^ j 

ddn'; iii’st term of this is the same as the first term inside the bracket in 
the; expression for A in (5). On comparing the two second terms together 
we see that A = 0 is the condition for minimum angular momentum, if 

+ F')+F''^l + ^G' = 0 

ix^ a / a- 


that is to say, if 
oi‘ if 


,3 , r F' a. « ^ 

^ - + 3 - 0 


But this last is true, being the equation (3) determining the figure of 
e(iuilibrium ; hence A = 0 gives minimum angular momentum. 

Since two liquid spheres cannot be joined stably by a pipe, it seems very 
improbable that two tidal ellipsoids could be so joined as to become stable. 
Indeed, if the <iistortion of the surfaces of the two masses into ellipsoidal 
forms may be regarded as due to the removal of constraints whereby they 
wei'e previously maintained in a spherical form, stability is impossible. 

The question as to whether or not there is an unstable figure with a thin, 
neck will be considered later, for the present we are only concerned with the 
e,onclusion that there is no stable figure of this kind. 

Mr Jeans lias treated an analogous problem in his paper on the equilibrium 
of rotating li(piid cylinders*, and has concluded that the cylinder will divide 
St, ably into two portions. The analogy is so close between his problem and 
the lin’oe-dinn-nsional case, that it might have been expected that the analogy 
would subsist througliout; nevertheless, if we are both correct there must be 
a div'ergtuice bi'tween them at some point. 


I 4. Notation. 

As the solution given below is effected by means of ellipsoidal harmonic 
analysis, it is well to state the notation employed. It is that used in four 
previous papers to which references are given in the Preface. 

In “ H arinonica ” the s(inares of the semi-axes of the ellipsoid were 

= k'^ (v^ - 1 ), = iC^v^ 


1- fij ’ 


a« = ■ 

PhiL Trans. Roy. Sac., Series A, Vol. 200, pp. 67—104. 
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EECAPITULATION OF THE NOTATIOJT USED. 


[ 15 , § 4 


The rectangular co-ordinates were connected with ellipsoidal co-ordinates 
<f> bj 


of 1 - /3 1 

f ^ 1 +• 

/ , 1 -h 

+ 

I 

II 

\ 1 -/ 3 ) 



y 




,2 , .2 


1 — (S cos 2(f> 


1^ = ’'''^ 'HiTF 

The three roots of the cubic 


if z’^ _ 

+ ^V- + -r— = 1 


■\-u If -{-u f ~\-u 


were 


1*1 = V^, U.2 — If }jf, 




l-^cos2<^ 

1-/3 


Lastly V ranges from, co to 0, /a between ±1, (f> from 0 to 2'7r. 
In the two later papers, I put 


/C* 


_l-/3 




/* = sin 6 


1 -h ^ ’ ' K sin 7 ' 

and for convenience I introduced an auxiliary constant /3 (easily distinguish- 
able from the /3 of the previous notation) defined by sin y3 = /c sin <y. 

The squares of the semi-axes of the ellipsoid were then 


a^ = 


If cos° y ,2 _ cos^ 0 
sin^i6 ' ~ sin^yQ 

The rectangular co-ordinates became 

COS^ n/ 

sin^/3^ ^ 


0^ = 




sifr /3 


IJ^ cos^ Q „ - . 
k^ sin^ ^ ^ 




The roots of the cubic were 

If 


u. = 


sin^ /9 ’ 


1*2 = sin® 0, 


1*3 = -^ (1 — cos^ 

tc 


The notation employed for the harmonic functions is that defined in 
Harmonics/’ 
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I 5. The Determdnation of Gravity on Roche’s Elliysoid. 


In Roche’s prohlem a mass of liquid, which assumes approximately the 
foi'm of au ellipsoid, revolves in a circular orbit about a distant centre of 
forcci! without any i^elative motion. In the present section it is proposed to 
evaluate gravity on the surface of this ellipsoid. I intend to solve the 
problems of the present paper by means of the principles of energy, and for 
that purpose it is necessary to determine the law of gravity. 

Suppose that the ellipsoid of reference, defined by Vo, is deformed by a 
normal displacement defined by the function pf {/n, cj>), where p is the perpen- 
dicular from the centre on to the tangent plane at /a, (f>. This deformation 
imust lx; expressible by a series of ellipsoidal harmonic functions, and therefore 
we may assume 

/{p., (/>) = tef (g.) (in'/ {(f>) 

typical term written down must be deemed to include sine-functions 
as well as cosine- functions, and all those types which I have denoted by 
P, C, S in “ Harmonics.” 

On multiplying each side of our equation by any harmonic function, and 
ititegrating over the surltice of the ellipsoid, an element of which surface is 
denoted by da, we find in the usual way 


e 






that, /(ju, if>} is aero everywhere except over a small area Sot 
sitiuit.sl at tile /i', and that it is there equal to a constant c; also let 

p' bo the value of p at this area Ba. 

Tluui the mass of the inequality is 


jpf(h’ 4>)P^^ = c/p8a 

where p is the density of the solid ellipsoid which is deformed. 

Next let us suppose that the mass of the inequality is unity, so that 

cp' p 8a = 1 

Then we have 


(/“) 


P 


= cW M p'8a==\ (p) (<^0 

P 

TBf (>>') (<j»') 


Hence 
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I now write M for the mass of the ellipsoid, and shall siibsoqncntly iriake 
it equal to |7rpa® , while the mass of the distant particle will he ^ or 


1+X' 


Since j ppdcr—SM, and Po (ft) ©o (^) — 1 , we have . 

Thus an inequality representing a particle of unit mass at /j.', <f>' on the 
surface of the ellipsoid is expressed in ellipsoidal harmonics by 


p 


r_i_ 

SM 


pfcW(/‘)®i-(^)]=j)rf<7 


By the formula ( 51 ) of “Harmonics,” the external potential at tins point 
V, fx, ^ of the inequality is 

^^o(2^o)©o(po)h-|^ S W(^o) (^0 W(/^ Q!L'^(<i>) 

' ^ /[W(/^)C/(<^)Pp(^<x 

But if R is the distance between the point fx', on the elliiisoid and 
the external point v, /*, this potential is l/J?. 

situated at v, fj., the uhovo 
egression multiphed by Jtf/x m the potential of the particle at t,l,o point 
Vq, fx , <p on the ellipsoid. ^ 

I" general expression for the potential of a iia.-tic.h! 

srteated anytrhere m space at the surface of the ellipsoid, bccauso, it i.s iu.Iy 

the WsraxTrof tt W the pmlonsatio.t If 

tne longest axis of the ellipsoid. In this case 


/^ ~ 1) ^ = ^TT, 


r 

k 


where r is the distance of the particle from the centre of the ellipsoid. 

But it is now no longer necessary to retain the accent- t-r> a.' ' . i 

are only the co-ordinates of a point on the elHpsold ^ 

distance r from the^centre^t^tllr^^ T *** longest axis of the oMipsoid at a 

nom me centre, at the point r„, /x, <55, on the ellipsoid, is 

^ ^0 (z^o) Q ■+ X — {fx) C-,:" ( <^) 

j (/^) (^)]^pdcr 

EOS of functions denoted in “Harmonics” EES OOS 

Ji<Ub, :Pi ( 1 ) = 0 , and for EOC OOC ^ o m Ohh, 

W(l) does not vanish are EEC OEC “t L / 

of even rank. Accordingly the function; left ire “ foTi 

■ic .|p,^ 101 2, and 6‘ even, and 
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for % odd and s even; we may however continue to allow to stand 
for both types. 

For brevity write 

Thence, since (^o) = 1> the potential may be written 


M 

IcX 


(©„ l'^) + 1 ^ g) ^/(i) (- 0 ) W (/^) j 


for all even values of s. 

It must be observed that and (£’■;!' occur as squares in 
occur twice in the iiiuiiorator in the forms ^^^"( 1 )^. 1 * (^) and (I'w) t, (<p)- 

Again is of dimensions - 1 in and therefore <a/ is 

of zero dimensions. From these considerations it follows that (^) and 
(B/(cj>) maybe multiplied by any foctors without changing the result and 
further that may differ in its inode of definition from { 1 ^) without 

producing any change. 

The higher harmonics will be considered later, and for the 
only noccssnry to considGr tli6 tornis defined by i 1 ) ^ — 0 bid. 'i ? 
and 2. 

The following are the definitions of the several functions, in accordance 
with “ Integrals ” : — 

^(0 = 1, = «.(« = ! 

= C.W = V(1-«’cos^^) 

= «.*W = 2C = 

where (,.= = Hl + '‘‘‘ + -0] ‘“<1 i3> = l 0'P“ “8“ = 

lower for 5=2. 

Hence , , a t>\ 

^Pi(l)Ci(i7r) = l, = (5-0,2) 

Then from “ Integrals,” expiations (5) and (6), 

= (s=0,2) 

Thus as far as the second order of harmonics the potential of Mj\ at 
Vii, 4> is 


M 

IcX 1'^“ \k 


®. (b + 3«Et. IP. (>'.) IP. (#‘) C. W 


+ 4 (*“ - 'j “) '/•" ®« ( S ^ 


+ ^ _ q,J^) q,'^ w (^») . 


V 
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We must} now express the several solid harmonics involved in this exjn-ession 
in terms of x, y, z co-ordinates of a point on the surface of the ellipsoid. 

We have ivo) (z^) Cl i4>') =vfxi\/(l — cos'- <^) = 

hi 

By the definition of ellipsoidal co-ordinates the three values of to- which 
satisfy the equation 

(X? ^ 1 

= 0 are ~ (1 - cos- <f>) 

Hence we have the following identity 

_il_ q. _11_ + tjos^ 

® 1 (o)^ - 1 /a:^) {o^ ~r) a^k^ 

Putting ccP = % {s = 0, 2) we find 

fC 

= 3.=?/’ O'-?/) 


a>" 


L q;^ ‘ k'-^ 

Hence the potential of M/X is 
if 


(^•=0, 2) 


|®“ (1) + (i) ■ 

z 

h 






a? 

r 5(^El3(r/^d 

L 


’{ k - 

’■ - 9/)' - 

o®/(r/ib ^ 

d/ii 

(«- - 

- y/")'-’ 


\ 5aa,(r/id 
L 

q<?qo^ 


-9/) - 

5(^2" (r/i) 
-^3— 9/ft''‘ 

(a:'-' - 

- q-f) 


5®,2 (ji'Jk) 

(«■ 


JoV + 

5@/(>-//0 .,, . 

■ 2^a (« 

^-q 


-A 

5(1^2 (r/^) 
'0:2 

q^qo^ 

{k 

+ 

5^2^ (r//a 

- ^ C. y 

{k - 

- 9/)d ! 


0 ject iminediately’ in view we onlv* TK=^pr1 i ^ , 

y, and may therefore drop the fimt and last ^^3 ^nvolvurg 

The expressions for and for in terms of 

by means of these I find that ' « have been 


given iibove; 


= _ 


(note the interchange in the suffixes of the j's). 


A common factor + i 

- Dk-^ from all the coefficients of a;', 2 /=,^=, 
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and since qt^q^ = ^/<r this common factor is equal to 15/4D. Hence the terms 
in ?/-, z'^ inside { } become 

Q 3.'* (»" - a.*) + <ai* (0 qi'- («= - qi) 


+ 




+ 


4il /c“ 
15 3/ - 

15 .s ' 


<a 






+ 




®- © «•■> - ®-‘ © S '*■ ' *" 


On substituting for the several coefficients their values in terms of k, 
I find tlnd, the potential of MjX may be written in the following form: — 


M f. 




r\ z 


+ 4 






(2/c' - 1) - (<2^2 + 


4.f»r 


r ^ 

+ ■5-^ 


- (2 - »’■) 


n 

(1 + + 2 (©, + 


.( 6 ) 


It may be oliscrved that this satisfies Laplace’s equation, as it should do. 

It remains to obtain approximate expressions for the <S’s. 

Idle, expi-ession for those functions is given by 

(v) = (v) J ^ i 

We iHupiire tliese when i/, which will be put equal to r/Zr, is large ; thus we 
must develop in powers of l/r. 

N ow 

(i/' -■ 1 (i/' - 


1 

V- 


1 + 


1 /c' ^ 3 + 2/c' + Sk‘^ _j_ ^ "b 3/c' + 3/c^ + 5 ac^ 


9.«2 


V“ 


- — 1“ ” 






Since ^{J,, (i') = L we have by integration 




k 

r 


1, ■+* - 


1 q. fc^ 3 4- 2/c' + 3«:'‘ _J_ 5 + 3a:' + 3/e^ + 5^* * 

■ ^4 b- llS/c® ‘ r® 


6/c' 


112«« 


+ 


■( 7 ) 


There is no immediate need for this term, since it has been omitted above, 
but it will occur again hereafter. 


Since (p) = i/, we have 


tm^ (j^ 


If 


1 + 


3(l + >^^)/g^ . 3(3 + 2A:' + 3/c") g^ 
T0/c‘^ 56 a:^ 


56 a:* 


( 8 ) 



458 


DEVELOPMENT OF THE Q-FTJNCTIOKS. 


[15, § 5 


Lastly, since (j/) = i/® — qs^j/c^, we have 

1 


___ 






. [WW]-== ^ 

so that 

1 Ti + rL+^VMM 

— p*L '^2 k’ / v’ 


(s=0, 2 ) 




-+ 


( 


3 -f + 3k* (1 + K^) qj^ ^ 3qs*\ 1 


+ 




J V* 


+ 


8/c^ ft 

If we integrate this, multiply it by (v) and write 7'lk for v, we find, 


{a = 0, 2) 


5©/(^ 




1 +- 


5 (14- 3^4 

-r 


14fK-‘ 


7 K^ 7'^ 


+ 5 


3 4 2k^ 4 3fc* , 5g/ 

-4 - - 


4 


qs-^ 


k* 


72k* ' 126a:" 2lK*\r*"' 

On. substituting for qg its value, I find 


(s=(), 2). 


.(9) 




\k) 

_ 


1 4 


*7 (1 4 K^T^Dk? 5{114 10a:^ 4 11«" + 4 (1 4 a:*^ £>] h* 


14/ic^ 




4 


168/c" 




Whence 

5 [<Bk + 0^2^ = 

5[©,-aa-,']=- 






■ (14«^)A!" 5(11 4 411/^0^' 

X "P cTfc o "T” ■-* /Ti r\ j • •• 


2/c^ 


168/c" 


2A:® 




20 (1 4a^) A!" ■ 

7 a® IGSa" r" ” ’ 


Substituting these values in (6) we have for the potential of M/X at the 
surface of the ellipsoid, as far as concerning terms involving cc, y, z, 


Xh 


H‘(i) 


z 


or 


Jc^ 

k 2k^ ' r® 
A* 

2 A:® ‘ 7’® 


1 4. 3 (3 4 A®) ]f 5 (5 4 2a^ 4 k^ ^ ' 

14k® 7*2 56a" 9-4' •• 


3 (14 3a®) 5(5a"4 2a:® 4 l) /g" 

14 a® j”® 56 a" V’" 


4 




/c® * 9’' 


14 


3(1 4 A®) k^ 5 (3 4 2 A® 4 3 a") A;" 


Hr 


56k* 




.( 10 ) 


If the system he rendered statical by the imposition of a rotation potential, 
we must add to the above such a potential, and that of the ellipsoid itself. 

The expression for the internal potential of an ellipsoid Vq is given in (65) 
of “Harmonics”; it is * 

^ I __ g' (^o) C^o) @1 (^o) ] 

1^0 (z/„) PiH^'o) Pd (^^o) k^ Pi (vo)] 

I will now introduce an abridged notation which was used in some of rny 
previous papers, as follows : — 

Pf (^o) Qd (vo) = Ad, ^d (^o) (^o) = ^d, pi (vo) ©-1 (vo) = 
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Then, since 

{v,) - v'( V - 1), (P„) = P„ 

we may, on omitting the term independent of cjo, y, z, write this potential in 
the form 

3 Jf f x‘ , _ 

ijc- {vq — 1 // c 0 {va^ — 1 ) Vo 


2k 


.( 11 ) 


The rotation with angular velocity co takes place about an axis parallel to 
X through the centre of inertia of the system, which consists of two masses 
M and ilf/A distant r from one another. Hence the rotation potential is 






l+X 


/-if + z‘‘^\ „ (o'^k^T 2 

__ J 


%h\sMK k‘ 


+ A/) JS^l k 


} 


+ 




2 (1 

( 12 ) 

The last term, being independent of x, y, z, has no present interest. Then, 
collecting results from (10), (11), and (12), the whole potential, as far as 
material, is 




\a>“kT \ z 

Jc) “ (IT’axM) Tc 




k- (z/o“ — 1/XO 


|Ad + 


(r„^ - 1 /a:“) fca 


3X 


S( S+K^) k^ 5(5-h2A:^ + /cOA-;^ 


56«:^ 


y 


k (Po“ — 1) 


kw 


+ 


(r,;-^- !)/<;» 

;3X r'* 


1 _p 4- 1) A';“ 5 (5/c‘^ ■+• 2/c“ + 1) 


\4ifc^ r“ ^ 56«’‘ 


w‘Vc» 


3A ?•» 


,3(1+ tc^) k^ , 6 (3 + 2k^ + Zk^) k 

-*• + ' 


7k^ 


4 * 


3M 
" ''Bill 


(^«“-l) 


n- 


The condition that the figure of equilibrium should he the ellipsoid of 
reference is that this potential when equated to a constant should reproduce 
the equation, to the ellii)soid. The coefficient of z must therefore vanish, and 
the three coefficients written inside f } must be equal to one another. These 
conditions give the angular velocity and equations for determining the figure, 
hut as the subject will be recoi.i,sidered from a different point of view here- 
after, I do not pursue the investigation here. 

At present it need only he noted that thti coefficient of z vanishes, and 
that the three coefficients are equal to one another. It is clear then that 
the potential U of the system, as rendered sbatical, may be written 


U 


3ilf j 


A/ + 


( V - l/k^) 


3X 


1 


i Hh 


3 (3 + a:“) A;'* 5 ( 5 + 2/e“ + k^ 


14a:‘^ 


v.ii 




B(>k^ 




} 


J„ . 4 . 

[k (vo^ - l/zc^) ^ ~ 1) ^ k^Vo^l 


X 
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Now gravity g at the surface of the ellipsoid is - dJIldn, where n is the 
outward normal to the ellipsoid. 

pjs dU' 


Hence g 


But 


psG 


dU 


J{? (v^ — dic {vo^—l) dg ^ dz 


py 


du 

h 




¥{v^ - Tf^^y ^ ic^ (vo^ - 1 )" 
and in our alternative notation 


f 


, + 


2;^ 




Therefore 


^ ~ pk 


1A,^4- 


^ cos- 7 
3\r® sin® /9 


2 1 _ cos® 7 

/c® sin® 


^{B + fc^) ¥ 5 (5_+2^+y) 

14 a:® r® 56 a:'‘ ¥ 


,.(18) 


\ 

As already remarked, we shall put 71f=|7rpa® = — ; also, since the three 
axes of the ellipsoid are k cos y cosec /?, Ic cos /3 cosec jS, k cosec jS, we have 

¥ cos $ cos y A,a® 


Hence 


sin® ^ 1 + \ 

¥ cos® 7 _ a® cos y tan /? 


3 Ar® sin® /9 3 ( 1 -p A) r® 

and the coefficient of the series in the expression for g does not bcconKj! 
infinite when X vanishes; however, it is perhaps more convenient to leave it 
in the form as written above. 

This expression for gravity is the result required, hut it is to be nokid 
that it is determined on the hypothesis that the distant body is a mrtie.le or 
sphere instead of being an ellipsoid. 

The development ceases with terms of the seventh order, and the harmonic 
terms of third and higher orders have been neglected. Now the harmonic 
deformation of Roche’s ellipsoid of the third order of harmonics is of order 
i A in inverse powers of r. This deformation is treated as surface density. 
If we were to proceed to closer approximation, we should have to take account 
o e square o the thickness of the layer ; such terms would be of order W?-* 
bmee then, we are avowedly neglecting terms of this order, it is no use to 
carry the development higher than terms of the seventh order. 
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§ 6 . Form of the Expression for the Gravitational Lost Energy 

of the System, 

The system consists of two ellipsoids, say e and E, with their longest 
axes co-linear, and each of them is distorted by deformations expressible by 
ellipsoidal harmonics of orders higher than the second. To the order of 
approximation to be adopted these deformations may be replaced by layers of 
surface density, which may be denoted by I and L respectively. 

The lost energy of the system may be represented symbolically by 

V = ^ (^e If -f (^E + Lf (e V) (JE -i- L^ 

Let s, S denote two spheres of masses equal to e and E and concentric 
with them respectively. 

Then the whole may be written. 

F ~ ^ee + -^EE •+■ eE ^11 ^LL H- (e 4~ S') I •{- (^L -]r s) L 
+ (0 - *0 L-h{E - S) I -I- IL 

In the term SI I divide S into two parts, namely Si, which is to contain 
all the terms in the potential of S at the surface of e excepting terms 
expressible by ellipsoidal harmonics of the second order with respect to the 
ellipsoid e ; and which is to contain the omitted terms of the second order. 
Similarly, the term sL is to be divided into SiL and s^L. 

Take^ the centre of e as origin of co-ordinates w, g, z with the z axis 
passing through the centre of E, the y axis coincident with the mean axis of 
e and the x axis coincident with the least axis of e. 

Since I is expressible by harmonics higher than the second order, and 
since is expressible by harniomcs of orders 0 and 2, it follows that the 

moment of inertia 'of the layer I about the axis is zero. If therefore <» is the 
angular velocity of the system, a contribution to the lost energy of the system 
which may be written symbolically z‘-f\L is zero. 

It follows therefore that we may write 

((/ + S) ^ = [e + ^00“ (yf H~ z^y\ I d* Sf 

Similarly, if the ellipsoid E be referred to a parallel co-ordinate system 
X, Y, Z through its centre, and such that 

x = X, y— Y, z = Z T 

so that r is the distance between the two origins, we have 

{E d- s) X - [E d- 6-a d- (F« d- L d- SiL 

The problem is already so complicated that it will be convenient to omit 
certain small terms in the expression for the lost energy, which it would be 
very troublesome to evaluate. 
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The term (e — s)L represents the mutual energy of the departure from 
sphericity of e with the layer of surface density L on E. This term is clearly 
very small and will be omitted. Similarly {E — S) I will be neglected. It 
will appear from the results below that these terms are at least of the seventh 
order in powers .of 1/r. A fortiori IL, which is at least of the eighth order, 
will be omitted. 

The whole expression for Y will now be divided into several portions. 

Let {eE)i be that portion of eE in which each ellipsoid may be replaced 
by a particle ; it is, in fact, the product of the masses of e and E divided 
by r. 

Let {eE)^ be the rest of eE. 

Let (vv) denote that portion of V in which the larger body E may be 
replaced by a sphere ; then 

(vvy — ^60 "h >S>2 4“ "4" ^ ~h >5^1 ^ 

Similarly, let 

(FF) = ^EE -1- ^XX +[E-i-s, + X + s^L 

Then F = (eE)i 4- C'^E)^ 4- {'vv) 4- (FF) 4- neglected terms. 

For Roche’s problem, when the second bodj?' is a particle, F reduces to 
(eE)i 4- (yv), but in the modified form of the problem which I am going to 
solve the whole expression is required. 

The evaluation of {eE) is so complicated that I devote a special section 
to it. 


I 7. The Mutual Energy of Two Ellipsoids*. 

The semi-axes of the ellipsoid of mass e are to be denoted a, b, 0 , and the 
corresponding notation for the other ellipsoid is E, A, B, O. The distance 
between the centres of e and X is r ; the axes c of e and C of E are in the 
same straight line, while <z, A and h, B are respectively parallel. For brevity 
I imagine the densities of the ellipsoids to be unity. 

If the external potential of e be U, and if d€l be an element of volume or 
of mass of E, the lost energy to be evaluated is 

{eE)^Jmn 

integrated throughout the ellipsoid E. 

* The results of this section were arrived at originally by a longer raethod, I have to thank 
one of the referees for showing me the following procedure, 
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1 j<‘,t US suj)pose provisionally that the co-ordinates of the centres of e and E 
an^ m, i/, z and X,Y, Z, and let t], ^ be the co-ordinates of the element dO. ; 
tht‘ axes being respectively parallel to a, b, c or A, B, G with arbitrary 
oricfin. 


_ ^yj _i_ _ yy^ 4 - zf, it is well known that the potential U 

of e at the point t), t is given by 


OO 


3 


0 (2n -f lK2n + 3) 2n 1 V 


a 




dr]- 


+ 


0?V B 

9^ 


Since satiahes Laplace’s equation, we may eliminate , and observing 
x.ma. T :. , 5'. are the same as , -|4 respectively, we have 




= -/c= 


r . ill 

L/c^ 9^3® 9y^J 


It, follows therefore that 


(-)-3 


^ (2n + 1) (2n + «) ‘M l VV- » 

Siuc',i- the operator is independent of g, v, S, "we have 


19^ il Y ^ 


OO 


(-)"3. 


;c*» 


6 


1 02 

dy^J J B 


®]; (2rl+T) (2u + 3) 2a 1 
But r'“^ is the potential of the ellipsoid E at the centre of the ellipsoid 

It 


, juul by iWi (exactly parallel transformation 


rdii 

J li 


e: 


DO 


{-T ^ ^ r Y il 4 — Y' - 

I /'9.r,riT'> 2?r ! ^ vKL'" 9yV p 


ilV‘ 1 


0 4- 1) (2'a 4- 3) 2?r 

wiuuv p“ •-= (.* ~ X r 4 {y - yf + (^ " 

-T r rrYt - 

once j)Ut A — U, 1 —v;, ^ 

at, ions p ./ _ 0 y = 0, after differentiation and writing 

It follows that, on putting a-u, y , 

rtM 4 4", 

(- Y ^ - /c"-’" f — -^o + 1-1^' 

y(2^r4 3) 2n 1 9a3^ dy 


V n 


(«/'^)='’*’?(2»+T)T2> 


-V 


oo 

X 2 


("“Yi - 

(2^4 i) (2^ 4 3) 2^ ! 


1 


l:C^9a;" 3yV P 
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1 


i d‘^ 


If we denote the operator ^2 + ^2 opcrsitor 

by we have 

r 1 1 1 

{eE)^eE 


^ 2 . 5 2 ^ 5 . 7 2 '‘ . 3 =^ 577 ^^ 


X 


^ 2.5 2" . 5.7 2" . 3" .5.7 


eE 


1 - 2 ^ + ^D=) + (/c'd* + iCI>) + 2, ‘ >“ 

" ^7W7i - 2^\7 ' *■■> ■ • ■ 


1 

p 


1 

p 


On effecting the several differentiations, and pntbing .v — O, y = 0, wo fhnl 

3 /S . 2 
p r‘ 


d^i = _ 1 ri + 1 V d‘ I = ? f-i + ^ + s’) 

p r* \k^ / ’ p r’^ \a:* ^ «'■* / 




3 1 

a ir 2 ^2 


p r^\K^K^ ' ' K? 


— , + 3^) 


d«l=-§!_V4 + l+i + 5 


p T‘ \k'^ 


d^D^ 


y.7 

3^5/ 5 


2 


2 


k^K 


■» + ^3 + ;?Ki + ■/? + K» + ■' 


and the remaining functions may be found by appropi-iato cIiangcH «»{' huiuII 
and large letters. 

If now we again use p to denote the density of the Hpluu-oids, and revort. 
to the notation employed elsewhere, namely, 


we find 
(eE) —(^^Trps?)- 


X 


(1 + 


e = ^rrpaJ^ 


iii + 


1 + x’ 


ij = 


1 

1 + X 


"h c\‘i 


+ 

+ 

+ 


2^ 5.7r® 
3 _ 

2" . 

1 

2" . 3 . 7r'^ 
9 

2^5 


2 . 5r^ 




1h.x) + A2(L+,) 


3 2 

k' 


.4 + "7] + 3 ) + (jf:; -f- ,7, + 3 


3 , 2 

K-* 


i7 + '7] 

L \ ^ 4 . ^ 4_ ^ I r \ 

. 7r^ L ^ v;?io + + 'V 

/' 5 


5 ') 


. 1 , 2 _^2_^1^^n 


..(14) 
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The first term in this expression is that which was called above (eE)i , and 
the rest constitutes {eE^, 

If the body E were a sphere, the only portions of (14) which would remain 
would he the parts of the expression independent of i[. 

With the object of effecting certain differentiations hereafter, it is desirable 
that the formula for (eE) should be expressed in terms of the semi-axes a, h, c 
and A, JB, G. 


In accordance with the notation used elsewhere, we have 
_ cos 7 7 . _ ^ cos /3 k 


sin ^ ’ 


sin 


sin/Q’ 


where sin /3 = /c sin y 


A _ r 


sin B " 


sin B ’ 


where sin B = K sin F * 


The result of the translation into this other notation is as follows : — 
ieE) = (|7rpa«)^ 1 1 + [20^ - -f same in A, B, G] 

_J_ [3 + 8c* — 8c* (a* -h ¥) +2a^¥ + same in A, B, C] 

+ 02 ra .8 [2 •+ -h -B'* + o*) (a* + 5* 4- c*) 

— 5(7* (a* -f 6“) - 5c* (A* + B*) + 5 a*c*] 

[16c« ~ 5 (a« 4- fc'O - 24c" (a* + 6=*) + 18c* (a" 4 - b*) 

2*.8.7r^'- 

— 3a*6* (a* 4- h^) + 120*6*0* 4 - same in A, J?, d] 

4- ^ ^ , [- A" (5a* 6* - 6c*) - B* (o* -h 56* - 6c*) 

— 8(7" (a* 4- 5“ — 2c*) 4- 4B*(7* (o* -t- 36® - 4c*) 

4- 4(7* A* (3a* 4- 6" - 4c*) - 2A*-B* (a* + 6* -f 2c*) 

4- same with small and large letters interchanged]| 

..,...(15) 


* The fact that capital jS is nearly the Bame as B must be pardoned; it pannot, I think, cause 
any confusion. 


n. III. 


30 
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§ 8. Memadning Terms in the Eoopression for the Lost Energy. 

If e be the mass of an ellipsoid of semi-axes ct, 6, o, the lost energy of its 
concentration is 


where 


(ee) — 



du 

(u -f (u 4- (u -f- 


In the present case 

where 
Thus 


By symmetry 
where 
and 


" = tT\ 

2 r dv 


Vo 


- iy/2 (i;2 _ 
1 1 


K sin 7 sin 




i (««) = ^ o~+xy 

1 




(1 + \y 






_2 r 


dN 


No - lyi^ (N^ - 1 jK^y'^ 

1 1 


No 


K sin r sin B 


(16) 

(17) 


The lost energy (ISi) is the potential of a particle S, equal in mass to E 
placed at the centre of E, with the omission of terms of the second order of 
harmonics, multiplied by the density of the layer I and integrated over the 
surface of e. This is the same as the potential of the layer I, with the 
omission of harmonic terms of the second order (and there are none such) at 
the centre of E multiplied by the mass of E. 

A typical term in the surface density representing the layer I is, say, 

The external potential corresponding to such a term, at the point v, /u, cp^ 
is by (51) of “ Harmonics,” 

I j^)//«ai“(^) w (n)^3i' (m) 


The co-ordinates of the centre of are v = ^ , fjb = l, ^ = ^tt ; and the 
mass of E is |7rpa®/(l -h X). 
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Hence the contribution to (ISx) corresponding to this term is 


I j W*) (./„) W (1) (i^) 

Now <33 ^/ (-Itt) vanishes for all harmonics except cosine-harmonics of 

even rank. Therefore 


(IS,-) = I -Zffm (rjk) W (r.) IPi* (1) 


iUr\ 

I c,. (4^’ 


^ even 
U' odd 


(18) 


the summation being for all values of i greater than 2, and for all even 
values of s. 


The lost energy {Ls-^ is expressible by the similar function for the other 
ellipsoid, hub I have not adopted a specific notation for the ellipsoidal har- 
monics for the ellipsoid E, and therefore cannot write down the result. 

The lost energy [e + 1S3 -h (y® •+• z^)'] I is the potential of the ellipsoid e, 
together with the potential of S in as far as it involves harmonics of the 
second order, and a rotation potential, multiplied by the density of the layer 
I, and integrated over the surface of e. That is to say it is the potential of 
gravity on the ellipsoid e integrated throughout the layer I, which it is not 
permissible to regard as surface density. 

If the thickness of the layer be and if be a slice of that part of the 
layer which is erected normally on an element dar of the surface e, then 
pd^dcr is an element of mass of the layer. The potential of gravity is — y?. 
Hence the lost energy is 

— P g^d^dcr = — da- 

Accordingly the lost energy is equal and opposite to the work done in raising 
the layer, considered as surface density, through half its thickness, against 
gravity. 

We may take as a typical term 

W (<^>) 


and we have shown in (13) that 


3 . , 


^ 3X?^ cos“ 


3 (3 +• /c“) 5(5-1- 2/c® 


14«® 




56/c* 




It should be noted that this expression for gravity takes no account of the 
change in the ellipticity of e which is due to the fact that E is an ellipsoid 
and not a sphere. The error introduced thus is however outside the limits of 
accuracy which have been adopted. 


Accordingly this portion of the lost energy is 


^ |7rp®a8 [Ay + series} j [^i» (/x> OD/ {<f>)Jpd(r 


30—2 



final expeession fob the lost enebgy. [ 15 , § 9 

Now in § 5 we defined 

Hence : , . r .. . • 

[e + ^2 4 - ico^ (y 2 + ^^)] ^ (t 7 rioas )3 ^ 2 z 4 ^ 

i •■ :' /.j ■■"■y' ; ■ ■ ■ ^ • ^- ,.....(19)'\; 

the summation heing for all harmonics. 

In determining the lost energy ^{IV) we may treat the layer as surface 
density. A typical term in the surface density is (/u) <2D/ (<^), and the 

surface value of its potential is 

k "fl,. (*^o) (l^o) ^/ (m) 

Then, since (I'o) (vo) 

a typical term of (11) is , 

^ , j|rqy^ ( (/i) 

Thus i (il) — 7 " C^'Trosi^')^ s 

tv / 2 &'-^ ^ ^ ( 1 +X) 2 ^ .......... 

the summation being made for all harmonics. 

The value of (LL) may be written down by symmetry. 


(20) 


§ 9. Final Expression for the Lost Energy of the System. 

We have F = (eE)^ 4- (vv) 4- ( FF) F (eE\ 

The several parts are to he collected from (14) or (15); (16), (17), (18), 
(10), (20), and we have 

(eE\ = i^TTpaP)- 


(1 + T 


(TO) = (t,rpa»)» ^^ H- I Crfk) (v.)Pi-(l) 


+ ^cos»y r 3(3 +«-) ^ 

k 2t F 1 1_ 3Ar®sin^;5v 14«^ . 


(i > 2, s even) 


4 - 


5 (5 4 - K^) k^'\ 

56/c^ 

( FF) = symmetrical expression with 1 /A m place of X, 


(all harmonics) | 
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+ 


2«.5.7r° 


\ 


® +4 + 3 


+ 2« . 5V“ («’K’ K» ■'■ /£“'^® 


+ 


4" 


22 , 52^5 

__ I 

2^1;. 7r^ 

2^. 5 .Ir' 
+ 


(|i + 1 + 1 + ® ^ ^ (k‘ "*■ IP + Ki ^ ® 

L A + 5^ 

'2 ^ ) 

l^rrJ 5 . 1 . _A_ + 1 + i -f 5 ]]] (21) 

k^K. ^ /c^ ^ /c“ K=> ; J j 





I 10. Determination of the FOrms of the FlUpsotds. 

We have obtained in the last section the expression for V, the lost energy 
of the system. 

The harmonic deformations of the ellipsoids being of orders higher than 
the second do not enter into the moment of inertia to the order of ap.proxi- 
mation adopted. Henoo the moment of inertia about the axis of rotation 
which pass^ through the centre of inertia of the system, and is parallel 
the a, and A axes of the ellipsoids, is given by 

s *1 

/=|wpa»j^ij-~(h»+oO + *iqr^(-^''+'^’“)+ (TT^J 

If / denotes any one of the parameters by which the system is defined, 
the condition that the figures shall be in eipuilibrium is 

aF^i . 

The parameters defining the system may he taken » r, the distance 

between the two centres, cos^, cos ^ fT 

COS B for tbe larger OBe. Besides these we have the coefhcients , t 

harmonic inequalities of order i and rank s on the two ellipsoids. 

For convenience write 

. . a=cos7, h=cos^ 

These letters are chosen on account of the association of cost,, cos /3 with 
the semi-axes a, h of the smaller ellipsoid s. It is unnecessary to adopt a 
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corresponding notation for the ellipsoid E, because, when the problem is 
solved as regards e, it affords the solution for E by symmetry. 

^ cos /S cos 7 cosec^ /3 = -|- \) 

a u+x; 


we have 
Hence 


(at)i/8 


a _ ^ cos 7 
a a sin 0 


-(dd 


1/3 0^2/3 5 ^ ^ 

~ U + xJ 


k 


Therefore 


a a sin ^ 


b*''® ’ a a sin ^ 


=-(~T 

u+x/ 


(ab)^/» 


3 ^ = 2 — — 
a a b ' 


^dh 


Therefore 


at’ 


. do 


da cZb 

a ""F 


da da db 


°ao’ at 


....( 23 ) 


These enable us to differentiate, with respect to a, b, functions expressed 
n terms of a, b, c; the parameters r,/f always occur explicitly. 

The equation of condition for the parameter r is 


dr ‘ S '- ^ 

On diffoiroiitiQjIjiD.g* ^22^ wb 1i8»v0 

l?_4 „3 

dr 


5Z = |7rpa^ 


(1 -f-X)^ 

defined ^ separately its several portions as 

How 


12 ^2 


- a; 

9 

- §? («*) = (tvr,a3). j_ 1 2// W (r.) W ( 1 ) et , I; <®d g) 

(i > 2, 5 even) 




9 ^ ^ COS 27 r 

2tH-l sin^/SL^ 


+ 


+ 


5 (3 Hh Jc^ 

r*^ 

■5 (5 + 2/c^ + /c^) ^ 


56/c^ 


9r ^ sy^^oaetrical expression for larger ellipsoid. 


~i"- (all harmonics )| 
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+ l)+^2 

3 


K* 


+ 1 


+ 2r.Tr« (I + I + ® ) + ^ (b 

2-4:^ (? 


IC. + I5+®) 


4" 

+ 

+ 


?_ -L A _i_ ii- 4- 3 


2^ 3r8 
9 

24/5^ 


(?+l I + ®) + 






^ 4_ _L + _A_ + J- -t- -i 4- 5 


k^K? 


) 


+ (1J74 + ]^ ■+ /c^K® /c® K® ^)]} 


The sum of these last four expressions is equal to -dV/dr, and therefore 
equal to ^co^dJldr. 

Now let = Iwpa^ (1 4- 

so that ^ represents the correction to Keplers law of periodic timeK. o 
account of the ellipticities of the two bodies. Then we have 


3_ 

^ ror*-' 




66r* L \/c‘ 


L+ 3 


+ ^(r*+®+*)] 


4- 






1 

48r« 




3 . 3^. 

_| _| ;; 4- 0 


/ic“ ‘ 




5 


3 


K® K?* ^ 


80r“ 




5 a. 1-4. 1- -t- ^ 


L 4- i_ -f 5 

.•® ^ /C*-* J 


- 1 2 (j^o) (1) (i^) dr ^ 

(all harmonics)... (24) 


„ 7c® ^ cos® 7 

+^-zr2^~2rTT sm®y3 


5 (3 4- «“) A? 
^ 'l4/c®‘“ r® 


When OBt.* (r/7c) is developed in powers of 1/r, its first term is one in 

r-«+»; hence r" ~ <®i* begins -with r-'. Now // will be determined from 

terms’in the potential of the ellipsoid S_of the fth order of bermonios and 

■will therefore involve Therefore in the series contained i 

Tel bnT l of r each term is of order r-—-'. Since the lowest value of r 
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is 3, the term of lowest order in this series is one in r~'^, and as I shall not 
attempt to evaluate ^'heyond r“® the whole of. this series is negligible. 

Again, since is of order and since r~“ occurs as a factor, each 

term is of order Thus the lowest term is of order and is 

negligible*. 

It follows that the only sensible part of ^ arises from the portion of V 
denoted {ejE \ , and the last two terms of (24> may he erased. 

We next consider the parameter _/i®, and, since / does not involve it, the 
equation reduces to 0 or, since Y only contains in the part 

denoted (vv), it becomes 9 {vv)jdf'^ == 0. 

This gives, for f > 2, 5 even 


"t 1) 




W-Ai' 


t&f (r/h) W M ^3.-“ (1) CC/ (iw) 

A1_-^ Ft I 3 (3 + «’*) , 

3Xr> sin® /3 I 14«> ' 


-]( 


(25) 


Since this formula contains X in the denominator, it would appear at first 
sight as if became infinite when 7i = 0. But this is not so, because when 
(rjk) is developed the first term of the series is one in ] no-w 

X . 

^ a® sin® sec jd sec 7, and therefore the formula for // involves the 

factor - - j . — or " j . j--— — . We see then that fi vanishes 

both when X = 0 and X = oo . 


This factor is a maximum when X = |■(^ — 2). Therefore we should expect, 
cmteris jaarihi/^, the third harmonics to be most important when X == ^, the 
fourth when X =§, the fifth when X= 1, and the higher harmonics when X is 
greater than unity. This prevision is partially fulfilled by the numerical 
results given below, but it was not to be expected that it should be exactly 
so, because the other conditions are not exactly the same -in the solutions for 
various values of X. 


The formula shows, as stated above, that/1® is of order The series 

in the denominator affects the result but slightly and might be omitted, 
except, perhaps, in the case of the third zonal harmonic. Tor all harmonics 
other than cosine-harmonics of even rank/v® is zero. 

It is now possible to eliminate from (w) by substituting for it its value. 
These terms in {m) become, in this way, equal to 


(f7rpa®)2 


X 

(1 + Xf 



* It is proper to remark that the terms retained in f are really of higher orders than they 
appear to he. I recur to the neglected portions of f hereafter in § 23. , 
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When * = 3, this term is of order r~®, and is negligible ; hence we need no 
longer pay any attention to the inequalities on the ellipsoid.. However, the 
formula (26) is important as rendering it possible to evaluate the inequalities. 

Since for all inequalities, excepting cosine-harmonics of even rank, only 
occurs in the energy function as a square, it is in these cases a principal 
coordinate, and — Ai^ — series) is a coefficient of stability. 

But the like is not true for the cosine-harmonics of even rank, because, 
when we consider, for example, the harmonics of the third order, we see that 
d^V/df^^dr is of the fifth order and — 9, 2 ) are of the 

fourth order. ■ . , 

It is clear that the inequalities on the ellipsoid B are determinable by 
symmetrica! formuloe. 

We must now turn to the equations of equilibrium for the parameters a 
and b. Since differentiation with respect to these parameters is effected 
most conveniently by means of the formulae (23), the portion V called {eE\ 
should be written in the form (15). After effecting the differentiations it is, 
however, best to revert to the notation involving k, k, y, K, T ; but as an 
exception to the general rule as to notation, it is most convenient to retain 
the differentials of /c® (1 -f- 1 /«'^) and of -f in the forms involving a, b, c. 
As the algebraic processes involved are rather long, I simply give the results, 


as follows : — 

3a^(6’ + ‘’=) = -2(i'''‘ + c») (i) 

3h 4 {b‘ + o’) = 2 (2i= - c*) 

3a jg7<?(^ + l)=2(5'‘-2a«- 2o») (ii) 

3b ^ (i + 1 ) = 2 (a« - 2o») (u)' 


The remaining results are expressed in terms of k, fc, 7 , &c, 

4/c“ 

U "-t \ — 


sill''* 7 “ '^^'0 sin! 7 ] (iii) 


3b 


3b 


A 

dh 

d 

dn 

A 

dh 


same 


4/c* 
sin‘^ 7 


[- 3 + 1) + ( 6 /c-‘ + - 3) sin“ 7 ] (hi)' 


8 a 4 *”f 4 + ® + 4+5 

wct ^ 


QJd' 


sin® 7 


sin® 7 


2 — [■“ d- d- K*} 


■ - 1 - (10 4 - 3/e® +• O/c^ - 5 /c'') sin® 7 ] . . .(iv) 
[- 3 (S/c" + 2 /c® + 1 ) 

-f (10/c® -I- 3/c* + Ok^ - 5) sin® 7 ] . . .(iv) 


same 
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^ ^ ^ ~ -aTr2o,-,,2 .. L— + 


sh 


da 

d 

db 


same 




/c® K® sill® y 


/c® K® sin® y 


2 2 1 

+ ^r-o +-^+5 


K®)(3-2sin®y) 


— «® (1 + 3K®) sin® 7] . . .(v) 

[- (3K® + 1) (3 - 2/c® sin® 7) 

-(K® + 3) sin®7]...(vy 


-®K® K® /c® 

4- same with small and large interchanged | 


J 


a:®K^ sin^7 2 -«"(!+ 2K®+ SK^ sin®7] 


+ ::j 


«'*K® sin® 7 


[— 3 (5 + «®) 4- (10 4- /c® — /c^) sin® 7 

— K® {3 (1 4- /c®) — (2 4- VC® - 5«0 sin® 7}] . . .(vi) 


3h 


d 

M 


same 
2 A;®i^ 


[- (5 4- 2K® 4- K^) sin® 7 _ (H- 2K® 4- 5K") (3 - 2«® sin® 7)] 


«® sin® 7 

+ 7 ^ ■*“ + «" - 5) sin® 7 

- K® {3 (5jc® 4- 1) - (10/c^ 4- VC®- 1) sin® 7}] . . .(viy 

On picking out the numerical coefficients of the several terms in (^eJS)^ as 
given in (14) or (15), we see that 

Az-fP) I 3(iii) 3 (y) 1 (iv ) ^(vi) 1 

da^ ^ (1 4- X)® |2.5r® 2®. 5 .7r® 2®. 5®r® 2^.3. 7r^ 2^ 5 . 7r’| 

d 


Sb^(eE\= .. 

Observe that 
3 




(iiy 

ib® 


/c® sin® 7 sin® /3 

■ 5 .. MU J, /•••\ 3 /c®sin®7/ \ 

2®777^ ^r~ (ill) + 2®.5r® ~¥~ 

(iii)' 


•••• (iii)' (vy 

= c®, and write 


(ivy. 


.(viy 


5 /c®sin®7 
2 ^ 3 . 7 r^ A;® 


(iv)H- 


9 a:® sin® 7 


2 ^ 7 r^ /c® 


(vy 


(ivy, 


(vi) 

(Vi)'; 


Then we have 


.(27) 




da 

d 


(1 4 X)® 




2a® -2c®) 4 


5, ,3- 


3fa ^ (c^y = (iTrpa®)® (a®- 26® - 2c®) 4 ~ . <rc® 


-...( 28 ) 
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The terms in V denoted (e£J\ and (W') do not contain a, h, c, and their 
differentials with respect to a, b are zero ; also, after omission of the terms in 
ff, (vv) is reduced to 

(vv) = (^7rpa®y ^ 

U 0 IICC 

8a (OT) = (l^paV [*>, (2a ^ - 6 ^ - o ^)] 


3b (v?;) = (i^rpa^y ^ 


(2b^~a^-c 




Now 


(1 +• X)' 


da doJi 


^ ^ = -I = - 1 

Since is homogeneous of degree — 1 in a., b, c, the sum of these three is 
equal to 1, so that 

Ai^ + 

Therefore 

8a ^ («) = - (1 • S 


3b ^ (vv) = - (tTTpa^y g (sa.* - ik^) 


.(29) 


On adding together (28) and (29), we find 

3a = (^^pay ^5^, [ - g (8A.> - + ^(b’- 2«‘ - 2-=“ + «“>] 


3b 


dV 




■>] 


By means of (i) and (i)' we find the differentials of the moment of inertia 
I : they are 

dl ~ ^ 


db 


3a 


3t>"= 


Then, since — ^Trpa® . 2/’®^^ 

j<»«b ^ = (f^paO’pT^^ • ^ (1 + ^ 



DETERMINATION OF THE ELDIPSOID. 


[15, §10 


"r Now the Equations for equilibrium, for the pararneters fIC arid b, are 

da 




da 


dh 


Therefore 

3X (3Ai^ -^k'yfr) -1- p [6" - 2c^ +- tc" - (i _}. a) (Ih- (b^ + o^)] = o' 


r 


h 


- 3X (3^1^ - ^Joyfr) -h - [a^ - h- 2c® + crc^ + (1 + X) (1 + (25® - c®)] = 0 

i , i ^ .'■ ■■,, "! 

i (' 


I 


(SO) 

Subtracting' the second of these from the first and dividinsr by 9X, we 
nave 

~ + ^M1 + (1 + O “ (r— o-)] (31) 

Since we may write — ^k^Jr in the form — (^^ — A/) - — Ad), the 

first of (30) in combination with (31) gives 

h 


Ad 


3Xr® 


[a® + 2c® + c® (1 4- X) (1 + r) - ic® (2t 4 o-)] . . .(32) 


Referring to the values of r and o- in (27), I find 
k^fc'^ 


- i (r - <t) = [2-3 (I + /c®) sin® y] 






[■^ (1 + «^) — (5 + 6 «® + 5/c'‘) sin® fy] 




+ TW [ 2 K'® cos® y - sin® 7 (1 + 3 K®)] ■ ■ 

-:■■■ jr^ ' ■ ■ ^ , ■■ ■ -- ^ 

+ :^4 I^K'® (1 -I- K®) cos® 7 /c'® sin® y (1 + 2 K® + 5K^)] ’ 

' ■ i- " ' k^K^ . -v • ' :■■' 

+ ^ ^^K"® ~ ■ '7 ■*' + 5/c®’K®)] 

- ^ (2t- + 0 -) = ^ [7 -H 5/c;® — (3 -f /c®) sin® 7 ] : ( ' : \ 

■>" FF [114 6/c® 4 ' 7/c* - (5 4 2«® 4 /c") sin® 7 ] 
+ ^ E*^ + 5 K® - (3 -+ K®) sin® 7 ] ' ' 

^ — (5 4 2K® 4 K^) sin® 7 ] 

■1 ^ r*/i:®^® ^ +-3K® 4 7 /c®K® — (5 4«®4K^4/c® K®) sin® 7 ] 

(^33) 
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Tr, «n the cases whicti we sKall have to consider the Erst- of these 
expressions , i« small compared with the second, because ^nearly actual 

to^unity and k' small, and because cos'* -y is also rather Sma . 

Now let e = - 4 (r-<r) + ?a +X) 00 S*^y 

^ (2t Cr) + ^(1 J\ 

Then, knee a = c cos 7. t> = o cos 0 . the equations (s'l j and ( 32 ) become 

kc^ 

I r%r\C 3 ^ rM — a. I’.i i?H“ jlj — r* c / i 

.( 34 ) 




Ax^ 


SAr'-* 

kc^ 


7 (cos^'7 4 - A cos® /3 4 - 


.(33 Us) 


^ _ A 1 = — (3 + A + cos® 7 + '»?) 

3Ar®^ . 

Eliminating : 

_ A.i) (cos* 7 + X cos* ^ + e) = m - Ai') (3 + ^ + <=«s* 7 + *))•• -( 35 ) 

This is.the equation to he satisfied by the ^ 

treat e and 1, as hero, it is the same as that found by Koohe . . ■ _ ^ ■ , 


- The form ot thi. equation i« eo VnUke' Eoehe-e, that it maybe worth while to prore the 
identity of the two. 

Eoche writes his eiiuations in the form 


St (t^8) /■" 

^<3 + A) t Xs j Q 


ti du 


= «(!--«) r 

' X j 


'll du 


t (1 - Ji 


(iT«dRr+w) R ■ *+^ /o 


u du 


whL B»=(l+l)’ll + -) ( 1 +*“). ' 

and t the square of the ratio of the least to the mean axis. 

„‘Z 0-2 cos® 7 

.r=r 

In my notation 


^ ooB^ 'y, ^ 1^2 cos‘^ jS 


It we writ. = change the iudepenaeut variable iron, a to we hud 

2 coa3 /3 p ^ dip 

Roche’s first integral = ' A* 

' /3 r Bin® xp (sin^ Y- siB®!/^) 

503 7 J 0 


second , , 
third , , 


2 eos 


' sin^* y cos 


2 cob 3 |3 P sin® yp ( 8 i».®_X_- 
0 co 8 ®^A® 


where A2=l - k® sin® i/'. 
The coefficieiats are 


at (t-«) „ cos'* y sin® ^ 

^TWf^lCs “ cqi® iS [(3 X) - X cos® /3] 

8 (1 - «) _ Bin® y cos® y 

5:^3+X “ 3-l-X?cos®y 

• i t(l-t) _ 

■ ’’ ’ ”t + X~ ” cos® P (cos'® y + x cos® ■ 

Then Roche’s equations are equivalent to ' • ' o;iq of tRI 

let ot (i) X lei ot (B) =2na of (A.) x 2na of (B) =3rd of - (A) X 3.3 (B). 


...(A) 


.(B) 
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EXPBESSIOIT IN TERMS OP ELLIPTIC INTEGBALS. 


[15, § 10 


It is possible to express this equation in terms of elliptic integrals and to 
use Legendre’s tables for finding the solution, but the method is very tedious, 
and after finding a few solutions in that way I abandoned it. It may, how- 
ever, be worth while to mention that 


a:; 


1 A 1 /c r 2 . _ COS^ /3 2 cos® ^ rp 


where i?’ = f — ^7 ■ . , \ > £!= [^ V(1 — si*i® 4^) <^'4' 

jo V(1 — Jo T/ T 

When the forms of the ellipsoids have been determined, the radius vector 
becomes determinable from either of the equations (34). 

The conditions that the internal potential of an ellipsoid satisfies Poisson’s 
equation and that a/t is homogeneous in a, b, c of degree — 1, give the two 
following equations : — 

a® 5® c® abo ~~ 

Ai^ -4* ^1®- -p — ^k‘\p' = 0 


But the two equations are not independent, and I will only pursue the consideration of the 
form involving the 2nd and 3rd of (A) aud (B). 

RinS ^ (sin® y — sin® _ sin® xp 


Now 


„ tan® \f/ 

— ^ — cos® 7 — T— i- 

cos® \f> A A A 

sin® \p (sin® 7 — siu® _ cos® jS sin® xj/ cos ® 7 tan® xp 


cos® xp A® 


A® 


,r '2 


and I have proved in (25) of the “ Pear-shaped figure, &c.” that 


*■ = w*®' =ii^ / 


sin^ \f/ 


d-ip 


Aii = Piiaii = 


K cos^ y fy tan^ \[/ 


f 


A 


dp 


sin2 7 

f?r 1 lym 1 ^ ^<=>^2 B fy sin2 p 

«l'=IJl'©ll = -g55Y j ^ -3/ df 

2 cos B 

Therefore Roche’s second integral is equal to ^i^xSy qqq y and his third integral 

is equal to ^ — - (®i^- Aii). 

K/C ® Sin^-y cos 7 ^ J. r. / 

Using these transformations of the second and third of (A), and dropping redundant factors, 
we get 

(cos® 7 -f \ cos® /3) (^1 - Aj.1) = (3 -f- A -f- oos® 7 ) - Aji) 

This agrees witli the result in the text when e and ij are neglected. 
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Our two equations for 1/r® may be written 
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Ax^ - 


A? 


k 

k 

3X^ + X) c- + a® + d^ij] = 0 


These four equations afford a determinant by which Aih may be 

eliminated. On reduction we find 


1 

_ 


if- 


S/dbc 


l/g^ 4- 1/6^ + 1/c^ 


3c“ - + X (b^ + c^) + cH^ + e) - + ^ + ^ + 

2F 


On putting a = c cos 7, 6 = c cos j3, and noting that T|r = — — and that 


1 4-X 


csm7 


c® cos 7 cos ^ = a®, I find that 


a' 


2F cot 7 COSTS' 


1 + sec® 7 + sec® y9 


r' 3 — co s®7 + X(1 + cos®^) 

1 + X 


1 + sec® 7 + sec® /3 


+ S 


.(36)« 


* It is by no means obvious how this formula is consistent with results which we know by 
other moans to bo true. In the case when \=qo we have a liquid planet rotating with the same 
angular velocity as an infinitely small satellite revolving in a circular orbit in its equator. 

Let us first consider the value of f. In the present case the semi-axes A, B, C pertain to the 
infinitely small satellite, and are therefore negligible compared with terms in a, b, e. Since the 
axis denoted by c is that coincident with the satellite’s radius vector, and since the equatorial 
plant! of the planet must have a circular section, we have c = b. 

But since b = c cos (3, it follows that /3=0 or k sin7=0. Now 7 does not vanish for a=ccos7, 
and a, is the i)olar semi-radius of the planet; therefore /c=0. 

If wo consider the formula (24) for f, expressing, however, the several terms in the form of (15), 
we see that for X=oo 

f=lfc “’j+s-fc • * ('*- 5 


whence 



sin® 7 -t- 


56r^ 


sin^ 7 -f- 


5c® 

48r^ 


sin® 7... 


(a) 


The factor of correction to Kepler’s law of periodic times for a small satellite revolving about 
an oblate planet, whose equatorial radius is c and whose eccentricity of figure is sin 7, is l + f", 
where is expressed by the above series (a). 

Now considering the formula (33 bis), we see that for X=oo and ^=0 


The meantaR of 5 in (86) mil be found in the feet line of p, 480, and we have 


1 

1 '4* X 


r 3 ( 7 , + e 8 ec 2 ^) I 

® “ i + sec® ^ + sec® 7 J 3 -(-tan 27 J 3 -i-tan ®7 
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where 


1 r 3 (77 + € sec® l3) 

1+ sec® 7 + sec® /3 


However, this is not practically the most convenient form from which to 
compute the distance between the two ellipsoids. 


§ 11. Solution of the Equations. 

In all the ellipsoids of which we shall have to find the axes, it happens 
that /c'® tan® y is fairly small compared with unity. Hence it is possible to 
expand in powers of that quantity. 


When K=0, the elliptic integral F is equal to y > thus (36) becomes 

a3 f []27C0t7 - 

” 2 6 2^ tan^^ y 

5 ,3 + tan2 y ^ 8 H-tan^ y 

From this we easily obtain 

2 3 

S (1 + f) ^ = COt3 y [y (3 + tan2 y ) - 3 tan y] 

This is the i?irell-known formula for the angular velocity of Maclaurin’s ellipsoid* 

It should be remarked that (35) is identically satisfied by X=:oo , ac = 0, for when we use the 
above values of e and, 77, the equation becomes divisible by Id-f. 

Since f is a symmetrical, function of a, 6, c and .4, C, it follows that f is the same in form 
for X. and for 1/X. Therefore when we consider the case of X=:0, the formula (a) gives the required 
result, but c and 7 refer to the large body which is throughout most of this paper indicated by 
capital letters. 

Thus for \=0, J sm2r + ^ sinS r)^ + :^ (~ sm2 r)*... 

_ 3 ?!? . 9 a4/^sin2r\2^ ^ a6Ysin2r\3 

< r2 cos2/3r'^^'® r* Vcos2/3r/ r6 Vcos2/3r J ■■■ 

In the case of X = 0, ft vanishes; ft(^also vanishes and so also does the angle B. Hence we have 

€ = fcos2/3, 

With these values, equation (35) becomes 

- Aji) [cos2 y q- (X f) oos2 /3] = (^i^ - Ail) [3 H- (\ -t- f) COa2 y] 

Hence f plays the part of an augmentation to 
With X = 0 the equation assumes the form 

C^l - All) (C0s2 y 4- ^ COs2 ^) = (^j^l — Ajl) (3 + COs2 y) (ft) 

It follows therefore that an infinitesimal satellite revolving about an oblate planet, whose 
rotation is the same as the revolutiori of the satellite, is very nearly identical in form with a 
small but finite satellite whose mass is a fraction of & spherical planet expressed by This 
curious conclusion follows from the fact that if we take equation (35) and put e and rt zero 
(which corresponds to a spherical planet and small satellite) , we get exactly the equation (&) just 
found, only with X in place of 
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We have 

and 


EXPBESSIOlil FOR THE INTEGRALS IN SERIES. 

^2 — 1 — sin® 7 = cos® 7 (1 4 - k'^ tan® 7) 

1 == - L- ri - i yc'® tan® y + ic'^ tan" y- 

A cos 7 ^ 2 2.4 

^ __1_ ri - 1 /c'® tan® y -1- k!^ tan" 7 - . ..] 
cos® y Z z . ^ 
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1 

A® 


Now from ( 25 ) of the '‘Pear-shaped Figure, 


K cos® yQ fy sin® 7 


dy 


sin® 7)0 A ^ sin® 7 Jo A sm-yJo 

When the A’s under the integral signs are expanded, all the terms of the 
sei'ies involve integrals ot one of two types. If we write 


the types are 

fy sin®”- 7 , 

I __ L- c^ry = Sin y 

Jo cos®”~^7 


^ 1 , 1 + sin 7 

n = loge 

sin 7 cos 7 


2 n — 1 


2^ “ (Sn -'2K2ir-T) 


- tan®’’' " 7 + . - 


* <-)• S;;: 2 - *’] 

r <J 7 = «in ■y [|- tan- 7 - -srpl"- 2) "" 

- tan®’*'"" 7 — . . 


-f 


2'a — 1 


2 n’( 2 n- 2 ){ 2 n- 4 i) 


tarf 7 

^ ^ 2'ii (2n — 2) ... 2 


(’2u — 1) ... 3 

Vi+i ... '' - — A — 


/ _ \n+i r 

t ^ 2^ (2w ~ 2) 


:^(a-l) 


As it is not quite obvious what interpretation is to be pot on ^ 

formal* for the smaller values of n, ^ 4(0 - 1 )]', 

speotively, the first integral is sin 7 ; sin 7 (fl 1) , sin 7 [i . > 7 i 

and the second is sin 7X1 i 7 [i tatf 7 - i - OI ■ 

1- tan® 7 4- (fl - !)]• vtilu.es of ri< the mteiprctation 


4 .2 
obvious 


If we use these integrals and write 

(gjji — Ai^) = {cTa — 4- O’.iK^ — cr;,/c'® . . .] 

/c ^ 

— Ai") = To — Ti/C^® 4 - T 2« " Tg/c ® . . . 


...( 37 ) 


31 


D. III. 
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SOLUTION OF THE EQUATIONS. 


[15, I 11 


we find 

<^o == i [2 tan^ 7 + 3 — (3 + sin.® 7) O] 

<^1 = [■! 7 — § tan® 7 — 5 + (5 + sin® 7) H] 

*^2 ~ T 0 s IF [^F 7 ■§■ tan* 7 1” 4 ^ ta.!!® 7 "t — CiT ■+■ sin® 7) 

^8 = [ft tan® 7 — tan® 7 + ff tan* 7 — 4 tan® 7 — 9 + (9 4- sin® 7) H] 

'’■0 = i [— 3 H- (3 — sin® 7 ) O] 

Ti = -^ [|- tan® 7 H- 6 — (5 — sin® 7) H] 

'^2 — [iV tan* 7 — ^ tan® 7 — 7 + (7 — sin® 7) £1] 

’’"s ~ [life tan® 7 — •]fe tan* 7-4-2 tan® 7 -4- 9 — (9 — sin® 7) £1] 

■^4 = [#i^ tan® 7 - tan® 7 4- f tan* 7 - 1 tan® 7 - 11 

4 - ( 11 -sin® 7)0] ( 38 ) 

It would not be difficult to find the general expressions for these functions, 
but it does not seem worth while to do so. 

The equation (35) for determining the form of the ellipsoid involves the 
factor cos® 7 4- A- cos® yS 4- e ; if we write 

(1 4- X) cos® 7 -+- e 

this factor may be written in the form [(1 4-X) cos® 7 + e] [1 4- if/c'®]. Hence 
the equation ( 35 ) may be written 

[to - Ti/c'® 4- Ta/c'* — Tj a:'® . . .] [(1 4 * X) COS® 7 4. e] [1 4- df/c'®] 

= a: ® [cTo— cTi/c'® H- — a^ic ^ . ..] [3 4 - X 4- cos® 7 4- '»;] 

If now we put 


Uo = 


tJ’o 


Vi 


^0 '^0 (To To CTq ® cTq To 

Hence our equation may be written 

rz-t . •>. N ft ^ -| 


Vq [(1 4- X) cos® 7 4-6] ^., , 

3 4- X 4- cos® 7 4- + ^ 2 « 


Whence on writing 


j- 3 “h X 4" cos® 7 4 “ 2 / 

(1 4 - X) cos® 7 - 4 - e 


we have 


/c 


/2 


j g ’ ~ 

1 4- — V 2 ) — {Mv^ — t/g) a:'® ■ ■ . 

L[ Vq — J£ Vi 
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SOLUTION OF THE EQUATIONS. 
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The determinabion of L for given value of y involves that of 77 and e, and 
these can only be found from an approximate preliminary solution of the 
whole problem. But when L is known approximately, the solution of (39) 
is very simple, for we first neglect the terms in k'^ and /c'® on the right-hand 
side, and so determine a first approximation to /c'. As a fact I have not 
included the term in /c"'® in my computations, because it would not make so 
much as 1' difference in the value of cos~‘ k. 

For Roche’s problem when e and 77 are neglected the solution is very short, 
hub when these terms are included the computation is laborious. 

We now turn to the determination of the radius vector. 

We have — Ai^ = (3 4- X + cos*-^ y 


, 7c* cos ry COS X.a* , 

Since c* = -r-- „ and = . , we have 


sin* /3 


sin* J 3 IH- "X 
3Xr* ” 3 (1 + X) cos yS cos y ' 


K sm y a* 


Therefore 

K 


sin 7 


(to— +...) = 


K sm 7 


a 


3(1 + X) cos /3 cos 7 T 


(3 ■+• X -f cos® 74-7;) 


Whence 


a 

r 


™ = 3 (1 4- X) 


cos /3 cos 7 
sin* y 


3 4. \ 4.' cos* 7 + 77 


,...(40) 


Thus a table of values of to, Tj, Ts, enables us to compute 7’ for a given 
value of y, when k has been found. 


In the following tables the vs and r s were computed for the even degrees 
of 7 and interpolated for the odd degrees. These functions are found as the 
differences between large numbers, and therefore great care would be required 
to determine them with a very high degree of accuracy. The differences of 
the tabulated numbers do not run with perfect smoothness, showing that 
there are residual errors of one or two units in the last place of decimals. 
The accuracy is however amply sufficient for the end in view, and it would 
have been wasteful to spend more time over the computations. 


31—2 
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TABLE OF AUXILIARY FUNCTIONS. 


[15, 1 12 


Table of Auxiliary Functions. 


y 

Log Vo 


Log vi 

Log U 2 

Log Vs 

TO 

Logn 

L0gT2 

Logrg 

0 

30 

9-94493 

0-14279 1 

9-15470 

7-9576 

7-15 1 

0-010592 

6-85440 

5-9805 

5-222 

31 ' 

9-94085 

0-15461 

9-18925 

8-0264 

7-25 

0-012124 

6-94587 

6-1063 

5-378 

32 

9-93661 

0-16722 

9-22329 

8-0941 

7-36 

0-013824 

7-03507 

6-2288 

5-533 

33 

9-93222 

0-18065 

9-25684 

8-1607 

7-47 

0-015702 

7-12194 

6-3478 

5-685 

34 

9-92764 

0-19493 

9-28988 

8-2263 

7-58 

0-017774 

7-20666 

6-4639 

5-834 

35 

9-92286 

0-21006 

9-32234 

8-2906 

7-67 

0-020052 

7-28937 

6-5780 

5-979 

36 

9-91786 

0-22613 

9-35436 

8-3541 

7-76 

0-022554 

7 -37022 

6-6899 

6-122 

37 

9-91269 

0-24327 

9-38608 

8-4173 

7-87 

0-025294 

7-44939 

6-7994 

6-262 

38 

9-90731 

0-26150 

9-41747 

8-4800 

7-97 

0-028290 

7-52697 

6-9069 

6-400 

39 

9-90167 

0-28091 

9-44857 

8-5418 

8-06 

0-031559 

7-60306 

7-0127 

6-536 

40 

9-89578 

0-30160 

9-47943 

8-6031 

8-14 

0-035121 

7-67777 

7-1167 

6-669 

41 

9-88965 

0-32368 

9-51011 

8-6646 

8-23 

0-038994 

7-75120 

7-2192 

6-802 

42 

9-88327 

0-34724 

9-54063 

8-7259 

8-32 

0-043203 

7-82342 

7-3202 

6-932 

43 

9-87665 

0-37244 

9-57105 

8-7869 

8-42 

0-047768 

7-89452 

7-4200 

7-061 

44 

9-86974 

0-39937 

9-60138 

8-8476 

8-51 

0-052713 

7-96459 

7-5186 

7-189 

45 

9-86257 

0-42823 

9-63168 

8-9081 

8-60 

0-058064 

8-03371 

7-6162 

7-316 

46 

9-85509 

0-45917 

9-66197 

8-9685 

8-69 

0-063847 ' 

8-10195 

7-7128 

7-442 

47 

9-84729 

0-49239 

9-69231 

9-0290 

8-79 

0-070093 

8-16939 

7-8087 

7-667 

48 

9-83915 

0-52812 

9-72274 

9-0896 

8-87 

0-076830 

8-23608 

7-9036 

7-691 

49 

9-83069 

0-56656 

9-75325 

9-1505 

8-96 

0-084093 

8-30210 

7-9981 

7-814 

50 

9-82187 

0-60804 

9-78393 

9-2117 

9-05 

0-091916 

8-36752 

8-0920 

7-938 

61 

9-81263 

0-65278 

9-81477 

9-2733 

9-15 

0-100336 

8-43241 

8-1855 

8-061 

52 

9-80300 

0-70121 

9-84585 

9-3353 

9-24 

0-109394 

8-49682 

8-2786 

8-183 

53 

9-79298 

0-75372 

9-87721 

9-3976 

9-33 

0-119134 

8-56082 

8-3716 

8-306 

54 

9-78262 

0-81075 

9-90889 

9-4606 

9-43 

0-129601 

8-62447 

8 -4643 

8-429 

65 

9-77169 

0-87288 

9-94095 

9-5245 

9-52 

0-140846 

8-68785 

8-5570 

8-5.52 

66 

9 -76016 

0-94064 

9-97342 

9-5893 

9-62 

0-152919 

8-75103 

8-6500 

8-676 

57 

9-74819 

1 -01471 

’ -00634 

9-6550 

9-72 

0-165883 

8-81407 

8-7431 

8-801 

58 

9-73565 

1 -09590 

-03977 

9-7216 

9-82 

0-179801 

8-87703 

8-8367 

8-926 

59 

9-72252 

1-18517 

•07378 

9-7893 

9-92 

0-194740 

8-93999 

8-9306 

9-052 

60 

9-70874 

1-28362 

-10844 

9-8582 

•02 

0-210779 

9-00303 

9-0252 

9-179 

61 

9-69426 

1 -39268 

•14385 

9-9287 

•13 

0-227997 

9-06626 

9-1206 

9-308 

62 

9-67910 

1-51349 

•17998 

-0006 

•24 

0-246485 

9-12966 

9-2168 

9-439 

63 

9-66319 

1 -6480 

•21696 

•0743 

•36 

0-266343 

9-19331 

9-3140 

9-572 


§ 12. DeteTmination of the Form, of the Second Ellipsoid. 

The parameters F and K determine the form of the second ellipsoid in 
the same way that 7 and k determine the first. It is obvious that a/r is 
determinable in two ways, and therefore any given value of y must correspond 
to a certain definite value of F. The fitting together of the two solutions 
can only be effected with accuracy by interpolation, but it would be so 
enormously laborious to find by mere conjecture the region in which to begin 
calculating with assumed values of F, that an approximate solution of the 
problem becomes a practical necessity. 




THE FORM OF THE SECOND ELLIPSOID. 
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ViiriouB tricils I find, tliajl} on noglocting* e B/iid, 77 Rnd. writing 

— . sin^ y 

^ 7 (3 + X + cos^ y) 

the Bohition for k may he written approximately in the form 
, (1 + X) cos^ y . . 

“ = k + X + T, [1 - - 7X) X - an + 228X - 49X«) 

- -jV (7875 + 28185X- + 42333X-2 -■3773V) (41) 

If were added to the numerator of the factor outside the bracket, and rj 
to thtj denominator, this formula would give nearly as good results as the 
more accurate method of the ]ast section. 


Also I find 

a-"* _ I (1 4- \) cos /3 cos y sin‘-^ 7 


3 ^ “h COS'* 7 


(1 + ^ (5 + X) % "H (3055 +■ 1718x -4- 17 5 V) 


+ 


1 

2 "r3:ii 


(3533389 + 3222607X + 1021479V 4- 60025X0 + ...]...(42) 


In order to obtain the desired approximation, it is necessary to express 
a*/?”* by a series which can be inverted ; but this is not possible in the form 
just given, because cos/3 depends on k and therefore involves %- ^ then 

by means of the above series for k'^ that 

cos (B cos 7 = 1 — 1(7 4- X) % 4- g ~ 106X — 7X^) 

+ (253 + 753X - leOlX** - 49X0 . .. 


On introducing this in the above formula for a®/r*, I find 

"i =J/(H-X)%[l-(2-X)%-a09 + 67X + 0X»)x' 


y - (157712 + 261395X + 97656X»+ 1668X=) x*— ] 

jLt m tJ * J. X 


writing 


0L = ^. 


1 V 

1 4- Xr® 


and inverting the series we find 

^ ^ a + (2 - X) a® + (117 4- 59X + 2X0 



(306872 + 26997 5X + 5739X2 + 908XO a^- (4-3) 

3 • 1 


This series expresses a function of 7 in series proceeding by powers^ of 
a®//"’, and a similar series must also connect a function of F with the radius 
vector, so as to determine the figure of the second ellipsoid appropriately. 
This second series may be written down by symmetry. 


Since X must now be replaced by 1/X, the function corresponding to a is 


X sin2 r 


.,5^ 

m4- 


or Xa, and the function corresponding to % is if-^^3:jr^og2 p) x, + i] * 
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If then we write 


X = 


sin^ r 


7[(3 + cos^r)X-pl] 
the symmetrical series for the other ellipsoid is 
X = «+(2A-I)a=*+(117V+ 59X + 2)a^ 

1 




(306872X.® + 269975X=' + 5739X® + 908) 


2^3.11 

Now oL is easily computed for the first ellipsoid, and then. X is computed 
by the series. Thus we have 

sin^ r = 

^ XX + I 

We obtain in this way a fairly accurate value of T corresponding to the 
value of ly which determines the first ellipsoid. We can then compute TC 
by the method of the last section. We may thus obtain a good idea of the 
values of T and K with which it is necessary to work in order to obtain the 
final solution. 


§ 13. The Equilibrium of Two Ellipsoids joined by a Weightless Eipe. 

In I 3 the problem is considered of the equilibrium of two masses of 
liquid, each constrainedly spherical, when joined by a pipe without weight. 
It was shown that the condition determining the ratio of the masses for 
given radius vector is expressed by a certain equation which was written 
/(a/r) = 0. Further, it was proved that if/*(a/r) is positive the two spheres 
of liquid are too far apart to admit of junction, and if it is negative they are 
too near. Finally we found that all these solutions were unstable. 

The solutions for the two spheres showed them to be always very close 
together, and as all the solutions for two ellipsoids, when they are in limiting 
stability, made them much further apart than were the two spheres, it 
seemed somewhat improbable that two ellipsoids could be similarly joined 
by a pipe, and certain that they would be unstable if such junction were 
possible. Nevertheless, it seemed conceivable that the additional terms, 
which must appear in/(a/r) when the constraint to spherical form is removed, 
might alter the conditions so that the junction of ellipsoids by a pipe should 
become possible. It thus became expedient to solve a problem analogous to 
that of § 3 when the two masses of liquid are ellipsoidal. 

The conditions of equilibrium of two ellipsoids unjoined by a pipe are 
given in | 10, and the additional condition corresponding to junction by a 
pipe is 


dV 


dl 
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In the present investigation I shall neglect the higher ellipticities, denoted 
and F.f, and terms of higher order than those in 1/r®. 

With this degree of approximation we have 

\ . . 1 


T = (|7r/3a«)“ 




_(i +xyr'^ (1 + X)" (1 + xy 

where {eEy is given in (14) (with omission of terms in 1/r’'). 

[■“ dv 

and has a symmetrical form in and K. 

We have besides w" = f-n-p ^ (1 + ?)> where ^ is given in (24); and I is 
given in (22). 

The differentiation with respect to \ and the subsequent re-arrangement 
of the equation are rather tedious, and I will not gi™ the details of the 
operations. It may however he well to note that k, K, “e functions of 

and that 

dyfr 1 • ^ 

dX 3X (1 d- X) dX 3 (1+ X) 

a 


+ (eE), 


Also 


. 2 




148 — 20A— (19 — 15X)cos^ 7— (9— 25X) cos^^} 

20r® ^ 


I find finally that the equation of condition is / j - 0, where 
/.,s 1 j- V*' + X*'* a 8a(X'Jf — '!') 

G-) = ~ * (1 + x)-'» (i" + e - 

1 

“ (r+x)''” (1 - 

+ (20 - 4,8X - (15 - 19X) cos'^ r - (25 - 9X) oos*B} 

-f 20r* ^ 

, 1288 - 112X - (260 - 140X) cos^ 7- (204 - 196X) cos^*^ 

d- 5gQ^.n I 

+ (87 - 63X) cos^ 7 + (59 - 91^) ^ 

q. (30 - 70X) cos’* IB cos2 

. n 12 -288X-(140 - 260X) cos’* V - (196 - 2045^) cos^B 

4- (63 - 87X) cos^ r + (91 - 59X) cos^B 

^ -1- (70 - 30X) cos’* B cos” T] 

q. (40 (1 - X) - (18 - 22X) cos’* 7 - (22 - 18X) cos” T 

_ (14 - 26X) cos’* ^ - (26 - 14X) cos’* B 
25 (1 _ \) (cos” 7 cos” r 4- COS'* 13 cos B) 
q_ (7 - 3\) cos” 7 cos” B + (3 - 7X) cos” T cos” /3} J (44) 
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In this expression c and G are respectively the longest semi-axes of the 
two ellipsoids, which are pointed at one another. 

We may derive a/t and from Legendre’s tables of elliptic integrals for 




F («, y), = 


20 sin r 


F{K, r) 


c sin 7 

or we may expand the integrals in powers of tan^ 7 and obtain the approxi- 
mate formula 


>!/>= — [1 -t- (jQ — 1) (1 -+• -f- -h 7 (1 + • ■ •) 

0 

■+ 'Y (1 + • * •) — ^ tan® Y (.1 "t* • ■ • )3 • • -(45) 

where H = — losr- — — - . The formula for is of course symmetrical, 

sin y ° cos y 

It should be noted that when the two ellipsoids reduce to spheres, we 
have 

^ = ? = ^ = ?(n-x)./3 

^ c a a ^ 


Thus 




^ 1 -4 -4- X.^/® a a^ 

^ <1 + xy/3 (1 -1- X^l^) ^ 


This is the form obtained in the solution of the restricted problem of § 3. 


We conclude that ify(ayr), as expressed in (44), with values derived from 
any solution of the problem of the equilibrium of two ellipsoids unconnected 
by a pipe, is positive, the two figures are too far apart to admit of junction, 
and vice versA. I have in fact always found it positive, although always 
diminishing as r diminishes, so that junction would seem to be always im- 
possible, at least so long as the approximation retains any validity. This 
might indicate that there is no figure of equilibrium shaped like an hour- 
glass with a thin neck. However, I return to this subject in discussing 
numerical solutions, and in the summary of results. 


In the case where the two masses are equal, X = 1, and the above formula 
for /■(a/r) fails by becoming indeterminate. As this is a case of especial 
interest, it must be considered. 


Since the two shapes are now exactly alike, we may take k, y, /3, k to 
define either of them. 

"When X = 1, the first term of /(a/r) becomes - 

4 . r 

The second term becomes 

__ (X - 1 ) _ 3^^a (1 -[- 4- X^/^) _ 9^P'a 

2(1-4- X>/3 (x _ “ 2 (1 4- X)^/» (1 -f X^/^) ~ 4T^» 
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All the terms in 1 /r® are of one of the two forms 


F 


XG^' 


Now, 


a-' 


^ 2/3 


or 




a® 


Xc^ _ C‘2- 

1 - 




(cos /3 cos 7 )^^® (1 + ’ (cos B cos (1 4 - X)^^® 

In the limit = B, 7 = F, and X ~ 1 ; and we find that the first of these 
forms becomes -^Fc^ and the second — fG^c\ 

Again, of the terms in 1 those in c* and C* are of one of the two forms 


F 


XG*' 


X2/3 


or 




Xc* - 0^' 
1 - X--®/®' 


In the limit the first of these reduces to ~^F(f, and the second to — 

The last term in l/r® has a common factor 1 — X, when 7 = 1 ^, /3 — B, and 

1 - X 1 + X®/® -f- X“/® 3 




(1 + X)*/® (1 ~ X^/®) (1 -f xy/® (1 H- V/®) 2 . 2"/® 

By means of these transformations we find for X = 1 
3 


101/3 


~ I “ +■ (— ■ 74( 4 - 47 cos'® 7 + 67 cos® /3) 

+ (- 272 + 300 008^7 + 356 cos® J3 - 123 cos^y- 151 cob* j3 

— 1 1 0 cos'® /3 cos® 7 ) J . . . (46) 

If we put /3 = 7 = 0, and note that 0 becomes a/2^'®, this expression reduces 
as before to the correct form. 


I 14. Ellipsoidal Harmonic Eeformations of the Third Order. 


The two ellipsoids whose forms have been determined are subject to 
further deformation by harmonic inequalities. The expression for the 
ellipticity ff corresponding to all the cosine-harmonic functions for % greater 
than 2 and s even is given in (25), viz. : — 


/,« = -^.( 2 ^+l). 


(r//g) (vq) p,:® (1) gPj® (^tt) 


X'^, 




cos“ 7 f - 3 (3 + /c“) /c® 

^ “T 


...(47) 


3Xr® sin^ /3 |_ 14/c® r'^ 

I shall begin by considering the ellipticities f and /g'® corresponding to 
f = 3 and a = 0 , 2 . 


I define ( v) = v (a :® v — fO, (5 = 0, 2) (48) 

where g'*® = -f [1 + /e® + \/(l — with upper sign for s = 0 and lower for 

5 = 2 . 
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dv 


[16, §14 


[W I)''" !/'==)■'” 

Since v is always greater than unity, the function under the integral sign 
may be expanded in powers of Ijv, as in (7), (8), (9) of § 5, and the integration 
may then be effected. In this way I find 


i.* I ^ 2 . 9/c^P^ 

7 [9 (3x^ + 2/c^ -+ 3) H- 28g^ (k^ + 1) + 40g^] 


+ . . . 


...(49) 


8 .9.11/c^y^ 

In all the cases we have to consider is nearly unity and /c''^ is small. 
Then, since q^= } [4— 2/c'^ + ^/(l — 4/c'^)], and since the function under 
the square root may be expanded in powers of /e% we may obtain approximate 
expressions for in the two cases a = 0, 5 = 2. 

When s = 0, we have 

= I (1 — ^ • • •) 

When s = 2, f = 1 - i^c'^ + - • • 

If we substitute these values for in (49), and express the functions of 
therein in terms of we obtain the following results : — 

®=. (?) = 7^ |l + (1 +- + *«'* + A*'" . . .) ^ 

7.4 S 

+ If (1 -1- /c'2 + /c'*' 4- /c'« .j- 

(r) + f (1 + h • • •) ^ 

Shorter forms may be given to these by making the expansions run in 
powers of l/zcr^; we then have 


<Sl3 






aF ^2^4 


(r) ~ 7k^t^ 1 1 + i (1 + • • •) 






fcr- 


y ( 50 ) 


+ -ff (1 + O/c'^ 4- ■ . .) . . . I 


It will however suffice for our purposes to take 


T 


k 


-11 J 1 ja 

7«:V" 1 ^ ^ 


k^ 




u 


7 fC‘‘T^ 


1 + 


k^ 


iCT 


.} I 


(51) 
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The next task is to determine the product ^s® (vo) (1) Cs® 

(.9 = 0, 2). 

1 1 1 

The form of the ellipsoid is determined by vo, where i'o= 

If we write A;-' = 1 — sin^ 7 , with the definition of ^ 3 ® given above in 
(48), we have 



It will be remembered that q has a different value according as s = 0 or 2 . 

I now make the following definitions, 

W (y^) = “ 2 “)- ^*“ ^ “ *'* ~ 

so that W ( 1 ) C/ (W = a-H** - 9’) (53) 

it is easy to show that rigorously 

_ g‘i) = [1 _ /c'‘3 - k'^ + (1 -- V(1 - 

Whence approximately, with the upper sign for s — 0, 

(k“ - g=) = * (1 - + A*" + 0 /c'» . . .) (BO 

With the lower sign for s = 2, 

g'a _ ^a) = - (1 + Ok'^ - ^ • • •) 

Th<'. three brat expressions (53), (54), (55), give the two values of 
w! °“owT«m to the functions ®/. The general definition of | 6 

®.. = JlW (<“) (Wi"*”- 

i? jx, Kencc iu the cases under con- 

when‘. M was the mass of the ellipsoid. Hence in 

sificration _ . „ r, r / o\ 

. 0 = 0 , 2 ) 

■“ Wc'"' COS /3 cosy i „ 

Those integrals arc evaluated in (38) p. 411 of my paper on - Integrals , 

whence I find , ..n _ + (1 - + K«) D] 

, . n _ ja -«- + 4*'*), 

wlicilo JJ t vv 111 vYioni- nf D in nowers of k 

It will, however, suffice if w® ® below (38) in “ Integrals,” 

The result is, in fact, given m the equations next 

and they are _ 2 ,c'. + ^k'* ...) | (56) 
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From (53), (54), (55), and (56) we now find 


^3(l)Cs (^Tt) _ 1 - ^ ^ n ^'2 _ W4 


(1) Cs^ (^tt) , , 1 + Oa:'- - 

Thus from (51), (52), (57), we find 




/2 _ 3„'4 






(57) 


25V 


no- -I- 10 . 


Arr^y 


W58) 




5V 


4X sin® /9 


(n-'-'=-K‘)^(i + l^) 


By (47) /a® is equal to the above expressions divided by 


/c® cos® 7 


r s A 1 

' 3X.r®sin®y3 


1 + 


3 (3 + «®) 7c® 


14a:® r®‘* ^ 

It therefore remains to determine ^ 3 ® and 

By § 4 of “The Pear-shaped Figure” (p. 299 and (30) p. 301) we have 






^ (A F-— s') 

n® 7 U' a:® J 


sin® 7 

a:Ai* 
sin® 7 


— l 2q'* -f — 1 „ (4g^® - 1) A sin 7 cos 7 ' 

_2a® 2^ ~ 2A:®2^g''‘ Ai® 


where = f [1 + «^ +■ (1 — + a:^)^^®] 

with the upper sign for s — 0, and the lower for s = 2 . 


§ 15. The Values of for JSigher Harmonic Terms. 

For higher harmonic terms it is necessary to adopt the approximate forms 
of the functions investigated in “Harmonics.” The development is there 

carried out in powers of a parameter >9, which I will now write to avoid 

^ ....... 

confusion ; this parameter is equal to .. - --- , or to ^-zc''® -f ^ a'"* ... of the present 

y~ " 1 " fc 

paper. 

* [By a strange oversight I failed to rememher that I had evaluated these integrals rigorously, 
and proceeded to an approximate treatment. The rigorous results are now introduced.] 
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The functions are here defined by 

(v) = (v) 


dv 


l>ut in the notation of § 10 of “ Harmonics” this would be called (v)/Si*. 
Thus, if (z.')] denotes that function as defined in “ Harmonics,” we have 

We have for the {Approximate expression for 

The investigation on p. 228 of “ Harmonics ” shows that the leading term 




2^ ^ ! i + -*>' 1 
+ 1 1 


' ^ i4-.s + 21 

1 4- poqtt-‘i — 7 4- paqs+2 


it + ^ ! 


i+s\ 


^ + ^ — 4i! ^ ^ i + 5 + 

4- /3o^<?S-4 - ~ + ^o"9'«+4 


n 


i+sl ‘ ^ + s 

This has to be divided by (S/, the formula for which is given in 1 10 of 
“ Hartnonies,” and we thus obtain the leading term of (.v). 

For the second term it will suffice if we take /So zero, so that it is only 

A 

nect'SHiiry to consider Qi" (v), which is equal to {v^ —1) Qi(^)* 


so 


Qi 


2^4- II 


i4-2! 


v’'+i'^2.1H!(2;4-3)a'^+^ 


4" • 


},v ,liff,ir«r,ti,it,ion. and l>y expansion of (x^- 1)^“ in powers of l/v’ we obtain 


/^ / N / ,., 2 h'i!.'i 4 - 5 ! 

«i" (■')=(-) 2i H-Tri.<+i 


(i + 2) (i 4 - 1) 4 - s® 

2(2i+3)v^ 


Aeeordingly, in order to find the second term to the degree of approxt- 
u.atiuu adopted, it is merely noocssary.to multiply the leading term by 

{i 4- 2) (i 4- 1) 4- 
2(2?4-3)r'' 

In order to find the leading term explicitly we have to insert for the q s 

tht;ir values, {And after some tedious reductions I find 

Ci) = % ':ir ’ ^ ^ ^ ''' ^ ^ 

(, 4-2)(^4- l)4-g^ /g2_\ 

4~ 2:i (6'i ~ 1 4- 2s‘0 4- (Si + 1) - s^]} x V 2(2^+^ r^} 


where 


V. 


^ s“- l ’ 


(i — T )i(i 4- l)(i ~l~ 2) 
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This forimila fails for the cases of s = 0 and s—2, and these cases have to 
he treated apart. Eollowing a parallel procedure I find 

kj + 298) 2 




-48.--40]! X |l 4 ...(62) 

* (i) = ‘ 


OH. 

\ICJ 2S^^- i 1? ' 

^ 1^“'' T(2?T3)”r= 

The values for i less than 3 are not required, and when i = 3 ^ these 
formulse are found to agree mutatis mutandis with those of the last section. 


It is pretty clear from general considerations that the higher inequalities 
corresponding to harmonics other than the zonal ones must be very small. 
I have, in fact, computed the third tesseral harmonic inequality {i = 3, s= 2), 
and find that it is so very minute compared with the third zonal inequality 
(^ = 3, s — Q) as to be negligible. Accordingly it appeared to be a waste of 
time to develop formulae for any other than zonal inequalities for values of i 
greater than 3. Thus of the formulse just determined the only one of which 
actual use is made is (63). 


§ 16. The Fourth Zonal Harmonic Inequality. 

In developing the expressions for the higher harmonic inequalities it 
seems to be most convenient to retain the parameter jSqj which is equal to 

T 2 

instead of developing in powers of as heretofore. 

1 “i“ 

On putting z = 4 in (63), we find 

^4 ^ + i.|- ^ ) (1 — 3/So + 

With the notation of '‘Harmonics” we have 

^4 (y') == -P 4 (x^) + i/SoP/ (x^) 4- (x>) 

< 2 ^ 4 ((^) = 1 — 5/3o cos 2qE) + ff^o® cos 4<^ 

Accordingly ^4(1) = P4 ( 1 ) = 1 

^'4C^'xx') = 1 4“ 5^0 -t- y|-/3o^ 

Again, from § 22 of “ Harmonics” for type EEC, i = 4, s = 0, we have 
J Jp ci<7- = frf V. - 1)V“ [1 + 10/3, + 
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But is this integral multiplied by 9 and divided by 3 times the volume 
of the ellipsoid. 

Therefore ^4 ==14- 10/3o 4- 

In this formula the coefficients of the powers of /3o increase with great 
rapidity, and the approximation may not be very satisfactory ; nevertheless 
it is the best attainable without an enormous increase of labour. 

Combining our several results 

- (i + if ?) a - 

(64) 

It remains to find ^ 4 (^ 0 ), and the denominator in the expression for /, 
which involves ^4 — Ad. 

We have ^4 = (^^«) ^4 (^o) 

1 

Inside the integral sign I write v = — . and change the independent 

fC 31X1 

variable to yp'', J. also pnt sin = /c sin ■xj!/’. At the surface of the ellipsoid we 

1 1 

have ■'/'' = < 7 , y — 13, and since vo ~ — = ^ — a > f^hese are the values to be 

^ r r> A. 1 ^’ /csiny sm /3 

used in ^4 (i^o) outside the integral sign. 

Then we have 

f°° n j I 

J.. (.» - j „ 

Since 

(y) = ( 1 / - 1 y 4 - 5 (r“ - 1) -t-l = 1 + 5 cot^ % 4- ^ cot" % 

Pd (v) = J# (u^ ~ 1) [7 (v" ” 1) + 6] = (6 cot=^ X cot" x) 

' P/(C = 105(i^''‘~l? =105 cot" % 

since further 

1^4 (^) = 1\ {v) + iA> (v) + TigA" (0 

we find ^)34 (f) = 1 4- u cot'-^ X 4- & cot" % ' 

where cb = 5 (1 4- f/3o) ’ 

5 = lyi (1 -f 3/3o -4 ' 

It must be noted further that w'hen v~Vo at the surface of the ellipsoid, 

% = /3. 

It follows then that ^4 = 1 4 - a cot“ ^-\rh cot" ^ ; and from (64) 


3 ^^ ®, ^4 O.) ( 1 ) ®. (K) 

8 ^ /c« 


^ ( 1 + If ~ ) (1 - 8^0 4- (1 4- a cot" ^ 4- h cot" |d) 
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It remains to consider the evaluation of ^4, which now assumes the 
form. 

/I + « cot^ /3 + 5 cot^ 


^4 = ^ ~ ^ ^ sec xd^r 

y 0 \1 + a cot- X + o cot^ %/ /V, r 

It is possible [as shown in the paper on “Stability,” § 19, p. 369] to split the 
subject of integration into partial fractions, and thus obtain an accurate value 
as was done in the case of ^3, but it does not seem worth while to undertake 
so heavy a task, because a sufficiently exact value may be obtained by 
quadratures. 

The method was employed in that paper [as originally presented], and 
may be explained very shortly. 

I divide 7 into 10 or 12 equal parts — say 10 for brevity — and let 3 = -fVT- 

I then compute eleven equidistant values of the subject of integration, 
say ^6o, Ui, ... Wio, corresponding to = 0, 26, 36, ... 108. As a fact it is un- 
necessary to compute the first four of these, because they are practically 
zero. 

The equidistant values increase so rapidly that they are very inappropriate 
for the application of the rules of numerical quadratures. Accordingly I take 
an empirical and integrable function, say v, such that Via = and Vn = 'Un , 
and apply the rules of quadrature only to the differences Un — Vn- The result 


correction to the integral f vd-yjr. 

J 0 


The empirical function which satisfies these conditions is 

When ylr = y — 106, V = Ulo ; and when = 96, v = = 'M3. 


Then f vd^ = , — 

J 0 loge {Uio/Ut,) 


,-lOloge (uio/it9)> 


In the cases we have to treat e jg extremely small fraction, 

so that practically f vd-4r=~- ^1”/ ■ — and this is the function to be 

Jo 101oge(uio/ua) 

corrected by the result of quadrature. 

For the quadratures we have 


.10 — (.fciOj 


Vs = Vrs, 


Ulo/ ’ 


V7 = 


, &c. 


Thus the equidistant values of the function to be integrated (arranged 
backwards) are 

/u^y / u^y o 

— , Ur — Uioi — , &e. 

W/ W/ 


UJ ’ 


0 , 0, Us — Uio 
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The first two are zero, the next three or four are sensible, and the rest are 
insensible ; thus the quadrature is very short. The correction is found to be 
very small, and we might perhaps have been content with the empirica 
integral without material loss of accuracy. 


§ 17. The Fifth Zonal Harmonic Inequality. 

This is treated exactly in the same way as the fourth, and I will only give 
the results. 


•^5 


We have 

'r'l = - fi + (1 - 5A + WA”) 

Jc) 7.9.11r«V 
(y) = Ps (f) + (^) ■+■ 


C, („) = - A 2.#.) . [1 - 7^. cos + f p.” cos 4,.#.] 

'2^5 = 1 + 15/3,) + 


Whence 
11 


Then 

where 


_ _ ^ ^~Yi + ‘u ^ (1 ” + VM v(i + /3o) 

“ 189\r'‘V 

(x/„) = cosec ^ (1 + a cot“ /3 + h cot^ l3) 

a=.7(l + JiW 
h = .'3gi (1 + 5/3() +■ 


Finally 




fy p coaec yS (1 + a cot^ 0 -\- l> cot** ^)~| y 

‘ ^ J 0 |_cosec'% (r+^^ % + ^ cot" x)A 


which is to he evahmted by quadratures as was proposed for the fourth 
harmonic. 

I 18. Moment of Momentum and Limiting kitahility. 

The moment of momentum of the system is Jew, but when we are deter- 

mining the configuration of minimum moment J^ilit/ae 

figure of bifurcation and gives us the configuration of j 

conditions are different according as whether we are 

the figures of equilibrium where both masses are liquid, oi Eoche prob 
in which the ellipsoid denoted by capital letters is rigi . 

Accordingly I write 

I = |wpa» r i {h‘ + o>) + 

^ 32 

D. III. 
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The semi-axes of the ellipsoid are given by 

c" ^ _/ X 1 

“ a® sin' /3 U + X/ (cos ^ cos 


= IF cos' 7, 


cos'yS 


But cos® 7 = 1-^®, cos® iS = 1 - and therefore 

^ /-t „o\— /T 




Setting apart the factor [X/(l + X)]®^ which is common to all, these three 
are all expressible in the form, say 

1 + (ao + ai«®) y® + {ho -\-h/c^ + hfc^) g* + {co + CiK® + c^/c^ + C3«®) p'® + - • • 
where the ao, (h., ho, h, &c., have different numerical values according to 
whichever of the three functions we are treating. 

Now the above formula for enables us to write 

/£® = .d-Q "f" ■+ Ooff^ • • • 

where the forms of .4o, A; Oo are obvious. 

Hence we have 

JF = 1 + (cto + Ui-d-o) + {ho + ciiBo + ^i^lo + h^Ao^yg^ 

+ (co + Ci.4o + c^Af^ + Co Ao^ + hiJBo + “^boAoBo + (h. ^o) • • • 

In this way I find the following expressions for the semi-axes in seiies 
proceeding by powers of ^® or sin® 7 : — 


A 

1 + xj 


\ 

1 + \) 


\ 
1 +* 




524-t-223X,-l- 14A® 
3® . 7 (4 H- A.)® ' 


120926 + 86748A + 19428X® + 686X® 
-t 34 . 72 (^4 + Xf 

5 + 2X ^ 64i + 8X + 7X^ ^ 

3 (4 + X) “ '3®.7 (4-j-X)' ^ 

11122 + 2460A.-1851\' + 196V , 
3*.7®(4-l-X)' 

2-X „ 187 - 1 - IlOA - 14A® , 


3 (4 4- X) 


3® . 7 (4 4- X)' 


28492 4- 36723X 4- 14160X® ~ 686X® 
3^.7®(4 4-X)3 


.(66) 
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It is easy to verify that the product of the three series is unity, as should 
he the case. 

The next step is to substitute for g'^, g^. . . their values in terms of a^/r® 

and its powers. In this way I find 

c® / X Y''* Tt h (Y + X) a« 25 (419 + 18YX 4- IIX^) a« 

125 (99848 + Y4769X + 16503X" + 488X«) a® " ’ 

2».3^.72(H-X)« r®"‘_ 

f X r j 5 (5 4- 2X) a* 25 (11 4- 3YX - X®) a« 
a^’ ” U 4- X/ 6 (1 4- X) 2 ^ 73^ 77 (1 + X^ ’ r« 

125 (23992 4- 17895X + 1587X^4- 1Y8X») a® ' 

' 2^. gr77F(i~Y X)3 r® * ■ ■ _ 

b^_f X Y^^fi 5(2-X)a* 25(157 4 - 119X- llX")a« 
a‘-» U4-X/ L’^ 6(r+‘x)r» ^ ^ ^ 

125 (19114 4- 23673X 4- 11577X2 - 488X») a» " 
2«.‘3^72'(1 +X)~ “ 

(6T) 

By writing 1/X for X we obtain the formulae for the axes of the other 
ellipsoid. 

The numerical coefficients increase rather rapidly so that the series are 
useless unless a/r is small, and accordingly this method fails to give any 
result for Roche’s ellipsoid in limiting stability ; it is, however, useful for the 
problem of figures of equilibrium, as already stated. 

If we had relied on spherical harmonic analysis, we should only have 
obtained the terms in a*/r". 

In order to obtain the expression for the angular momentum, which has 
to be a minimum for limiting stability, we must evaluate Now, from (24) 
and (16), we have 

^ “ j§fs 4- same in A, G) 

4 [3 (a'* + ¥) 4- Sc* — 8c“ ( 0-2 4- 6^) + 20-2 6* 4- same in A, B, O'] 



+ [2 4 R*62 4 (7*c*) 4 (^“ 4 4 (a* 4 6* 4 c*) -5(7* {a? 4 6*) 

- 6c* (A* 4 B*) 4 Sc* (7*] 

By means of the above series for a*, b\ c*, and of their analogues for 
A^, B% (7*, I find 


a® 


^ = + w- 4 n 
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where 


7 _ 3 
^ 


+ A) 7X, + 1 
(l+A)®/® 


m 


g A^‘^^(82 -t~ 38 a + A^) 82A^ -I~ 38A 4- 1 


T? * 


(1 -f xY^ 


n 


2 5 g A^/3 (33 + lOA + A^) -H 33A^ + lOA + 1 , , , A^/^IS + 102A + 15X?) 

W'prrr - — -X- JLiL — 


TF? 


(1 


TI- 


(1 + A)'"/® 


Now we have to evaluate the moment of momentum given above in 
§ 18, viz., 






1 + A ■ 6 1 ^ A ^ ^ ‘ (1 + A)‘" 

When b% G^, have their values attributed to them, we find 




/^2 = 


where 


(1 + Vr 


«\8/2 


a’ 


R + B - - + T — + U + r' 


a” 






It = 


(1 + A®/») (1 + xy/^ 


T = 
Z7== 


6 (1 + xy^ [ 

5 

2.3‘^7 (1 +Ap 
25 


A=^^3(5 + 2A) + ^(5A + 2) 

A. 


A®/* (131 + 34A + llA^) 4 ^ (131A" + 34A + 11) 


2 ^ "3^ 7^(1 (40367 + 25548A + 2463A^ + 488A'') 

4- i (40367A3 4 25548A=* 4 2463A 4 488) 

In § 1, where the same problem is treated for two spheres, we had I m n 
S, T, U, all zero. ’ ’ ’ 


In order to find the minimum moment of momentum for a given value of 
A, I compute I, m, n, B, S, T, U, and assuming several equidistant values of r 
compute values of fx,,(l+xy/X. When the coefficients are computed we 
very easily find the value of r corresponding to the minimum. 

When that value of r is found, we are in a position to compute the axes 
of the two ellipsoids. 

For values of A less than -I- the results found in this way would be satis- 
factory, and for A = ^ they are, I think, adequate. Even for the case of A = 1 
the result is not very remote from the truth, for whereas the correct result 
for the minimum of angular momentum is r/a= 2-638, the result derived 
from this approximate method is r/a = 2-51. But it would have been 
impossible to foresee that the result would be as good as it is. 
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Part II. Numerical Solutions. 

§ 20. Roche’s Infinitesimal Ellipsoidal Satellite in Limiting Stability. 

We require to find the form of an infinitesimal satellite (so that ■\ = 0 ) 
revolving in a circular orbit about a spherical planet. When this problem is 
solved we shall be able to see how far the solution will be afifected when we 
allow the spherical planet to become oblate under the influence of a rotation 
of the same speed as that of the revolution of the infinitesimal satellite. 
This last is what I have called the modified form of Roche’s problem. 

The planet being spherical and X being zero, the small terms e, y 
vanish, so that our solution becomes rigorous. 

The angular momentum of the planet’s axial rotation is to be omitted, 
and the satellite being infinitesimal the momentum of its axial rotation is 
zero. Thus the moment of momentum of the system varies as the square 
root of the satellite’s radius vector, and minimum momentum coincides with 
minimum radius vector. 

The solution of the problem has been obtained in two ways : first by 
Legendre’s tables of elliptic integrals, and secondly by means of the auxiliary 
tables given above. In the first method, I knew with fair approximation by 
various preliminary computations the values of k and 7 which lay near to the 
required solution. Now there is a certain function of k, 7 , say / (sin~^ «, 7 ), 
which vanishes when the ellipsoid is a figure of equilibrium; accordingly 
I computed by means of Legendre’s tables the following eight values of 
/"(sin"^ fc, 7 ) for integral degrees of sm“^ k and 7 : — 

/(’7’7°, 57°) = + 0*0000878, /(77°, 58°) = - 0*0000624i 

/(78°, 59°) = 4- 0*0000724, / (78°, 60°) = - 0*0000786 

/(79°, 61°)= + 0*0000562, /(79°, 62°) = - 0*0000939 

/(80°, 63°) = H- 0*0000408, /(B0°, 64°) = - 0*0001046 

(probably the last significant figure in each of these is inaccurate). 

Interpolating from these we find four values satisfying / (sin”^ 7 , /c)= 0, 
namely : — 

/(77°, 67°*5846) = 0, /(78°, 59°*4798) = 0 

/(79°, 61°*3744) = 0, /(80°, 63°*2806) = 0 

With these solutions I find 

sin“i K r/ a 

77° 2*467860 

78° ■ 2*458191 

79° 2*455446 

80° 2*460289 

By formulae of interpolation the minimum of r occurs when 

sin-^ K = 78°*8756 
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Thea by a second interpolation this value of ic corresponds with 7 = 61°‘1383, 
and the minimum value of r is 2‘45539. We may tahe then 7 = 61° 8'‘3, 
K — sin 78° 52''5, whence /3 — 59° 14' '6. Since cos 7 = 0’4827, cos /3 = 0'5114, 
the three axes of the ellipsoid are proportional to 10000, 5114, 4827 ; Roche 
gave the ratios 1000, 496, 469, and the radius vector as 2'44, in place of 
2*45539. 

Turning now to the second solution, I solved the problem by means of 
the auxiliary tables in two ways, namely, for 7 = 60°, 61°, 62° and also for 
7 = 57°, 59°, 61°, 63°. 

They led to virtually identical results, viz., that the minimum of r is 
2*45521, corresponding to 7 = 61° 8'*4, sin“^ « = 78° 52'*0. 

Finally the solution for Roche’s limit and for the ratio of the axes of the 
ellipsoid in limiting stability may be taken to he as follows : — 
y sin“i K cos 7 cos /3 r/a 

61 “ 8 ^' 78 ° 52 ' 0*4827 0*5114 2*4653 

with uncertainty of unity in the last place of decimals in r and of half a 
minute of arc in sin"*^ x. 


We must next consider the modified form of Roche’s problem, in which 
the large body or planet yields to centrifugal force and becomes an oblate 
ellipsoid of revolution. The . approximate formulse of § 19 show that when 
X = 00 or when X = 0 , 


I — m — 

Hence in this case 


n 




+ 


■fi-f 



The solution of the modified problem can only differ slightly from that 
just found when the planet is spherical, and therefore we may compute 
^ with sufficient accuracy by means of the values of a/r already found. 
I accordingly computed ^ for 7 = 66 °, 61°, 62°, and found that in each case 
^ was very nearly equal to 0*0088. 

ISTow it is proved in the footnote to § 10 that, when X = 0 and when the 
planet yields to centrifugal force, e = 77 = as the value of ^ is found with 
good approximation, it is easy to compute r for these three values of 7 . I 
thus find that in the modified problem, minimum radius vector, and therefore 
limiting stability, occurs when > = 2*457, 7 = 6 1° 1 2 ', /c = sin 78° 50', j8 = 69° 1 7' ; 
the axes of the large body are determined by the approximate forrnuliB of 

§ 10 to be - = - = 1*0304, — = 0*9418. 

^ a a a 

It appears then that the yielding of the planet to centrifugal force makes 
very little difference, as was to be expected. 

These results are included in the table given below of results for solutions 
of the modified problem of Roche with finite values of X. 
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§ 21 . Roche’s Ellipsoidal Satellite^ of finite mass, in limiting stahility, 

the planet being also ellipsoidal. 

This is the problem which I describe as the modified ” problem of Roche. 
It seemed unnecessary to carry out the computations for the smaller values 
of X, since they are sufiiciently represented by the case of the infinitesimal 
satellite 'where X is zero. I therefore begin with the case of X = 0‘4 and pass 
on to X ==0-5, 0-6, 0*7, 0-8, 0-9, I'O. 

It seems well to describe the process followed in one case as a type of all. 
It was, in general, possible either by extrapolation from neighbouring values 
of X, or by mere guessing, to begin with some values of e, 17 and their co- 
relative functions E, H for the larger body, which were somewhere near the 
truth. With these we could compute r, k, T, K with fair approximation ; 
thence values of e, 77, B, H could be calculated with close accuracy and the 
computation could be repeated. It was, of course, a matter of conjecture as 
to what initial values of 7 would be found to embrace the region of minimum 
angular momentum. 

I will now describe the process for X = 0-4. Passing over the preliminary 
stages in which fairly good values were found, we begin with the following 
conjectural values : — 


y 

46° 

48° 

60° 

r 

32° 

34° 

36° 

K 

€8“ 24'-8 

69" 32'-0 

70" 41' -3 

sin-iK 

50" 12'-0 

61“ 18'‘8 

52“ 34'-9 

r 

33" 13'-9 

34" 18' 8 

35" 18'-5 

7 

43° 60'-9 

47° 24'-4 

61“ 34'-l 

sin ~ ^ K 

50" 52'-0 

51“ 30'-l 

52“ V'-S 

sin“^ K 

67° 15'-0 

69° ll'-8 

71° 37'-0 

logr 

0-40245 

0-39594 

0-39060 

logr 

0-41071 

0-39776 

0-38726 

whence I compute 








0-056259 

0-064863 

0-074219 


0-047883 

0-062231 

0-082010 

e 

0-045435 

0-048102 

0-060256 

E 

0-140179 

0-174168 

0-218640 

V 

0-32004 

0-36426 

0-40838 

H 

0-40539 

0-52664 

0-69272 

By means of these and the auxiliary 

tables I 

find 



sin“^ K 

68° 24'-6 

69" 31'-8 

70° 40'-5 

sin "*^14 

60“ ll'-8 

61“ 18' -8 

62“ 33'-8 

logr 

0-40240 

0-39691 

0-39046 

logr 

0-41068 

0-39768 

0-38693 


The computed values are so very close to the conjectural ones, in so far 
as they have been as yet computed, that we might be content, but in order 
to illustrate the process when the conjectures are less satisfactory, I proceed 
to the next stage. 

By far the greater part of the discrepancy between assumed and computed 
values (which in some cases was considerable) arises from error in the 
assumed values of r. Now assuming k and K to be correct, it is very easy 
to correct the results for a changed value of r. 
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In this case I find 

corrected C 0-056274 0*064873 0-074271 corrected ^ 0-047890 0-062253 0-082137 

„ € 0-04545 0-04811 0-05030 „ E 0-14020 0-17423 0-21889 

„ rj 0-32012 0-36431 0*40867 „ H 0-40546 0-52683 0-69385 


Recomputing 

sia"*^ K unchanged sia“^K unchanged 

corrected logr 0*40240 0-39591 0*39047 corrected logr 0*41069 0*39768 

By means of these we find t-wo formulae of interpolation, namely 


^ = 2-4884 - 0-0342 + 0-0032 




- = 2-4985-0-0685 f — 
a V 


+ O-OOYS 


r - 34°Y'* 
2 / 


These two expressions may be equated to one another, and therefore we 
have the means of finding simultaneous values of y and F, and thence by 
another formula of interpolation of k and K. Hence I obtain 


7 

46° 

o 

00 

50° 

r 

32° 

34° 

36° 

r 

33“ 13'-4 

34“ 17'-9 

35“ l7'-4 

y 

43“ 47'-4 

47“ 25'-4 

61“ 34' 

sin-’- K 

50“ 62'-2 

51“ 29''5 

52“ 6'-3 

sin ^ K 

67“ 12'-1 

69“ 12' -3 

71" 35' 


Comparison with the initial values shows that the conjectures were very 
good. 

It now remains to compute the moment of momentum, and as we are 
dealing with Roche’s problem the rotational momentum of the larger ellipsoid 
is not required. It follows that the values of T and K are not used, and 
since they are only required for finding the shape of the larger ellipsoid, there 
was no necessity for a high degree of accuracy in them. The inoment of 
momentum is represented by the quantity /Ui of § 18, I find then 

y 46° 48° 50° 

fjLi 0-348640 0-348300 0*348519 

By formulae of interpolation the minimum value occurs when y— 48'’ 12'-9 

and K = sin 69° 39''1. The corresponding values are - = 2-4848, F = 34" 25''-6, 

K = sin 51° 33'-5. The last step is to compute the axes of the two ellipsoids 
from the values of ac, y, K, F. 

Of course the numbers set out above make no claim to absolute accuracy, 
but the results tabulated below are, I believe, substantially correct. 

The unit of length employed is the radius of a sphere whose mass is equal 
to the mass of the whole system. If it were preferred to express the results 
in terms of the mean radius of the larger body, all linear results would have 
to be multiplied by (1 +• 

We may now collect the results in a tabular form, as follows ; — 
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I give the result, however, of the (somputation. 
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The cases \ = 0*4, 0‘7, I’O are illustrated by figs. 2, 3, 4. The meaning of 
the dotted lines near the vertices of the smaller ellipsoid will be explained in 
the next section. 

The distance r~(p-i-G) is the interval between the vertices of the two 
ellipsoids ; the following are the values, using, however, more places of 


decimals than are tabulated above 

— 



X 

r— (c+C) 

X 

r-(c + C) 


0 

1-030 

0-7 

0-638 


0-4 

0-653 

0-8 

0-643 


0*5 

0-635 

0-9 

0-650 


0-6 

0-633 

1-0 

0-660 



It is remarkable how very nearly constant the intervening space remains 
throughout a large range in the values of X. 



X B= 886 

Fig. 2. Roche’s ellipsoid in limiting stability, when X = 0'4. 



Fig. 3. Roche’s ellipsoid in limiting stability, when X=0'7. 
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Fig. 4. Roche’s ellipsoids in limiting stability for equal masses. 


§ 22. Harmonic Deformations of the Ellipsoids. 

When X is infinitely small, so that the liquid satellite is infinitely small, 
the harmonic deformations are evanescent, and the same is true when X is 
infinitely great. We saw in § 14 that there was reason to suppose that 
Roche’s ellipsoid in limiting equilibrium might be more markedly deformed 
for values of X midway between zero and unity than for the latter value. 
I therefore determined the harmonic deformations in the three cases 
X = 0-4, 0*7, 1*0. 

The formulae for the ellipticities are given in 14, 16, 17 and 
their values may be found for the ellipsoids in limiting stability tabulated in 
the last section. It appears that in every case the amount of deformation is 
small, and therefore it was sufficient to compute the normal deformation at 
the two extremities of the c semi-axis, that is to say, at the points nearest to 
and most remote from the other ellipsoid. At these points the normal 
displacement outwards may be denoted Sc, with numbers affixed thereto so 
as to indicate to which harmonic it is due. 

The results may be given in a tabular form, but it may be well to remark 
that the ellipticities corresponding to the tesseral harmonics of the fourth 
and fifth orders, viz. f/, f/, fa* were not computed, because their effects 
would be quite negligible. The following are the computed values of the 
ellipticities — 


X 

()’4 

0-7 

1*0 

A 

0-325 

0-261 

0-2X4 


-0-113 

-0-126 

-0-089 

A 

0-004 

0-007 

0'006 

fr> 

0-001 

0-002 

0-003 


* [A mistake has been corrected in the column \ = O’ 4, and certain small corrections have* 
been made in the other columns ] 
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The values of the ellipticities afford us no idea of the amount of the 
normal correction, and I therefore proceed to tabulate the values of Sc, the 
prolongations of the c semi-axis. ^ 

Towards larger ellipsoid 


\ 

0-4 

0-7 

1-0 

5<33 

0-0389 

0-0316 

0-0254 


0-0004 

0-0008 

0-0010 

SC4 

0-0078 

0-0089 

0-0091 

Scs 

0-0024 

0-0038 

0-0063 

Total 8c 

0-0495 

0-0451 

0-0418 

c 

0-8433 

0-9006 

0-9270 

c-\-8o 

0-8928 

0-9457 

0-9688 

c 

1/17 

1/20 

1/23 


Away from 

larger ellipsoid 


\ 

0-4 

0-7 

1-0 

8C3 

-0-0389 

-0-0316 

-0-0264 

8cs^ 

- 0-0004 

-0-0008 

-0-0010 

8Ci 

+0-0078 

+0-0089 

+0-0091 

SC6 

-0-0024 

-0-0038 

-0-0063 

Total 8o 

-0-0339 

-0-0273 

-0-0236 

c 

0-8433 

0-9006 

0-9270 

c+8c 

0-8094 

0-8766 

0-9104 

8c 

0 

1/25 

1/33 

1/39 


The last line in each division of this table has been given in order to 
show the relative importance of the total correction. It is clear that the 
ellipsoid remains a substantially correct solution. 

These corrections to the semi-major axes are indicated by dotted lines at 
the extremities of the longest axis of the smaller mass in tigs. 2 and 8, and of 
both masses in fig. 4. 

We have in the last section tabulated o — (c + (7), the distance between 
the two vertices. Now, although I have not calculated the deformation.s of 
the larger ellipsoid, it is pretty clear that they must bear to those of the 
smaller one approximately the ratio of \ to unity. Accepting this conjecture, 
we have for the SO of the larger ellipsoid towards the smaller one the 
following values : — 

X 0’4 0-7 1-0 

8C 0-020 0*034 0-042 
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The distance between the 

two surfaces 

of liquid 

is clearly 

r ~ 

- (c + 3c +• 0 + 

BG) 


Thus we have 




\ 

0*4 

0*7 

1*0 


0*653 

0*638 

0*660 

Sc • 4 ” 60^ 

0*070 

0*079 

0*084 

r-(c+ Sc + 0+8(7) 

0*583 

0*559 

0*576 


§ 23. Certain Tests and Verifications. 


In order to test how nearly the solution for a*/r‘' hy series in (40) of § 11 
would agree with the solution (36) of § 10 in terms of the F elliptic integral, 
I computed for X = 0*7 the value of r/a in the two ways for three values of 7 , 
and found the following results : — 

X==0*7 

7 42° 44° 46° 

r/a by series 2‘5365 2'4888 2'4500 

r/a by ellii)tic integrals 2*6359 2*4881 2*4495 

The agreement seems to be as close as could be expected when five-iigured 
logarithms are used. 

Certain terms in as expressed in (24) of | 10 , were neglected on the 
ground that they are of higher order than those retained. But it appears 
from the approximate solution in § 19 that the coefficients of the terms 
retained are themselves small, so that we are really only retaining terms 
of the same order as others which are neglected. 

The most important of the neglected terms in ^ is 

- (>' 0 ) (1) C. (iTT) Q 

and this is a term of the seventh order. It seems, therefore, well to compute 
this in one case, and see how large a proportion it bears to the whole value. 

Si-o = 




4ik* /- 6 ^ 


Using this value and the other approximate values given in § 14, ■where 
/g is determined, I find that the neglected term is 


4 Ai“ 
7X sin® /3 








/c® cos® 7 
3X»*® sin®/3 


1 +'■ 


3 (3 + «•■*) Ar® 


14 «® 
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The numerical value of this, for the case of B-oche’s ellipsoid in limiting 
stability when X = O’T, is found to be + 0'0016. Now, the value of as 
computed from the terms retained, was found to be 0'0677. Thus the 
neglected term is about one 42nd of the whole. The neglect then seems 
fairly justified. 

I thought it worth while to discover how far the modification of Roche’s 
problem, whereby the larger body is ellipsoidal, affects the result. I find 
that whereas it makes but little difference in the solution for any single 
assumed value of 7, it does make a sensible difference in the incidence of the 
minimum of angular momentum, and therefore of limiting stability. Thus, 
"when X = 0*5, 1 found in one of my preliminary solutions for Roche’s modified 
problem that limiting stability occurs when r/a = 2*49 (the more correct 
value is 2*484), but when the larger body is a sphere it occurs when 
r/a = 2*35. Thus we see that ellipticity in the larger body induces instability 
at a greater distance than if it were spherical. This might have been con- 
jectured from general considerations. 


I 24. Figures of EqyLilihrium of Two Masses in Limiting Stability. 

In this case both masses are liquid. We saw in § 2 that when one of the 
masses is infinitely small, stability only exists when the two are infinitely far 
apart. When X is less than 0*5 we may obtain fair results from the approxi- 
mate investigation of § 19, but for greater values of X it is necessary to 
employ the laborious method adopted in determining Roche’s ellipsoid. 

When X = 0*5 I obtain the following approximate results for the two 
figures *. — 

r — 2*574 

a =0*62, J.=0*81 

6 = 0*66, R=0*87 

c=0*81, a =0*95 

It is probable that the value of r derived in this way is too small. 

For X = 0*4, I found r = 2*59, but did not calculate the axes. 

The only other case in which the problem has been solved is for equal 
masses, when X = 1. The two ellipsoids are exactly alike, and I find limiting 
stability occurs for the following values : — 

7 = 36° 18', « = sin 59° 33', 

a = 0*723, 6 = 0*771, 

r — 2c = 0*844 


and 


r = 2*638 
c = 0*897 
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This is illustrated in fig. 5. 


Xj 6='771 X fisc-771 



§ 25. Unstable Figiires of JEJqnfilihHimi of Tioo Masses. 

When X- — 0 the figure of minimum radius vector, when the larger body 
is rigid, i.s also that of minimum angular momentum, but for larger values of 
\ there i.s an ellipsoid considerably nearer to the larger body than that 
which possesses limiting stability. I have only determined the ellipsoid of 
minimum radius vector in two cases, viz:., when X = 0‘8 and 1*0. 

When X=0’B I find minimum radius vector to be r — 2’36, whereas 
limiting stability occurs for r ~ 2'50. When X = 0'8, r == 2'36, the ellipsoids 
are determined by thci following data : — 


7 =54" 20', a: = sin 71" 51', 

r = 

46" 10', K=: sin 64" 20' 

whence o.= ()'619, 

A = 

11 

h = 0*675, 

B- 

= 0*774 

0= 1-068, 

0-. 

= 1*018 


Wlien X = l, the minimum radius vexdior occurs when y is about 54" and 
is thtui e(|ual to 2'343, wher<uis limiting stal)ility occurs when r = 2*514. 
I have not computed the axes, since it suffices to learn that there is an 
ellip.Hoidal solution when the two masses are considerably nearer than is 
consistent with stability. 

As 7 increases, the ellipsoids get longer and longer, and it is interesting 
to inquire whetlior they increase, in length with such raj)idity that, notwith- 
standing th(i increase of r, the interval between the two vertices continues to 
decrease, or whetlier the increases of r annuls the simtilbaneous increase of c. 

The f()llowing table of values, computed with fair but not extreme 
accuracy, affords the answer to this question. 


D. HI. 


33 
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1 


7 

O' 

c 

O' — 2c 

Different 

44° 

2-429 

0-962 

0-506 

-76 

46° 

2-396 

0-983 

• 0-430 

-74 

00 

0 

2-370 

1-007 

0-356 

-70 

50° 

2-354 

1-034 

0-286 

-69 

52° 

2-346 

1-064 

0-217 

-68 

54° 

2-343 

1-097 

0-149 

-67 

56° 

2-350 

1-134 

0-082 

-67 

58° 

2-367 

1-176 

0-016 



The differences of ^ — 2 c hardly diminish at all, and it is " clear that the 
next entry would be negative, or in other words the two figures would 
overlap. 

These results are obtained on the supposition that our approximation is 
adequate, but the small terms e, tj, which are really infinite series, show 
signs of bad convergence as y increases. I think it probable that when we 
get to these extreme cases the convergence breaks down. It appears, how- 
ever, justifiable to argue from these results that the unstable body continually 
elongates until its end coalesces with the other elongated body. I have no 
doubt but that the same holds true when the masses are unequal, and that 
we should always find r — (o+O) diminishing until the two meet. The 
poorness of the approximation of course would prevent us from making good 
drawings when coalescence is approaching. 


§ 26. Oil the Possibility of Joining the Two Masses by a 

Weightless Pipe. 

This subject is considered in § 13, and it is there shown that if a certain 
function written f (a/r), for a given solution of the figures of equilibrium of 
two detached masses of liquid, is positive, the two masses are too far apart to 
admit of equilibrium when joined by a pipe without weight — and conversely. 

Now I have computed f {sijr) in a number of cases of Roche’s ellipsoids 
in limiting stable equilibrium, and have found it always to be decisively 
positive. 

The corresponding function for two spheres is given in (3) of § 3, and its 
first term is -ha^r®. When we compute it for two ellipsoids, we find the 
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corresponding term to have become negative, and the additional terms, which 
are given in (44<), § 13, are also negative. Hence /(a/r) is decidedly less for 
two ellipsoids than it is for two spheres of the same masses with the same 
radius vector. Thus the deformation of the two bodies tends in the direction 
of making it possible to join them by a pipe without weight, but it seems 
certain that in the cases of the Roche’s ellipsoids in limiting stability such 
junction remains impossible. 

I also computed /"(a/r) for the much elongated ellipsoids which are 
roughly computed in the last section and finally overlap, and always found 
y (a/r) to be positive, as far as the approximate formula went. The additional 
terms tend, however, more and more to causey^ (a/r) to vanish, and the approxi- 
mation becomes very imperfect. Now I believe, although I cannot prove it 
rigorously, that if we could obtain a more exact evaluation of the forms of 
these elongated ellipsoids, and if further a more exact value of /(a/r) were 
calculable, we should find /'(a/r) vanishing near the stage when the com- 
putations would show the two ellipsoids to overlap. It therefore seems 
probable that there is a figure of equilibrium consisting of two elongated 
masses joined by a narro^v neck. These ellijisoids are very unstable when 
detached, and, according to i;hc principles of § 2, it seems inconceivable that 
junction by a neck of fluid could render them stable. 


Part III. Summary. 

Since the foregoing invc?,stigation may bo read by mathematicians, while 
astronomers and physicists will porha[)s wish to learn the nature of the 
conclusions arrived at, I sliall devote this part of the paper to a general 
discussion of the sidpect, witlioui) reference to the mathematical processes 
used. 

Two prohlema arc solvcjd hero simultaneously; for the analysis required 
for their solutions is almost identical, although the principles involved are 
very distinct. 

We conceive; l-hati there are two detached masses of li(|uid in space which 
revolve about one another in a circular orbit without relative motion — ^just 
as the moon revolves about the earth; the determination of the shapes 
assumed by each mass, wht;n in equilibrium, is common to both our problems. 
It is in the conditions which determine secular stability that the problem 
divides itself into two. 

One cause of instability in the system resides in the effect on each body 
of the reaction on it of the frictionally resisted tides raised by it in the other. 
If now the larger of the two masses were rigid, while still possessing the 
same shape which it woidd have had if formed of liquid, the only effect on 

33-— 2 
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the orbital stability of the system would be due to the friction of the 
tides of the smaller mass generated by the attraction of the larger one. 
Investigation shows that in this case, as the two masses are brought nearer 
and nearer together, instability would not supervene from tidal friction until 
the two masses were almost in contact ; but it is clear that the deformation 
of the figure of the liquid mass presents another possible cause of instability. 
In fact, instability, as due to the deformation of figure, will set in when the 
masses are still at a considerable distance apart. It amounts to exactly the 
same whether we consider the larger mass to be rigid, or whether we treat it 
as liquid and agree to disregard the instability which arises from the friction 
of the tides raised in it by the smaller body. Accordingly we may describe 
the stability just considered as “ partial,” whilst full secular stability of both 
bodies will depend on the tidal friction of the larger mass also. 

The determination of the figure and partial stability of a liquid satellite 
(i. e., apart from the effects of the tidal friction of the planet) is the problem 
of Eoche. He, however, virtually regarded the planet as constrainedly a 
sphere, whilst in general I have treated it as an ellipsoid with the form of 
equilibrium. 

It has already been remarked that, as the radius vector of the satellite 
diminishes, partial instability first supervenes from the deformation of the 
smaller body. It therefore hardly seems worth while to consider the partial 
stability of a system in which the liquid satellite (hitherto described as the 
smaller body) is greater than the planet. We may merely remark that in 
this case the problem comes to differ very little from that involved in the 
determination of the full secular stability of two liquid masses; for if we 
consider the case of a large liquid mass (the satellite) attended by a small 
body (the planet), it clearly makes very little difference in the result whether 

or not the tidal friction of the small body is included amongst the causes of 
instability. 

This being so, I have not thought it worth while to continue the solutions 
of Roche’s problem (modified by allowing the planet to be deformed) to the 
cases in which the satellite is larger than the planet. The ratio of the 
masses of satellite to planet is denoted above by A, and the field examined by 
means of numerical solutions extends fi-om A = 0 to X= 1, while the part 
omitted extends from A=ltoA=oo. ’ ^ 

Tidal friction is a slowly acting cause of instability, and from the point of 
view- of cosmical evolution the partial stability of Roche’s ellipsoids is of even 
greater interest than the full secular stability of the system. 

The limiting stability of Roche’s liquid satellite is determined by the 
consideration that the angular momentum of the system, exclusive of the 
rotational momentum of the planet, shall be a minimum. This exclusion of 
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a portion of tire momentum of the whole system corresponds with the fact 
that we are to disregard the tidal friction of the planet as a cause of instability. 
If all possible cases of the liquid satellite be arranged in order of the corre- 
sponding (partial) angular momentum of the system, it is clear that for given 
momentum there will in general be two forms of satellite ; but when the 
momentum is a minimum the two series coalesce. If then we proceed in 
order of increasing momentum, the configuration of minimum is the starting 
point of two series of figures ; it is a figure of bifurcation, and one of the two 
series has one fewer degrees of instability than the other. 

One of the two series is continuous with the case of a liquid satellite 
revolving orbitally at an infinite distance from its planet, and this is a stable 
configuration. Moreover, M. Schwarzischild has shown'* that the whole series 
of Roches ellipsoids does not pass through any other form of bifurcation. 
Hence we conclude that of the two series which start from the configuration 
of minimum momentum, one is stable and the other unstable. 

The unstable series of solutions is continuous with a quasi-ellipsoidal 
satellite, infinitely elongated along the radius vector of tho orbit, and the 
radius vector itself is infinite. Since two portions of matter cannot occupy 
the same space, the infinite elongation of the satellite would be physically 
impossible, unless the order of infinity of the radius vector were greater than 
that of the longest axis of the satellite. Now it appears from the numerical 
results of § 25 that this is not the cascj, and that the satellite becomes more 
rapidly elongated than the radius vector increases. Hence if the solution of 
the problem were exact wc should reach a stage at which the two masses of 
li<|uid would overlap. I shall endeavour hereafter to consider the inter- 
pretation which should l)e put on this result. 

A series of solutions for Roche’s ellipsoid in limiting stjibility is tabulated 
in § 21, and the table gives the radius vector and the throe semi-axes of each 
body. The unit of length adopted is the radius of a sphere whose volume is 
equal to the sum of the volumeH of the two masses. Three of these solutions 
are illustrated in figs. 2, 3, 4. The section shown is that passing through the 
axis of rotation and the two c(!ntres, but tho places are marked which the 
extremities of the mean axes would reach if the section had been taken at 
right angles to the axis of rotation. 

The table of | 21 shows that the i*adiua vector at which instability sets in 
only changes from 2*457 to 2*514, whilst \ the ratio of the mass of the 
satellite to that of the planet, changes from zero to unity. The distance 
between the vertices of the two ellipsoids also remains wonderfully nearly 
constant throughout a wi<le range of change in the value of X ; for when 
X = 0*4 it is 0*653, and when X = 1 it is 0*660, only fidling to 0*633 at its 
minimum. 


Sae reference in. § 18 above. 
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Thus far I have been speahing of the modified problem of Roche in which 
the planet assumes the appropriate figure of equilibrium, but I have also 
obtained the solution of Roche’s problem for an infinitely small satellite and 
a spherical planet. As stated in the Preface, the radius vector of limiting 
stability, which has been called “ Roche’s limit,” is found to be 2-4553, and 
the axes of the critical ellipsoid are proportional to the numbers 10000, 5114, 
4827. These may be compared with the 2*44 and 1000, 496, 469 detei'inined 
by Roche himself. When we consider the methods which he employed, we 
must be struck with the closeness to accuracy to which he attained. 

For the infinitely small satellite the modification of Roche’s problem 
hardly introduces any sensible change in the results, but for satellites of 
finite mass stability will continue to subsist for a slightly smaller radius 
vector for the spherical than for the ellipsoidal planet. In other words, the 
ellipticity of the planet induces instability earlier than would, be otherwise 
the case. 

Roche did not attempt to investigate how closely his equations were 
capable of giving the ellipsoid most nearly representative of the truth, nor 
did he estimate how far the ellipsoid is an accurate solution. These points 
are considered above, and it was the desirability of making the investigation 
with a closer degree of accuracy which occasioned many of the difficulties 
encountered. 

For the infinitely small satellite the ellipsoidal solution is exact, and with 
a spherical planet, hut not for an ellipsoidal one, Roche’s equations give tha,t 
ellipsoid exactly. In this case, however, the change introduced by the 
modification of Roche’s problem is quite unimportant. 

For finite satellites Roche’s equations require sensible modification, and 
tbe solution of the modified problem is different from that of the unmodified 
one, although not to an important extent. But the ellipsoid derived from the 
corrected equations is deformed by an infinite series of ellipsoidal harmonic 
deformations, beginning with terms of the third order. Of these, the only 
ones which have any sensible effect are those which may be described as zonal 
with respect to the satellite’s radius vector. 

By far the most important of these is the third zonal harmonic, whereby 
the satellite assumes a somewhat pear-shaped figure, being sharpened 
towards the stalk end of the pear pointing towards the planet, and bluntermd 
at the other end. In consequence of this deformation the shape is slightly 
flattened between the stalk and the middle. 

The fifth and successive odd zonal harmonics accentuate the sharpening 
of the stalk and the hluntening of the remote end. The fourth, sixth, and 
successive even harmonics also accentuate the protrusion of the stalk, but 
tend to fill up the deficiency at the remote end. 
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The general effect must be very like what results from the second 
j>imxirQatio]i to the pear-shaped figure of equilibrium*', for I found that 
& ellipsoidal form was but slightly changed over the greater part of the 
iriphery, whilst a protrusion occurred at one end — in this present case 
dxiting towards the planet. 

In figs. 2, 3, 4, the protrusions at one end and the bluntening at the 
buer, as computed from the third, fourth, and fifth harmonics, are indicated 
^ dotted lines. It appears from these figures that, at least up to the point 
h^n instability sets in, the ellipsoid remains surprisingly near to the correct 
laition. 

Tor an infinitely small satellite minimum radius vector also gives 
ixiimuin angular momentum, so that the closest possible satellite is also 
. a, state of limiting stability. But this is not the case for finite satellites, 
idL there exists an unstable ellipsoidal satellite with smaller radius vector 
istn is consistent with stability. Thus for a satellite of four-fiLfths of the 
.a.ss of the planet the minimum radius vector is 2*36, whilst stability ceases 
; n distance of 2*50. Again, for equal masses stability ceases at 2*514, whilst 
XC3 possibility of an ellij)S(3idal solution extends to 2*343. 

If we follow the forms of the more and more elongated satellites, when 
no radius vector has begun to increase again, we find explicitly in the case 
r equal masses, and with practical certainty for all ratios of masses, that 
r €3 distance between the two vertices continues to diminish and finally 
ecomes negative. At this atirge the two masses overlap, a conclusion which 
1 , of course, physicjilly* impossible. But the calculation is based on the 
ssumed adequacy of the a|)proximation8, and it is certain that the harmonic 
eformations of the ellij)soids increase rapidly, so that each body puts out a 
rotrusion towards the other. The two masses of liquid must therefor© 
3 «ally meet before we reaich the stage of overlapping ellipsoids. As far as 
an be seen, the approximation has become very imperfect — perhaps 
wirnescent — before the two ellipsoids cross. It will be best to continue the 
isacussion of the mcianing of this rtisulb after we have considered the true 
ecular stability of the two masses of li<pud. 

If a satellite, being a particle, revolvoa about a rotating planet, 'whose 
ides are subject to friction, there are, for given angular momentum, t'wo 
omfigurations (if any) in which the planet always proBcnts the same face to 
h-o satellite. In one of these, which is unstable, the satellite is close to the 
dsanet ; in the other, which is stable, it is remote •j*. If the angular 
momentum of the system be diminished, the radius vector of the stable 
omfiguration diminishes and that of the unstable one increases until the 


* See “Stability,” referred to in the Preface. (Paper 12, p. 317.] 

t See Roy. Soc. Proc.., No. 197, 1879, or Appendix tl {h) to Vol. n. of Thomson and Tait’a 
Textural Philosophy. [Paper 5, Vol. w., p. 196.] 
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two coalesce. For yet smaller aagular momentum there is no configuration 
possible in which the planet shall always present the same face to the 
satellite. We see then that amongst all possible configurations in which 
the planet presents the same face to the satellite, that one is in limiting 
stability, in which the two solutions coalesce with minimum angular 
momentum. 

A rotating liquid planet will continue to repel its satellite so long as it 
has any rotational momentum to transfer to the orbital momentum of the 
satellite. Hence an infinitesimal satellite will be repelled to infinity, and 
the configuration of limiting stability for an infinitesimal satellite attending 
a planet, ■ which always presents the same face to it, is one with infinite 
radius vector. 

Yery nearly the same conditions hold good when both planet and satellite 
are subject to frictional tides. In § 2 it is proved that when each body is 
constrainedly spherical, the radius vector of limiting stability is infinite when 
the ratio of the masses is infinitely small. The radius vector decreases with 
great rapidity as the ratio of the masses increases, and when the masses are 
equal, the radius vector of limiting stability is 1*738 times the radius of a 
sphere whose mass is equal to the sum of the masses, or is 2*19 times the 
radius of either of the twm spheres. Thus, when the ratio of the masses falls 
from zero to unity (and this embraces all possible cases), limiting stability 
occurs with a radius vector which falls from infinity until the two spheres 
are only just clear of one another. 

When we pass from the case of the two spheres to that of two masses, 
each of which is a figure of equilibrium under the attraction of itself and its 
companion, and subject to centrifugal force, the calculation becomes 
exceedingly complicated. Since the radius vector of limiting stability in 
every case must be greater than that of Roche’s ellipsoid in limiting stability, 
and since in the latter case instability sets in through the deformation of the 
smaller body, it follows that in every case of true limiting secular stability of 
the system, instability supervenes through tidal friction. 

When the ratio of the masses is small, we have seen that limiting 
stability occurs when the two masses are far apart- In this case the de- 
formations of figure are small, and could easily he computed by spherical 
harmonic analysis. 

For finite values of the ratio of masses, when spherical harmonic analysis 
would fail, a fair degree of exactness in the result may be obtained from the 
approximate formula of § 19. There would be no serious error from this 
formula when the ratio of masses is less than a half, hut for greater values 
of the ratio it seems necessary to have recourse to the laborious processes 
employed in determining Roche’s ellipsoids. I thought, then, that it might 
suffice to compute the configuration of true secular limiting stability in the 
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case of equal masses. It is illustrated in fig. 5, and we see that the radius 
vector is 2'638. We found that for a pair of equal spheres, instability only 
set in when the radius vector, measured in the same unit, was 1'738. Thus 
the deformations of the two masses forbid them to approach as near to one 
another as if they were spheres. It should be noted that instability in this 
case must arise from tidal friction, because B,oche’s ellipsoid in limiting 
stability was found to have a radius vector of 2-514. 

When Poincar^ announced that there is a figure of equilibrium bearing 
some resemblance to a pear, he also conjectured that the constriction between 
the stalk and the middle of the pear might become developed until it became 
a thin neck of liquid joining two bulbs, and that yet further the neck might 
break and the two masses become detached. Keferences to my own papers 
on this pear-shaped figure and its stability are given above in the preface, 
and the present investigation was undertaken in the hope that a revision of 
Hoche’s work would throw some light on the figure when the constriction has 
developed into a thin neck of liquid. 

As a preliminary to greater exactness, I have in § 3 considered the motion 
of two masses of liquid, each constrainedly spherical, and joined to one 
another by a weightless pipe. Through such a pipe liquid can pass from 
one sphere to the other, and it will continue to do so until, for given radius 
vector, the spheres bear some definite ratio to one another ; or, to state the 
matter otherwise, two spherical masses of given ratio, revolving in a circular 
orbit without relative motion, can be started with some definite radius vector 
so that liquid will not flow from one to the other. 

In this system the ratio of the masses and the radius vector are the only 
parameters, and I find that the condition of equilibrium is a cubic equation 
in the radius vector with coefficients which are functions of the ratio of the 
masses. The cubic has three real roots of which only one has a physical 
meaning, and the solution is illustrated graphically in fig. 1. The single 
circle on the right is the larger sphere, and it is maintained of constant size 
for convenience of illustration. The smaller circles on the left represent the 
solutions for various ratios of masses, which are the cubes of the numbers 
written on the successive circles. 

The solution of this problem seems to me very curious, but it does not 
possess much physical interest, since it is proved in § 3 that all the solutions 
are unstable. 

The distance between the two masses is much smaller than is the case 
with any of Eoche’s ellipsoids, even with minimum radius vector, and 
accordingly it did not seem probable that the parallel problem, when the 
two masses are liquid and deformed, would possess any solution at all; never- 
theless, it was worth while to pursue the investigation to the end. 
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When the masses are ellipsoidal and are joined by a weightless pipe, the 
solution would become very complicated, hut the question may be attacked 
indirectly. When the masses are spherical there is a certain function of the 
radius vector and of the ratio of the masses which must vanish when a 
channel of communication is opened between them. If this function be 
computed for two given spherical masses with given radius vector, we find 
that it is negative if the two masses are too close together to admit of 
junction by a pipe without disturbance of their relative masses, and that it is 
positive if they are too far apart. 

When the figures of equilibrium of two detached masses of liquid are 
determined, it is possible to form the corresponding function, but part of it 
consists of an infinite series of which it is only practically possible to give 
the first few terms. Now I have computed this function in a number of 
cases of Roche’s ellipsoids, and have found that the few terms of the infinite 
series are small, that the series is apparently rapidly convergent, and that 
the function is decisively positive. We may conclude then that in none 
of the cases, for which numerical results have been given, is it even 
approximately possible to make a junction between the masses- and even 
if we could do so, the system would be unstable, because removal of a 
constraint may destroy but cannot impart stability. To find any possible 

solution we must consider cases where the two masses are much closer 
together. 

I think, however, that there must be a figure of the kind sought, for the 
following reasons: If the function referred to above be formed for given 
radius vector and ratio of masses, we find that its value is very much less 
than if the two masses are spherical. Thus the tendency of liquid to flow 
from the larger to the smaller mass (when they are too far apart) is much 
less than if the two masses were spherical. Every increase of ellipticity in 
the ellipsoids tends to diminish the function, and the series tends to become 
less convergent , and besides I have made no attempt to evaluate the ternrs 
in the function which correspond to the harmonic inequalities of the 
ellipsoids, and these would tend to diminish the function still further. 

It was remarked above that two much elongated ellipsoids seem to 
toalesce finally, but that the approximations were not satisfactory. I find, 
however, that even to the end the function, as far as it could he computed, 
was still positive although much diminished. It appears to me then probable 
that if we could obtain a more complete expression for the function, we 
shonld find that it vanishes before the two ellipsoids overlap. There is then 
some reason to believe in the existence of a figure of equilibrium consisting 

of two quasi-ellipsoids joined by a narrow neck ; hut such a figure must be 
unstable. 
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I have, in fig. 6, made a highly conjectural, drawing of such a figure 
where the two bulbs are equal. The data are derived from the compu- 
tations for the much elongated ellipsoids just before they are found to 
overlap. 



Mr Jeans has considered the equilibrium and stability of infinite rotating 
cylinders of liquid. This is the two-dimensional analogue of the three- 
dimensional problem*. He finds solutions perleotly analogous to Maclaurin s 
and Jacobi’s ellipsoids and to the pear-shaped figure. In consequence of the 
greater simplicity of the conditions, he is able to follow the development of 
the cylinder of pear-shaped section until the neck joining the two parts has 
become quite thin. Xlis analysis, Viesides, points to the rupture of the neck, 
although the method tViils to ixfiord the actual shapes and dimensions in this 
last stage of development. 

JEIe is able to prove conclusively that tlie cylimlcr of pear-shaped section 
is stable, and it is important in corinoctiou with our present investigation to 
note that he finds no evid( 3 iice of tUiy break in the stability of that cjylinder 
up to its division into two parts. 

The stjxbility of Miichiurin’s sind of the shorter Jacobifin ellipsoids is, of 
course, well cstablishiMi, and I imagined that the j)tjar- shaped figure with 
incipient furrowing wsis also proved to be stable. But M. Jjiapounoff now 
states j" that he is able to prove the j>ear-shaped figure to bo unstable from 
the beginning, and he attril^utes the discrepancy between our conclusions 
to the fact that my resvdt depended on the supposed rapid convergency of 
an infinite series, of which only a few terms wore computed. Ihe terms 
computed diminish rapidly, and it scunned to me evident that the rapid 
diminution must continue, so that I feel imable to jLccept the hypothesis 
that the sum of the neglected terms could possibly amount to the very 
considerable total which would be necessary to rcvc'.rs(i my conclusion. I am, 
therefore, still of opinion that the peur-shapod figur(3 is stable at the 

* “ On the Eq.uilibrium of Botating Gylindei’B,” Phil. Tram., A, Vol, 200, pp. 07 -104. 

t See reference in. Preface. 
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beginning; and this Yiew receives a powerful confirmation from Mr Jeans’s 
researches. The final decision must await the publication of M. Liapounoff’s 
investigation. 

But there is another difficulty raised by the present paper. I had fully 
expected to find an approximation to a stable figure consisting of two bulbs 
joined by a thin neck, but while my work indicates the existence of such a 
figure, it seems to me, at present, conclusive against its stability. The 
weightless pipe joining two bulbs of fluid is clearly only a crude repre- 
sentative of a neck of fluid, but I find it hard to imagine that it is so 
very imperfect that the reality should be stable, while the representation 
is unstable. My present investigation shows that two quasi-ellipsoids just 
detached from one another do not possess secular stability. The vertices 
of such bodies would be blunt points nearly in contact; the introduction 
of a short pipe without weight between these blunt points would differ 
exceedingly little from two sharp points actually in contact. Is it possible 
that the difference would produce all the change from great instability 
even to limiting stability? The opening of a channel between the two 
masses is the removal of a constraint; the system does not possess true 
secular stability when the channel is closed, and we should have to believe 
that the removal of a constraint induces stability ; and this is, I think, 
impossible. 

If, then, Mr Jeans is right in believing in the stable transition from the 
single cylinder to two revolving about one another, and if I am correct now, 
the two problems must part company at some undetermined stage. 
M. Liapounoff will no doubt contend that it is at the beginning of the pear- 
shaped series, but for the present' I should disagree with such an opinion. 

I have no suggestion to make as to the stage at which the pear-shaped 
figure may become unstable, or as to the figure which must be coalescent 
with it when instability supervenes. These points must await the elucidation 
which they will no doubt receive from future investigations. 

One question remains : If my present conclusions are correct, do they 
entirely destroy the applicability of this group of ideas to the explanation 
of the birth of satellites or of double stars ? I think not, for we see how a 
tendency to fission arises, and it is not impossible that a period of turbulence 
may naturally supervene in the process of separation. Finally, as Mr Jeans 
points out, heterogeneity of density introduces new and important differences 
in the conditions. 
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